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In this paper, the complex variable reproducing kernel particle (CVRKP) method and the finite element (FE) method
are combined as the CVRKP–FE method to solve transient heat conduction problems. The CVRKP–FE method not only
conveniently imposes the essential boundary conditions, but also exploits the advantages of the individual methods while
avoiding their disadvantages, then the computational efficiency is higher. A hybrid approximation function is applied to
combine the CVRKP method with the FE method, and the traditional difference method for two-point boundary value
problems is selected as the time discretization scheme. The corresponding formulations of the CVRKP–FE method are
presented in detail. Several selected numerical examples of the transient heat conduction problems are presented to illustrate
the performance of the CVRKP–FE method.
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1. Introduction
Considerable research works have been carried out on

transient heat transfer problems because they are closely re-
lated to many engineering applications,[1] such as electronic
cooling, encapsulation, and cryogenics. However, due to
complex material properties, boundary conditions, geometri-
cal shapes, etc., it is usually very difficult to obtain the analyt-
ical solutions of these problems. Therefore, for many decades,
considerable efforts have been made by researchers to develop
various efficient numerical methods, such as the finite element
(FE) method.[2] It is well known that the accuracy of the FE
method relies on the quality of the mesh and the element type,
and the mesh generation process consumes a lot of time for
some problems, especially for discontinuous and high gradi-
ent problems.

To avoid the disadvantages of the FE method, mesh-
less methods have attracted much attention in recent years
due to the lack of dependence on the mesh, avoiding mesh-
ing, and ease of preparing the initial date.[3] Many mesh-
less methods have been developed, including the element-free
Galerkin (EFG) method,[4–6] the reproducing kernel particle
(RKP) method,[7] the complex variable meshless method,[8–17]

and meshless methods with boundary integral equations.[18–30]

The RKP method was originally introduced to improve
the performance of the smoothed particle hydrodynamics

(SPH) method in a finite domain by introducing a correction
function to the kernel function of the integral transformation in
the SPH method.[7] By imposing the reproducing conditions,
the resulting modified kernel function reproduces polynomi-
als exactly to a specific order and fulfills the completeness
requirement. The RKP method not only shares the common
features of all meshless methods but also has some unique
features, such as time or space localization, hp-like adaptiv-
ity, and multi-resolution analysis.[31] All of these make the
RKP method a novel approach for the studies of structural
dynamics,[32,33] large deformation problems,[34,35] and fluid
mechanics.[36]

Although the RKP method has lots of advantages over the
other conventional numerical methods, it has a great computa-
tional cost, because a great number of nodes are selected in the
domain of a problem, and the shape functions and their deriva-
tives must be obtained at every node. Hence, the complex
variable reproducing kernel particle (CVRKP) method was
presented by the authors of this paper, and was then applied
to two-dimensional elasticity, transient heat conduction prob-
lems, elastodynamics, and elasto-plasticity problems.[37–40]

The advantage of the CVRKP method is that the correction
function of a two-dimentional (2D) problem is formed with
a one-dimentional (1D) basis function when the shape func-
tion is formed. Because the unknown coefficients of the cor-
rection function in the CVRKP approximation are fewer than
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those in the RKP approximation, we need fewer nodes with
support domains that cover an arbitrary point in the domain,
and so fewer nodes are required in the whole domain of the
problem without loss of the computational accuracy. Hence,
the CVRKP method has greater precision and computational
efficiency than the RKP method.

The disadvantages of the CVRKP method are listed as
follows. (i) As the shape function of the CVRKP method does
not satisfy the property of the Kronecker δ function, then the
essential boundary conditions can not be applied directly. (ii)
Compared to the FE method, the CVRKP method has a higher
computational cost when constructing the shape functions and
forming a global equation system, then it is expensive to apply
the CVRKP method to solve those problems requiring a dense
distribution of nodes over a large domain.

In this paper, the CVRKP and the FE methods are com-
bined as the CVRKP–FE method to solve transient heat con-
duction problems. The CVRKP–FE method not only conve-
niently imposes the essential boundary conditions, but also
exploits the advantages of the individual methods while avoid-
ing their disadvantages, then the computational efficiency is
higher. Several selected numerical examples of the transient
heat conduction problems are presented to illustrate the per-
formance of the CVRKP–FE method.

