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By means of singularity structure analysis, the integrability of a generalized fifth-order KdV equation is investigated.
It is proven that this equation passes the Painlevé test for integrability only for three distinct cases. Moreover, the multi-
soliton solutions are presented for this equation under three sets of integrable conditions. Finally, by selecting appropriate
parameters, we analyze the evolution of two solitons, which is especially interesting as it may describe the overtaking and
the head-on collisions of solitary waves of different shapes and different types.
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1. Introduction

The nonlinear evolution equations (NLEEs), particularly
the integrable ones, are of great interest both from mathe-
matical and physical points of view. In the past decades, a
vast variety of powerful methods to solve integrable models,
such as the inverse scattering transformation,!! the Bicklund
transformations, the Darboux transformations,l2J the Painlevé
analysis,”! and the Hirota bilinear approach,*! have been es-
tablished by many famous mathematical physicists.

Recently there is considerable interest in the study of
variable-coefficient NLEEs.>8] The need for studying them is
due to the fact that the equations with variable coefficients and
nonisospectral parameters may provide more realistic models.
Many physical and mechanical situations are governed by the
variable-coefficient Korteweg—de Vries (KdV) equation,l®-13]
e.g., the nonlinear excitations of a gas of impenetrable bosons
with longitudinal confinement, the nonlinear waves in various
types of rods. A variable-coefficient NLS equation can de-
scribe the propagation of pulses in an inhomogeneous optical
fiber.!+-19]

In this paper, we will consider a generalized fifth-order

KdV equation with variable coefficients?"!

U+ a(t)utdyy + b1 ) Uiy, + c(t)uzux +d(t)uuy
+ e(t)txpx + 1(8) thyrex + m(t)u~+n(t)uy =0, (1)

where u is a real function of x and ¢, and coefficients a(t), b(z),
c(t),d(t), e(t), I(t), m(t), and n(t) are analytic functions of .
Equation (1) describes the interaction between a water wave
and a floating ice cover or gravity-capillary waves in fluid dy-
namics. References [20] and [21] have investigated Eq. (1)
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under the parametric constraints

a(t) = b(r) = 15:)(’)exp < / m(t)dt> ,
451(t)

c(t) = 2

exp ( / 2m(t)dt>, d(t) = e(t) =0, ()

and presented Bicklund transformation, a Lax pair, multi-
soliton solutions, as well as double-period solutions. When
1(t) = m(t) = n(t) = 0, references [22]- [24] have also given
some analytic solutions. To the author’s knowledge, the inte-
grable properties of Eq. (1) with general forms have not been
discussed before.

This paper is organized as follows. In Section 2, we
will derive the integrable conditions for Eq. (1) by performing
the Painlevé test. In Section 3, under three sets of Painlevé-
integrable conditions, the multisoliton solutions for Eq. (1) are
constructed by applying the Hirota method. In Section 4, we
will show the interaction of multiple solitons. Finally, the con-
clusions will be given in Section 5.

2. Painlevé test

In this section, we discuss the constraints on coefficients
{a(t), b(2), c(t), d(t), e(t), I(t), m(t), n(¢) } under which equa-
tion (1) is integrable. Various techniques have been devel-
oped to determine whether a nonlinear model belongs to the
integrable system. Among those, the Painlevé analysis is a
widely applied and quite successful technique to investigate
the integrability by analyzing the singularity structure of the
solutions.[2>-32!

According to the Weiss—Tabor—Carnevale (WTC)
method,?! the Painlevé test of Eq. (1) consists three steps.

The first step is determining the leading order exponent and
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the leading order coefficient. Inserting u(x,#) = up9® into
Eq. (1) and balancing the most dominant terms, we obtain two
branches as follows:

o =2, up=—3(b(t) +2a(t) + g(1)9 /c(t),  (3)
o =~2,ug = —3(b(r) +2a(r) — g(1))97 /c(t),  (4)

where g(t) = \/b(t)2 +4a(t)b(t) +4a(t)? — 40c(t)I(t), and
¢(t) #0. In order to simplify the calculations, Kruskal’s ansatz
@ (x,1) = x+ y(t) will be adopted in the following two steps.