2. Combined techniques

Consider a two-dimensional transient heat conduction
problem. The problem domain consists of two sub-domains
ΩF and ΩM joined by an interface boundary ΓI, as shown in
Fig. 1. The FE method is used in domain ΩF, and the CVRKP
method is used in domain ΩM. In the CVRKP–FE method, the
combination conditions on ΓI must be satisfied.[41] But because
the CVRKP shape functions do not satisfy the property of the
Kronecker δ function, on the interface boundary ΓI, the nodal
variables T F

I for ΩF differ from T M
I for ΩM, i.e., T F

I 6= T M
I .

It is thus impossible to couple the CVRKP and the FE meth-
ods directly along ΓI. In this paper, the hybrid approximation
function is applied to satisfy the combination conditions by in-
troducing interface elements between the FE and the CVRKP
method domains. A detailed illustration of the interface do-
main is shown in Fig. 2. The ΩI is a sub-domain layer which is
divided into several interface elements (finite elements) along
interface boundary ΓI within the meshless domain ΩM. In
these interface elements, a hybrid field variable approxima-
tion is defined to satisfy the field variable continuity across the
interface boundaries. Before these interface elements are de-
scribed in detail, the separate FE field variable interpolation
and the CVRKP field variable approximations will be defined.

ΓI (interface boundary)

ΩF
ΩM

Fig. 1. Two sub-domains and the interface boundary in the CVRKP–FE
method.

ΩM

ΩI ΩF

CVRKP method node FE method node

Fig. 2. Sub-domains used for FE–CVRKP coupling.

2.1. FE field variable interpolation function

The standard FE interpolation function for field variable
T (𝑥, t) for an isoparametric element is

T F(𝑥, t) =
nF

∑
I=1

NI(𝜁(𝑥))TI(t), 𝑥 ∈ΩF, (1)

where nF is the node number of the element, NI is the shape
function, TI(t) is the nodal temperature at node 𝑥I , ΩF is the
domain of the finite element, and 𝜁(𝑥) = (ξ (𝑥),η(𝑥)) is a
mapping from the physical domain to the original domain.

2.2. CVRKP field variable approximation

The CVRKP method is used to construct the shape func-
tions at scattered nodes in domain ΩM. Because the field vari-
able T (z, t) of transient heat conduction problems is a scalar,
the CVRKP approximation at an arbitrary point z is defined as

T M(z, t) =
nM

∑
I=1

Φ̃I(z) ·TI(t), (z = x1 + ix2 ∈ΩM), (2)

where nM is the total number of nodes in the support domain of
point z, and Φ̃I(z) is the shape function of the CVRKP method

Φ̃I(z) = Re[ΦI(z)], (3)

ΦI(z) =C(z;z− zI)wh(z− zI)∆VI , (4)
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here wh(z− zI) is the weight function, ∆VI is the volume of
node I and represents the integration weight, and C(z;z− zI)

is the correction function. In this study, the cubic spline func-
tion is chosen as the weight function. The correction function
C(z;z− zI) is expressed as a linear combination of polynomial
basis functions

C(z;z− zI) =
N

∑
i=0

pi(z− zI)bi(z) = 𝑝T(z− zI)𝑏(z), (5)

where N is the highest order of the polynomial basis functions,
pi(z−zI) are the basis functions, and bi(z) are the correspond-
ing coefficients, which are obtained via the reproducing con-
ditions

𝑀(z) ·𝑏(z) =𝐻, (6)

with

𝑀(z) =
n

∑
I=1

𝑝(z− zI) ·𝑝T(z− zI) ·wh(z− zI) ·∆VI , (7)

𝐻 = (1,0, . . . ,0)T . (8)

From Eq. (6), we have

𝑏(z) =𝑀−1(z) ·𝐻. (9)

2.3. Interface field variable approximation

To illustrate the coupling procedure, we consider the cou-
pling domain, as shown in Figs. 2 and 3. In domain ΩM, the
temperature T (t) at an arbitrary point is approximated using
the CVRKP method in Eq. (2), and in domain ΩF, the FE in-
terpolations in Eq. (1) are employed. In coupling domain ΩI ,
the following expression is used:[41,42]

T I(𝑥, t) = β (𝑥) ·T M(z(𝑥), t)+ [1−β (𝑥)]T F(𝑥, t),

𝑥 ∈ΩI, (10)

where T I(𝑥, t) is the temperature approximation of a point in
domain ΩI; T M(t) and T F(t) are approximations for T (𝑥) in
domain ΩI given by the CVRKP approximation and the FE in-
terpolation, respectively; and β (𝑥) is a blending function. The
β (𝑥) is constructed by using a linear ramp function

β (𝑥) = 3R2(𝑥)−2R3(𝑥), (11)

where R(𝑥) is a linear ramp function, which is defined using
the shape functions of the FE method,[41] i.e.,

R(𝑥) =
k

∑
i=1

Ni(𝑥), 𝑥i ∈ ΓM, (12)

here k is the number of nodes located on meshless boundary
ΓM for an interface element. According to the property of
the shape function of the FE method, R(x) will be unity on
meshless boundary ΓM and vanish on boundary ΓF (ΓI), which

leads β (𝑥) to be unity on meshless boundary ΓM and vanish
on boundary ΓF, so the approximation T I(𝑥, t) will reduce to
T M(𝑥, t) on ΓM and T F(𝑥, t) on ΓF, thus ensuring the continu-
ity.

ΩI

ΓF

ΩM
ΩI

ΓM

ΩF

e

Fig. 3. Interface element used for FE–CVRKP coupling.

Substituting Eqs. (1) and (2) into Eq. (10), we can obtain
the following interface shape function:

T I(𝑥, t) =
nM

∑
I=1

Φ̄I(𝑥)TI(t), 𝑥 ∈ΩI, (13)

where Φ̄I(𝑥) is the hybrid shape function of the interface ele-
ment

Φ̄I(𝑥) = β (𝑥)Φ̃I(z)+ [1−β (𝑥)]NI(𝜁(𝑥)),

𝑥 ∈ΩI. (14)

The derivatives of the interface shape function are

Φ̄I, j(𝑥) = β (𝑥)Φ̃I, j +β, j(𝑥)Φ̃I +[1−β (𝑥)]NI, j−β, j(𝑥)NI ,

𝑥 ∈ΩI, (15)

where

β, j(𝑥) = [6R(𝑥)−6R2(𝑥)]R, j, (16)

R, j(𝑥) =
k

∑
I=1

NI, j(𝜁(𝑥)), 𝑥 ∈ ΓM. (17)

This provides the continuous derivatives along the meshless
boundary ΓM.

3. CVRKP–FE method for 2D transient heat
conduction problems
The transient heat conduction equation is considered in

this research as the canonical diffusion equation. The govern-
ing equation in a homogeneous, isotropic solid body occupy-
ing a closed domain Ω bounded by Γ is given by

ρc · ∂T (𝑥, t)
∂ t

− ∂

∂x1

(
k1

∂T (𝑥, t)
∂x1

)
− ∂

∂x2

(
k2

∂T (𝑥, t)
∂x2

)
−Q(𝑥, t) = 0 in Ω , (18)

where T (𝑥, t) is the temperature field; t is time, k1 and k2 are
the thermal conductivities of the material at x1 and x2 direc-
tions, respectively; ρ is the mass density, c is the specific heat
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under a constant pressure, and Q(𝑥, t) is the density of body
heat sources at internal point 𝑥.

The problem domain Ω is enclosed by the total boundary

Γ . The global boundary Γ consists of three parts, Γ =
3
∪

i=1
Γi,

and Γi ∩Γj = /0 for i 6= j. The boundary conditions for this
problem can be prescribed by any combination of the follow-
ing types:

T (𝑥, t) = T̄ (𝑥, t) on Γ1, (19)

k1
∂T (𝑥, t)

∂x1
n1− k2

∂T (𝑥, t)
∂x2

n2− q̄(𝑥, t) = 0 on Γ2, (20)

k1
∂T (𝑥, t)

∂x1
n1− k2

∂T (𝑥, t)
∂x2

n2

−h(Ta−T (𝑥, t)) = 0 on Γ3, (21)

where T̄ , q̄, and h are the prescribed temperatures, heat fluxes,
and heat transfer coefficient on boundaries Γ1, Γ2, and Γ3, re-
spectively; n1 and n2 represent the vectors of unit outward nor-
mal to the global boundary; and Ta is the ambient temperature.