The next step is to find the resonant points. For the branch
given by Eq. (3), we substitute

u(x,t) = u0¢*2+uj¢f*2 5)

into Eq. (1) and only retain its most singular terms. Its reso-
nance equation reads

07 Tui(j+1)(j—6)[L(1)e(1)j> — 150(1)c(t) /2
— (861(t)c(t) +3a(t)g(t) — 6a(r)* — 3a(t)b(1))

—6b(1)g(r) — 12a(1)g() +6g(t)*] = 0. (6)

In Eq. (6), two resonances j = —1,6 can be determined
uniquely, the other undetermined resonances are denoted as
Jj1,J2,j3. From Eq. (6), we can obtain the relation between
J1,J2, j3 and parameters a(t), b(t), c(z), g(t) as follows:

Jitj2+j3 =15,
Juj2jze(t)l(r) = 6g(2)(b(r) —2a(t) — g(1)),
(Jrj2+ j2jz + j1j3)e(t)l(r)
= 3a(t)g(t) — 6a(t)*> — 3b(t)al(r) + 86. (7)

For Eq. (1) to possess the Painlevé property, undeter-
mined resonances ji, j2, j3 should be positive integers. Taking
into account all possible values of ji, j», and jz, we have to
study nine different cases, which are listed in Table 1. For the
second branch (4), the relation between the resonant points
and the coefficients is also given by Eq. (7), so its resonance
analysis is omitted here.

Table 1. Three undetermined resonances and parametric choices for the principle branch.

Case Parameter choices J1,J2, 73 Case Parameter choices J1,J2, 73
a a(r)? 17a 29a(1)?

1 b(t) = L, 1(r) = G5 1,2,12 2 b(r) = 5, 1) = Toges 1,3,11
2 2

3 b(t) = 242, 1(1) = S 1,4,10 4 b(r) = 2, 1) = ) 15,9

5 b(t) = a(0). (1) = &5 2,3, 10 6 b(r) =242 1(1) = 44 2,4,9
3a(r)? 2a(t)?

7 b(r) = 2a(1), 1(1) = o 2,5,8 8 blt) =2a(r), I(1) = o) 3,4,8

_ Sa(t) _ al)?
9 b(r) =5, 1(t) = 0] 3,5,7

Setting the coefficients equal to particular values in de-
termining the resonant points may affect the results of leading
orders and leading coefficients at the former steps. Therefore,
the Painlevé test of Eq. (1) under all parametric constraints
listed in Table 1 should be performed again.

For case 1 in Table 1, equation (1) admits two different
branches: (i) @ = —2, up = —a(t)/[6¢(t)], the resonances oc-
curat —1, 1,2, 6, 12; (ii) a = =2, ug = —15a(t) /[2¢(t)], the
resonance equation is (j41)(j—3)(j—6)(j*—12j—10) =0,
thus the resonances occur at —1, 3, 6, 6 + /46, 6 — \/46. Tt
is obvious that there are non-integer resonances for the sec-
ondary branch, thus equation (1) is not integrable in this case.
Similarly, for cases 2—4 and 6 in Table 1, equation (1) fails the
Painlevé test because there are non-integer resonance points in
the second branches.

For case 8 in Table 1, equation (1) also admits two differ-
ent branches: (i) a = =2, ug = —4a(r)/c(t), the resonances
occur at —1, 3, 4, 6, 8; (i) a@ = —2, ug = —20a(t)/c(t), the

resonances occur at —1, —5, 6, 8, 12. Subsequently, for the

principal branch (i), the coefficients of the Laurent series read

a(r)d(t) —3c(t)e(t)
a(t)c(t) ’

where u3 is an arbitrary function. And then the resonant con-

l/t1=07 up =

dition at level j = 4 becomes

a(t)?c()y' (1) +2a(r)?d(t)* — 9a(t)c(r)d(t)e(r)
4 9¢(t)?e(t)* +a(r)?c(t)n(t) = 0. (8)

Since V is an arbitrary function, and a(t), ¢(¢) cannot be zero,
the resonant condition (8) cannot hold identically. Thus we
can conclude that equation (1) fails the Painlevé test in case 8.
For case 5, equation (1) also admits two different
branches: (i) a@ = —2, uyp = —6a(t)/c(t), the resonances occur
at —1, 2, 3, 6, 10; (ii) oo = —2, uy = —12a(t)/c(t), the reso-
nances occur at —1, —2, 5, 6, 12. The final step is to verify the
compatibility conditions. For branch (i), we may suppose

10

u(x,t) =Y u;o’ 2, )

J=0
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where ¢ (x,7) =x+ (), and u; = u;(¢). Inserting Eq. (9) into
Eq. (1) and setting the coefficients of ¢/ (j = —6,...,3) to zero
lead to

0% : 36ua(t)?/c(t) =0,
¢ 8a(r) [18c(t)e(t) +2uic(t)* — 9a(t)d(1)] /c(t)* =0,

0> : 128uquga(t) + 120uge(r) + 4uyued(t)
+ 8ujupurc(t) + 4uqc(t) + Suguga(r)
+usm(t) +dugy' (t) — 24ugd(t)a(t) /c(t)
+ 41 uge(t) + 4ususd (1) + 2u3d (1)
+ Suyugusc(t) + us +4udusc(t)
+ 8uuzuge(t) 4+ 4usuie(t) + Susuzusc(r)

+4uyu7d(t) + 32uzuza(t) + T2uzuga(t) = 0.

From the coefficient of ¢ %, we obtain u; = 0. By in-
serting the value of u; to the coefficient of ¢ >, the resonant
condition at level j = 2 becomes

72a(r)[2e(t)e(r) — d(t)a(t)] = 0, (10)

where a(t) is a nonzero function of ¢. From Eq. (10), we have

e(r) = d(ztc)(“t()’). (11)

Under condition (11), the coefficients uy, us, us, w7, ug, ug in
Eq. (9) are determined. Subsequently, the resonant conditions
atlevels j =2,3,6 all hold identically, which indicates that u,
u3, ug are arbitrary functions of z.

However, the compatibility condition at level j = 10 is
reduced to

) —2d (1)c(t)*] = 0. (12)

Considering the arbitrariness of y, uy, and u3, we easily check
that if parameters a(t), c(¢), d(t), m(t) satisfy the following
constraints:

ety = waloyexp( [ mio)ar). dlo) =2uatn). 13

with u; and u, being arbitrary real constants, then condition
(12) holds identically.

When we choose b(t) = a(t), I(t) = a(t)?/[5¢(t)], to-
gether with Egs. (11) and (13), the Painlevé test for Eq. (1)

shows that all compatibility conditions at non-negative reso-
nances are satisfied identically, thus we obtain a new set of
integrable conditions

b(r) =a(r), c(t)=wa(r)exp (/m (r) dt),

d(t) = 24alt), ety = — 290

piexp ( / () dt)
a(r) (14)

- Sulexp</m(t) dt) .

Under the above conditions, equation (1) can be rewritten as

Uy + a(t)uttyg, + alt )ty + ,ula(t)ef’”(l)d’uzux

Haa(r)
4+ 2a(t)uuy + ————lyx
H2 ( ) ulefm(t)dt
a(t)
+ Upxxex +m(t)u+n(t)u, = 0, (15)

Sulefm(t) dr

where U # 0, [, are arbitrary constants, and a(t) # 0, m(r),
n(t) are arbitrary functions of 7.

After finishing similar analyses for cases 7 and 9, we ob-
tain two other Painlevé-integrable models. One reads

Uy + a(t)utye, +2a(t )ty + ,u3a(t)ef’"(t>dtu2ux
+ 2uze(t)e! Oy 4 e () g
3af(r)

[m(t)de

uxxxxx+m(t)u+n(t)uxzo, (16)
10use

where U3 # 0, a(t) # 0, and e(¢), m(t), n(t) are arbitrary func-
tions of . Another one is

Sa(t :
U + a(t)’/mxxx + %uxuxx + I»lsa(l)e'/m(t>d’u2ux

Haa(t)

+ 2,LL4a(t)uux + Wuxxx

5'u;lcjin)(t)dtummer(t)qun(z‘)ux =0, a7n
where {15 # 0, Uy are arbitrary constants, and a(t) # 0, m(z),
n(t) are arbitrary functions of 7.

To sum up, we derive three Painlevé-integrable conditions
of Eq. (1). To the author’s knowledge, these three Painlevé-
integrable models (15)—(17) are reported here first. When
w =p/3, up =0, and a(t) = 151(¢)exp([m(¢)dt), equa-
tion (15) is reduced to the integrable model considered in
Ref. [20].