The initial condition is

T (𝑥, t)|t=0 = T0, (22)

where T0 is the initial temperature.
One of the aims for coupling the CVRKP and FE methods

is to simplify the imposition of the essential boundary condi-
tions, then the essential boundary should be included in the FE
method domain. As both the FE and the CVRKP methods are
discretized by using the Galerkin approximations, the weak
forms can be used directly in the CVRKP–FE method without
any modifications. The Galerkin weak form is∫

Ω

δT ρc
∂T
∂ t

dΩ +
∫

Ω

δ(𝐿T )T𝑘̃(𝐿T )dΩ −
∫

Ω

δT QdΩ

−
∫

Γ2

δT q̄dΓ −
∫

Γ3

δT h(Ta−T )dΓ = 0, (23)

where

𝐿=


∂

∂x1

∂

∂x2

 , (24)

𝑘̃ =

[
k1 0
0 k2

]
. (25)

The weak form in Eq. (23) is used in the Galerkin pro-
cedure to develop the discrete equations. For transient heat
conduction problems, the temperature at any point 𝑥 is a func-
tion of the space coordinate and time t. In this paper, we first
discretize the space domain at arbitrary time t. Because the
shape functions are time independent, the node temperatures
are only functions of time. Then we have

T h(𝑥, t) =
n

∑
I=1

Φ̂I(𝑥)TI(t) = 𝛷̂(𝑥) ·𝑇 (t), (26)

∂T (𝑥, t)
∂ t

=
∂

∂ t

n

∑
I=1

Φ̂I(𝑥)TI(t)

=
n

∑
I=1

Φ̂I (𝑥)
∂TI(t)

∂ t
= 𝛷̂(𝑥)𝑇 (t), (27)

𝐿T h(𝑥, t) = 𝐵̂(𝑥) ·𝑇 (t), (28)

where

𝑇 (t) = (T1(t),T2(t), . . . , Tn(t))
T , (29)

𝑇 (t) =
(

∂T1 (𝑥, t)
∂ t

,
∂T2 (𝑥, t)

∂ t
, . . . ,

∂Tn (𝑥, t)
∂ t

)T

, (30)

𝛷̂=
(
Φ̂1(𝑥),Φ̂2(𝑥), . . . ,Φ̂n(𝑥)

)
, (31)

Φ̂I(𝑥) =


NI(𝜁(𝑥)), 𝑥 ∈ΩF,
Φ̃I(z(𝑥)), 𝑥 ∈ΩM,
Φ̄I(𝑥), 𝑥 ∈ΩI,

(32)

𝐵̂(𝑥) =
(
𝐵̂1(𝑥),𝐵̂2(𝑥), . . . ,𝐵̂n(𝑥)

)
, (33)

𝐵̂I(𝑥) =


𝐵F

I (𝜁(𝑥)), 𝑥 ∈ΩF,
𝐵M

I (z(𝑥)), 𝑥 ∈ΩM,
𝐵I

I(𝑥), 𝑥 ∈ΩI,
(34)

𝐵F
I (𝑥) =

[
NI,1(𝜁(𝑥))
NI,2(𝜁(𝑥))

]
, (35)

𝐵M
I (z) =

[
Φ̃I,1(z)
Φ̃I,2(z)

]
, (36)

𝐵I
I(𝑥) =

[
Φ̄I,1(𝑥)
Φ̄I,2(𝑥)

]
. (37)

Substituting Eqs. (26)–(28) into Eq. (23) yields∫
Ω

δ
(
𝛷̂(z)𝑇

)T ·ρc ·
(
𝛷̂(z)𝑇

)
dΩ

+
∫

Ω

δ
(
𝐵̂(z)𝑇

)T
𝑘̃
(
𝐵̂(z)𝑇

)
dΩ

−
∫

Ω

δ
(
𝛷̂(z)𝑇

)T ·QdΩ −
∫

Γ2

δ
(
𝛷̂(z)𝑇

)T · q̄dΓ

−
∫

Γ3

δ
(
𝛷̂(z)𝑇

)T ·h ·Ta dΓ

+
∫

Γ3

δ
(
𝛷̂(z)𝑇

)T ·h ·
(
𝛷̂(z)𝑇

)
)dΓ = 0. (38)

The nodal test function values δ𝑇 T are arbitrary, then we have
the following discrete equation:

𝐶𝑇 +𝐾̄𝑇 = 𝐹̄ , (39)

𝐾̄ =𝐾+𝐻, (40)

𝐹̄ = 𝐹 (1)+𝐹 (2)+𝐹 (3), (41)

where

CIJ =
∫

Ω

Φ̂I(𝑥) ·ρc · Φ̂J(𝑥)dΩ , (42)

KIJ =
∫

Ω

𝐵̂T
I (𝑥) · 𝑘̃ · 𝐵̂J(𝑥)dΩ , (43)

HIJ =
∫

Γ3

Φ̂I(𝑥) ·h · Φ̂J(𝑥)dΓ , (44)

f (1)I =
∫

Ω

Φ̂I(𝑥) ·QdΩ , (45)

f (2)I =
∫

Γ2

Φ̂I(𝑥) · q̄dΓ , (46)
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f (2)I =
∫

Γ3

Φ̂I(𝑥) ·h ·Ta dΓ . (47)

The simulation of a complex transient heat conduction
problem requires a high efficient technique for the time dis-
cretization. In this paper, the traditional difference method for
two-point boundary value problems is applied to discretize the
time-dependent term in Eq. (39). Then we have(

𝐶

∆t
+θ𝐾̄t+∆t

)
𝑇t+∆t

=

(
𝐶

∆t
− (1−θ)𝐾̄t

)
𝑇t +θ 𝐹̄t+∆t +(1−θ) 𝐹̄t , (48)

where θ is a parameter related to the precision. In this pa-
per, the classical Galerkin form is adopted, then θ = 2/3. The
time domain will be discretized by n time increments. We as-
sume that the analysis starts at time t and the temperature Tt is
known, then we will obtain Tt+∆t .

4. Numerical examples
In this section, numerical results for selected examples

are presented to illustrate the applicability of the proposed
CVRKP–FE method.

In the numerical examples presented in this section, a reg-
ular arrangement of nodes and the background mesh of cells
are used for the numerical integrations to calculate the system
equation. A 4×4 Gaussian quadrature is used for the integra-
tion. The linear basis and the cubic spline weight function are
used in the CVRKP approximation.

4.1. Convergence analysis and error estimation

The convergence study of the present CVRKP–FE
method on the 2D transient heat conduction problems is car-
ried out by analyzing the final node temperatures under differ-
ent discretization schemes and different scaling factors dmax.
The scaling factor is a measure of the size of the support do-
main of the weight function. For the purpose of error estima-
tion and convergence studies, the Sobolev norms

‖T‖0 =

(∫
Ω

T 2 dΩ

)1/2

, (49)

‖T‖1 =

(∫
Ω

T 2 +(|∇T |)2 dΩ

)1/2

(50)

are considered. And the relative errors are defined as

rk =
‖T num−T exact‖k
‖T exact‖k

, k = 0,1. (51)

We apply the present method to the 2D heat conduction
problem with mixed boundary conditions on a rectangular do-
main. The governing equation is

∂T
∂ t
− ∂ 2T

∂x2
1
− ∂ 2T

∂x2
2
= 0,

0 < x1 < π, 0 < x2 < π, t ≥ 0, (52)

the boundary conditions are

∂T
∂x1

(0,x2, t) =
∂T
∂x1

(π,x2, t) = 0, (53)

T (x1,0, t) = T (x1,π, t) = 0, (54)

and the initial condition is

T (x1,x2,0) = cosx1 sinx2 + cos(2x1)sin(2x2) , (55)

where T = T (x1,x2, t) is the temperature of any point located
at position (x1,x2) of a rectangular plate at time t.