3. Bilinear form and multisoliton solutions

In the present section, we solve three integrable models
(15)—(17) by the Hirota method,!*! which is a powerful tool for
obtaining a wide class of exact solutions of NLEEs.?3*!1 The

050203-3



Chin. Phys. B  Vol. 22, No. 5 (2013) 050203

crucial step of this method is to find a suitable dependent vari-
able transformation, which transforms a given equation into
the bilinear form. In the following, we make use of the trun-
cated Painlevé expansions to derive the bilinear forms,[*?! and
the multisoliton solutions are constructed with the aid of sym-
bolic computation.

3.1. The N-soliton solutions for Eq. (15)

Performing the Painlevé analysis, we can obtain the trun-
cated Painlevé expansion

(lnf)xx+u2a (18)

u =

,ulefm(’) dr

where u; is the solution of Eq. (15). For simplicity, we take
the trivial solution u, = 0. Substituting transformation (18)
into Eq. (15) and integrating once with respect to x yield

Suie ™0 (In )+ Spn(r)e! ™04 (In f)
+ 5upa(t) [(In f)ax +6(In f)7,]
+ a(t) [(In f)6x +30(In f) e (In f)ax +60(In £)3,] =0, (19)

which can be transformed into the bilinear form

I:Sulefm<[)d[Dfo 4 Suln(t)efm(f)d[D)Z(
+ Spoa(t)D +a(t)DS) f- f =0, (20)

where D is the well-known Hirota bilinear operatort®! defined
by

D'Dja(x
o 9"
T 95 Iy

mn=1,2,...

1) -b(x,1)

a(x+s,t+y)b(x —s,t —y)|s=0,y=0,

According to the Hirota method, equation (20) can be
solved by introducing the following power series expansions
for f:

f=l+efi+h+EfH+-. 1)

Substituting Eq. (21) into Eq. (20) and equating the coeffi-
cients of € yield

[Sule]m(t) dthDt + S'uln(t)ej'm(t)dtD)Zc

+ Spa(t)Dy +a(1)DS] fi -1 =0, (22)
[Sulefm(t>dthDt+5uln( )efm(t)dtDZ

+ 5wa(t)Dy +a(t)DS] (fo- 1+ fi- fi+1-£) =0, (23)
[S[Jlefm(l)dtD D,—|—5,u1n(t)efm dlD2
+ Swoa(t)Dy+a(t)DS] (fs- 1+ fo- f1) =0,

(24)

to be solved.

To obtain the one-soliton solution of Eq. (15), we assume

fi=eM, mi=kix—a(t)+ &, (25)

where k; and &) are arbitrary constants, and @ () is a differ-
entiable function of ¢ to be determined. From Egs. (22)-(24)
we have

_ pokja() | Ka()
w () = /(km(f) + IO + Sy MO dt,
fi=0, i>2. (26)

Without loss of generality, we take € = 1, thus the one-

soliton solution of Eq. (15) is

6
u=———[In(1+e™m)],,
o (1)

2 . 0
= 731.61 sech® —k]x @1(1) + 6y , @D
2“16'1 m(t)dr 2

where [y # 0, o, k1, & are arbitrary real constants, a(t) #
0,m(t),n(t) are arbitrary functions of ¢, and j(¢) is given by
Eq. (20).

Similar to the one-soliton solution, we can proceed to
construct two-soliton and three-soliton solutions. In general,
the N-soliton (N > 2) solutions of Eq. (15) can be expressed
as

6

‘ulefm(t)dt

X [m( Y exp(Zv,n,Jr Y v l,))] ,
v=0,1 j 1<i<j o

n; = kx—;(t) + &), ;(t)

uzk?a(t) k?a(t)
- /(kjn(t)+ ylefm(’)d’ 5,ulefm(l>d’ dt’
j=1,...,N,
Ajj = In(aij),

(ki = k) (Bua + K — kikj + k)

W (ki +kj)> Bz + k5 + kik; + k7))
where {1 # 0,12,k £0 (j = 1,.
stants, a(t) # 0,m(t),n(t) are arbltrary functions of ¢, ¥,
is a summation over all possible combinations of v{ =0, 1,
v=0,1,...,vy =0,1
all possible pairs (i, j) chosen from set (1,2,...