The analytical solution is

T (x1,x2, t) = e−2t cosx1 sinx2 + e−8t cos2x1 sin2x2. (56)

In the computation, the time step chosen for the integra-
tion is ∆t = 0.001 s. It is known that the choice of scaling
factors dmax has an influence on the support domain of nodes
within the meshless domain ΩM, and further influences the
performance of the present CVRKP–FE method. Therefore,
the influences of scaling factors dmax on the numerical results
are studied firstly, where different regular nodal distributions
are used. The relation between the relative error norms and
scaling factors dmax is plotted in Fig. 4. From the numerical re-
sult, we observe that it is a good choice to take dmax = 1.3–1.4.
With the above analysis, dmax = 1.4 is taken in the following
2D transient heat conduction examples.

1.1 1.2 1.3 1.4 1.5 1.6 1.7

0.005

0.010

0.015

0.020

15T15

17T17

19T19

21T21

9T9

11T11

13T13

r
0

dmax

Fig. 4. Influence of parameter dmax on the relative error r0.

Regular node distributions of 9×9, 15×15, and 21×21
are used to study the convergence of the present CVRKP–FE
method. The size h in the figure is defined as the distance in
the x1 direction between two neighbor nodes with the same x2

coordinate. The relative errors and the convergence rates for
norms ‖·‖0 and ‖·‖1 for the present CVRKP–FE method, the
CVRKP method, and the FE method with mesh refinement
are shown in Figs. 5 and 6, respectively. It can be seen that
the present method has high rates of convergence for norms
‖·‖0 and ‖·‖1, and gives reasonably accurate results for the
unknown variable and its derivatives.
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Fig. 5. Relative errors and convergence rates for norm ‖·‖0.
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Fig. 6. Relative errors and convergence rates for norm ‖·‖1.

The computational errors in the present CVRKP–FE
method are compared with those in the FE and the CVRKP
methods, as shown in Fig. 7. It can be observed that the
computational accuracy of the present CVRKP–FE method
is higher than that of the conventional FE method under the
same node distribution. Moreover when the number of nodes
increases, the results obtained by the present CVRKP–FE
method become more accurate.

9T9 13T1311T11 15T15 19T1917T17 21T21
0

0.004

0.008

0.012

0.016

0.020
CVRKP-FE method
FE method
CVRKP method

r
0

Node number

(Dt=0.001 s, t=0.1 s)

Fig. 7. Relationship between the number of nodes and the relative error
r0.

Table 1 shows that for the similar relative error, the pro-
posed CVRKP–FE method takes less CPU time compared
with the CVRKP method.

Table 1. Comparison of the CPU time for the example (∆t = 0.001 s).

Time/s CVRKP–FE method/s CVRKP method/s FE method/s
0.1 2.469 2.985 0.781
0.3 2.859 3.469 1.047
0.5 3.235 3.828 1.360
0.7 3.609 4.266 1.547
0.9 3.937 4.781 1.782
1.1 4.313 5.329 2.063

4.2. The 2D heat conduction with Dirichlet boundary con-
ditions

We apply the present CVRKP–FE method to the follow-
ing 2D inhomogeneous heat conduction problem with Dirich-
let boundary conditions on a rectangular domain. The govern-
ing equation is

∂T
∂ t
− ∂ 2T

∂x2
1
− ∂ 2T

∂x2
2
= 0, x1,x2 ∈ (0,1) , t ≥ 0, (57)

the boundary conditions are

T (0,x2, t) = e−2t sin(x2), (58)

T (1,x2, t) = e−2t sin(1+ x2), (59)

T (x1,0, t) = e−2t sin(x1), (60)

T (x1,1, t) = e−2t sin(1+ x1), (61)

and the initial condition is

T (x1,x2,0) = sin(x1 + x2). (62)

The analytical solution is

T (x1,x2, t) = e−2t sin(x1 + x2). (63)

In this example, the regular node distribution of 21×21 is
used for the present CVRKP–FE method, as shown in Fig. 8.
The time step ∆t = 0.001 s is chosen for the integration. In
addition, based on the results of the previous numerical exam-
ple, we take the scaling factor dmax = 1.4. The variations of
the temperatures at x1 and x2 directions at five different time
are shown in Figs. 9 and 10, respectively. It can be seen that
there is an excellent agreement between the present CVRKP–
FE method and the analytical results.

x1

x2

o

Fig. 8. Nodes and mesh arrangement. The shaded elements are those
adjacent to the interface of the FE method domain (outside) and the
CVRKP method domain (inside).
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Fig. 9. Temperature variation at x1 direction at different time.
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Fig. 10. Temperature variation with x2 coordinate at different time.

4.3. The 2D inhomogeneous heat conduction with Dirich-
let boundary conditions

The governing equation is

∂T
∂ t
− ∂ 2T

∂x2
1
− ∂ 2T

∂x2
2

=
(
1+ t2)T +

(
2π

2− t2−2
)

e−t sin(πx1)cos(πx2) ,

x1, x2 ∈ (0,1) , t ≥ 0, (64)

the boundary conditions are

T (0,x2, t) = T (1,x2, t) = 0, (65)

T (x1,0, t) =−T (x1,1, t) = e−t sin(πx1) , (66)

and the initial condition is

T (x1,x2,0) = sin(πx1)cos(πx2) . (67)

The analytical solution is

T (x1,x2, t) = e−t sin(πx1)cos(πx2) . (68)

In this study, the scaling factor dmax = 1.4 and the time
step ∆t = 0.001 s are used for the present CVRKP–FE method.
The node distribution of 11×11 is shown in Fig. 11.

x1

x2

o 

 

Fig. 11. Nodes and mesh arrangement.

The analytical solution and the results of the present
CVRKP–FE method at (x1, 0.6) and (0.4, x2) are plotted with
time (see Figs. 12 and 13). It can be observed that the nu-
merical results are in very good agreement with the analytical
solution. Figures 14 and 15 plot the analytical solution and
the numerical solutions obtained using the present CVRKP–
FE method, the CVRKP method, and the FE method at x1

and x2 directions, respectively. It can be observed that both
the present CVRKP–FE method and the CVRKP method give
very similar results for the entire domain, but compared with
the CVRKP method, the proposed CVRKP–FE method takes
less CPU time. Moreover, it is again shown that the present
CVRKP–FE method has higher computational precision than
the FE method.

t=0.1 s

t=0.2 s

t=0.3 s

t=0.4 s

t=0.5 s

t=0.6 s

t=0.7 s
t=0.8 s
t=0.9 s

T
↼

.
↪ 
x

2
↪ 
t↽

x2

0 0.2 0.4 0.6 0.8 1.0

-0.8

-0.4

0

0.4

0.8 analytical

Fig. 12. Temperature distributions at x2 direction when x1 = 0.4.
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t=0.6 s
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t=0.9 s

T
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↪ 

.

↪ 
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x2

0 0.2 0.4 0.6 0.8 1.0

-0.2
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Fig. 13. Temperature distributions at x1 direction when x2 = 0.6.
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FE method (CPU time is 57.906 s) 

CVRKP method (CPU time is 246.985 s)
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Fig. 14. Comparison of the temperature distributions when x2 = 0.6.

T
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Fig. 15. Comparison of the temperature distributions when x1 = 0.4.

5. Conclusion

We have discussed the coupling of the CVRKP and the
FE methods for transient heat conduction problems. Several
numerical examples are presented to verify the accuracy of
the numerical formulations, with the results indicating that
the CVRKP–FE method can effectively reduce the computa-
tional cost of the solution with no adverse effect on the ac-
curacy. The computational cost is lower because the diffi-
culty of imposing the essential boundary conditions for the
CVRKP method can be overcome by modeling the portion of
the domain with the essential boundaries using the FE method,
which uses the shape function with the Kronecker δ func-
tion property. Hence, the boundary conditions are treated di-
rectly, as in the FE method. A comparison of the results of
the CVRKP–FE method and the corresponding analytical so-
lutions demonstrates that the CVRKP–FE method is both fea-
sible and effective.
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