(28)

,N) are arbitrary real con-

, and ZI]V<1- <j means a summation over
,N) with the
condition 1 < i < j.

3.2. The N-soliton solutions for Eq. (16)

For integrable model (16), substituting its truncated

Painlevé expansion

(Inf) xx (29)

= TRSEOLY

into it yields

a(t)

5~ [0 o +30(In f)e(In f)ax+60(In /)3, ],
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Saz(t) % [02 4+ 6(1n f)e] [(In f)ax +6(In )]

+ 10use! ™4 [(In £) +n(t) (In f) e
+ e(t)(In f)ae + 6e(t)(Inf)3,] = 0. (30)

If we introduce an auxiliary variable z and impose a subsidiary
constraint condition

(In f)4x 4+ 6(In )2, = (In f),z, (31)

then integrating Eq. (30) once with respect to x yields the bi-
linear forms

a(t) (DS +5D3D,) f - f + 20pze/ M4t
X [DyD; +n(t)D* +e(t)D¥f- f =0,
(D} =D.D.)f-f =0. (32)

Expand function f as a series
f=l+efi+efh+efs+--. (33)

Substituting it into Eq. (32) and equating various powers of &,
we obtain the following recursion relations for f; (i =1,2,...)

[a(t) (D% +5D°D,) +20uze! "1)d!

X (DD, +n(t)D? +e(¢)D;1)]fl 1=0, (34)
(DiliDz)fl -1=0, (35)
[a(t)(DS +5D3D;) +20pzel 14

x (DD +n(t)D} +e(t)D})]

X (fa-1+fi-fit1-f2) =0, (36)
(DY =DD.)(fo- 1+ fi- fi+1-fo) =0,

(37)
to be solved.
To obtain the one-soliton solution, we use the ansatz
f1:e’717n1:klx—a)l(t)—i-klz—i-éﬁ (38)

where ki ,117510 are real constants, and @;(¢) is an arbitrary
function. From Egs. (34)—(38), we have

2fl = k?a
3kja(r)
o 3 Bt S S
(1) _/<k1n(f)+kl€(f)4r IOuBefm(t)dt> de,
=0, i>2. 39)

So the one-soliton solution of Eq. (16) reads

6

U= ————I[In(1+em
.u3efm(t>dt [ ( )]xx
_ 3K 2 [(kix—on () + &)

where ps # 0,k;, & are arbitrary real constants, a(f) #
0,e(t),m(t), and n(t) are arbitrary functions of 7, and @ (¢)
is given by Eq. (39).

Generally, the N-soliton (N > 2) solutions of Eq. (16) can
be denoted as

P
‘LL3efm(t)dt
N N
X |In Z exp(z Vjﬂj"f' Z V,'Vinj) R
v=0,1 = 1< o
n; = kjx—;(t) + &),
3 3k3alt)
U)](l‘) :/ k]n(t)+k16(l)+m dl,
3
j=1,....N,
ki—ki\?
A,’j = ln(aij), a,-j = kl+k1 s (4])

where u3 # 0,k;, 610 (j=1,...N) are arbitrary real constants,
a(t) #0,e(t),m(t), and n(t) are arbitrary functions of #, ., _ ;
is a summation over all possible combinations of v; =0, 1,
v, =0,1,---,vy =0,1, and 211\’§5<j means a summation over
all possible pairs (i, j) chosen from set (1,2,...,N) with the
condition 1 <i < j.

3.3. One-soliton and two-soliton solutions of Eq. (17)

Introducing the dependent variable transformation

u

3
- W(m e (42)

we can transform Eq. (17) into

3af(r)
15[(In f) 0 +n(t)(In f) ] + RS EOrT

X [(In £+ 15(1n f)x(In f)a + 15(In £)3,
45
+ 5 ()34 150 (In )7+ 5pa(In f)a] = 0. (43)
If we take y4 = 0 and introduce an auxiliary function g

s__ 3 DS
}_ZMSeM(f)dt 2 (44)

then combining Eqs. (43) and (44), we can obtain the bilinear
form of Eq. (17) as follows:

2 a(r) 6| ¢.
80D, D; + 80n(t)D? + e —D8|f-f
+10a(t)D2f -g =0,
3DYf - f—2use! "DYg. £ =0. (45)

We expand f and g into the power series of a small parameter
€ as

f=1tefiteftefit o,
g=eg1+eg+eg+ . (46)
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Substituting Eq. (46) into Eq. (45) and equating the coeffi-
cients of € yield

3DYfi -1 — psel Mgy =0, 7
2 a(r) 6| ¢
{SODXD, +80n(t)D; + el n Dx] fi-l
+ 5a(t)D?*g; -1 =0, (48)
DY 1+1-fot fi- fi]
—2use! "0 (g5 g1 £1) =0, (49)
2 a(t) 6
{SODXD, +80n(1)D? + T Dx]
X [fa-14+1-fo+ fi-fi]
+ 10a(t)D?(g2- 1+ f1-g1) =0, (50)
3DYfs 1+ o fi] — pse! MO
x (g3+8g2fi+g1f2) =0, (51)
2 a(t) 6
+5a(t)D2(g3- 1+ -1+ f1-82) =0, (52)

3Dfa 1+ fs-fit o ot fi o+ 1+ fd]
—2use/ "DV gyt g3 fi+ g2 fa+g1f3) =0, (53)

2, alt) g6
{SODXD,+80n(t)Dx+ pisel MO ]

X[fa-l+fs-fi+fo- o+ fi-f5+1-f4)
+10a(t)D3(gs- 1+ g3 fi+ 8- fo+g1 - f3) =0, (59)

to be solved.
To find the one-soliton solution, we take

fi=el, m=kx—o()+&. (55)
From Eqgs. (47)-(54), we can work out
Ka(t)
3/(‘1¥ e2M
— m -
§1= a2 = e (56)
Jir1 =8 =0, i>2. (57)

Therefore, the one-soliton solution to Eq. (17) is
_ 48kieM (164 4e™M +e?M)
"= use/ mdr(16 4 16eM +e2M )2’
M =kix— o (1) + &7, (58)

where g =0, us # 0, ki, 510 are arbitrary real constants,
a(t) # 0, m(t), and n(t) are arbitrary functions of ¢, and @; (¢)
is given by Eq. (56).
For the two-soliton solution, we may suppose
fi=elte®, ny=kx—w;(t)+E&), (j=1,2). (59)
From Eqgs. (47)—(52), after detailed computation with the aid

of symbolic computation, we have

k k?a(t) d =1,2
a’j(t)—/ j”(f)+W t, (j=12),

 3kfe™ +3k3e™

1 1
g1 = . fr=—ePM 4 —e?M et

- pse/mndr 16 16
o= SpeM*m, f3= plz(e2m+nz _,_e111+2flz)7
g3 =0} e2m+m Gzem+2nz’

fo=pire®m M,

firi=8i=0, i=4, (60)

where
s — 2k} +2k3 — K2k3
2(k1 Jrkz)z(k% +kiky +k§) ’
3(ky —ka)* (2K} +2K5 + 3k3k3)
2[.15 (k% +kiky + k%)ef m(t)dt
(ki — ko) (K} + K} —kiky)
P12 = 160k 1+ k)2 (K2 + K2+ kika)|

3k‘2‘p12 3k‘fP12
01 = e mar %7 Tt D)

)

Thus the two-soliton solution of Eq. (17) reads

u

3
= W (lnf)xxa (62)

where f is given by
2m 21M,

€
. m+m
T + 16 + A€

+p12(62m+nz + eTI1+2712) _|_p12262711+27127
: Kal(t)
_ . J 0
= ke | <"f”<’)  Spsel ) dits),

J=12, (63)

f=l4eMpem s

here iy =0, ps # 0, ki, ko, D, EY are arbitrary real constants,
a(t) #0, m(t), and n(z) are arbitrary functions of ¢, and 12,
P12 are given by Eq. (61).

In comparison with the former two integrable models,
equation (17) is more difficult to solve. The involved compu-
tations in deriving the three-soliton solution are very lengthy.
As far as we know, the multi-soliton solutions obtained in this
section are reported here first.

4. Interactions of multiple solitons

For the first integrable model (15), the N-soliton solution
(30) under condition (2) is in agreement with the results re-
ported in Ref. [20], in which the solitonic propagation and
collision under the effects of variable coefficients have been
discussed. For simplicity, we only analyze the bidirectional
two-soliton interactions with Egs. (16) and (17) through sev-
eral plots.

By selecting appropriate coefficients in Eq. (16), the
head-on collision of two solitary waves are studied and shown
in Fig. 1. It is clearly seen that the soliton with the small am-
plitude has changed its direction twice after the collision, in
other words, there exists an overtaking collision during the
head-on collision, which is different from the head-on colli-
sion of many nonlinear models with constant coefficients.
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1.0 (a)

0.8+

0.4+

0.2+

(b) 1.0

Fig. 1. The head-on collision of one right-going soliton and one left-going soliton (Eq. (41)) with uz = 3, a(t) = 10, e(r) = sin(z),
m(t) =0,n()=-25k =12,k =1.5, 510 = 55) = 0. Panels (a)-(c) show the solitons at (a) t = —6, (b) t = 2.5, and (c) t = 4,

respectively. Panel (d) shows the evolution plot of the solitons.

(a) 10.8
10.6
7 u
10.4
10.2

—40 —20 0 20

x
()
—40 —20

T

(b) 0,7

Fig. 2. Overtaking collision of two solitons (Eq. (41)) with t3 =3, a(t) = 10, e(t) = cos(t), m(t) =0, n(t) = —1.5t, k; = 1.1,k = 1.3,
‘:1 = 5? = 0. Panels (a)—(c) show the solitons at (a) r = —5, (b) t =0, and (c) r = 2.5, respectively. Panel (d) shows the evolution plot

of the solitons.

Figure 2 depicts the overtaking collision of two solitary
waves along the same direction of propagation. In Figs. 2(a)
and 2(b), the large-amplitude soliton overtakes the small-
amplitude one, but both are right going. However, after the
collision of the two solitons, they both change the directions
of propagation, which are shown in Figs. 2(c) and 2(d). That

is to say, the overtaking collisions of two left-going solitary

waves and two right-going solitary waves coexist in the evolu-
tion of two solitons.

Similarly, equation (17) also admits the bidirectional
wave interactions. For instance, if

a(r) = exp(cos(t)), m(t) = —sin(z), n(t) =cos(r) —2, (64)

and the other parameters take appropriate values, we can ob-
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tain several types of collisions for Eq. (62), as exhibited in
Fig. 3, from which we know that coefficient m(r) plays an im-
portant role in modulating the amplitude of the solution. It
is seen that the soliton amplitude periodically oscillates along
the ¢ axis. The head-on collision of two solitary waves along
opposite directions is depicted in Fig. 3(a), and the overtaking
collision of two left-going solitary waves is shown in Fig. 3(b).

(TR
NS

%

40 ~—10

Fig. 3. Bidirectional wave interactions of two solitons (Eq. (62)) with
ps=02,E0 =E9=0, (@) k} =0.9, k» = 1.3; (b) k; = 0.8, k» = 0.9.

5. Conclusions

In this paper, with the aid of symbolic computation, we
have investigated the generalized fifth-order KdV equation
with multiple variable coefficients, which describes the in-
teraction between a water wave and a floating ice cover or
the gravity-capillary waves in fluid dynamics. We first verify
whether the given equation is Painlevé-integrable and under
which parameter constraints the equation is integrable. As a
result, we obtain all possible Painlevé integrable conditions,
and derive three new integrable equations systematically.

Furthermore, for the three obtained integrable equations,
we have made use of the truncated Painlevé expansion to de-
rive their bilinear forms and then construct the multi-soliton
solutions. To the author’s knowledge, these multi-soliton so-
lutions are reported here for the first time.

Due to the arbitrariness of functions a(t), e(t), m(t), and
n(t) in solutions (30), (41), and (62), there are many possi-
ble excitations. By selecting appropriate parameters, we ana-
lyze the evolution of two solitons for three Painlevé-integrable
models (15)—(17), which indicates that these three integrable

models possess interesting bidirectional wave interactions.
For example, there exists an overtaking collision during the
head-on collision, the overtaking collisions of two left-going
solitary waves and of two right-going solitary waves coexist in
the evolution of two solitons. These special bidirectional wave
interactions are different from those of NLEEs with constant
coefficients.
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