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Design of electron wave filters in monolayer graphene
with velocity modulations∗
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We compare the transport properties of electrons in monolayer graphene by modulating the Fermi velocity inside the
barrier. A critical transmission angle is found only when the Fermi velocity in the barriers is larger than the one outside
the barriers. It is shown that the transmission exhibits periodicity with the incident angle below the critical transmission
angle, and attenuates exponentially in the opposite situation. For both situations, peak splitting occurs in the transmission as
the number of the velocity barriers increases, and the characteristics of the transmission suggest an interesting application
of an excellent band-pass filter. The dependence of the conductance on the Fermi energy through an identical velocity-
modulation structure differs wildly with different Fermi velocities of the barrier. The counterpart of the peak splitting is the
sharp oscillations in the conductance profile. Furthermore, some oscillations for the multiple barriers are so sharp that the
structure may be used as an excellent sensor.
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1. Introduction

A great amount of interest has been generated in research
on the physical properties of graphene[1,2] since it was real-
ized by Novoselov et al.[3] One reason for the intensive atten-
tion is that the charge carriers of graphene are massless and
behave like the relativistic particles, then the transport of elec-
trons and holes in such a truly two-dimensional (2D) material
is governed by a massless Dirac equation. This brings about a
number of unique electronic and transport properties, such as
the unconventional quantum Hall effect,[4–8] the strong elec-
tric effect,[9] the finite minimal conductivity,[4,10] the special
Andreev reflection,[11,12] and so on. Another reason for the in-
tensive attention is that nanostructures based on graphene may
have significant potential applications in nanoelectronics.[13]

For example, the feature that the conductance near the Dirac
point is very sensitive to the charge carriers density can be
used to detect the absorption/desorption of a single molecule
on graphene,[14] or sense small changes in the electric field and
then the ionizing radiation.[15]

As we all know, the charge carriers at low energies of
graphene can be described by a two-dimensional massless
Dirac fermion model with the effective speed of light vF ≈
106 m/s, as called the Fermi velocity.[16] Recently, researchers
have shown that the Fermi velocity of charge carriers can
be modulated by an appropriate doping,[17] placing a ground
metal plane close to the graphene,[18] or imprinting a lateral

superlattice with hexagonal symmetry on a two-dimensional
electron gas.[19] It attracts interests in the velocity-modulation
structures of graphene, because the velocity-modulation con-
trol in two different regions of graphene can be regarded as a
velocity barrier.[20]

There have been some works on the transport proper-
ties through the velocity-modulation structures of graphene.
Concha[20] first studied the effect of a velocity barrier on the
ballistic transport of the Dirac fermions, and found the trans-
mission is highly anisotropic. Then Yuan[21] investigated the
guides modes in a symmetric velocity barrier, and found the
velocity-controlled guiding of electron in graphene is an anal-
ogy of optical waveguides. Considering the electronic prop-
erties of graphene with velocity and potential barriers, it is
found that the conductance exhibits periodic oscillations for
the strong-velocity modulations.[22] When focusing on the tun-
neling of the Dirac fermions through a velocity barrier modu-
lated by the magnetic fields, there is strong wave filtering and
resonant effect in the transmission.[23]

However, there is no general and systematic conclusion
about the change of the electronic transport properties under
different velocity-modulations and it is necessary for us to
understand the essence of electronic transport properties un-
der this modulation. It is well known that the transport of
an electron through semiconductor supperlattice would ex-
hibit different features from the one through a single-barrier
junction. Analogically, there should be remarkable similari-
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ties and differences between the transport properties through
the complex velocity-modulation structures and those through
the simple velocity-modulation structures. Furthermore, in
order to obtain convictive results, the transport properties of
Dirac fermions through various velocity-modulation structures
in two different cases (Case 1: the Fermi velocity in the bar-
rier is larger than the one outside; Case 2: the Fermi velocity
inside smaller than the one outside) are considered in this ar-
ticle. It is found that there is periodicity and peak splitting
in the transmission profile and some oscillations with falling-
edge slopes are close to infinity in the conductance profile as
the velocity barriers increased, which are firstly obtained and
analyzed specifically. With these results, the potential appli-
cations based on these structures are also suspected and dis-
cussed preliminarily.

2. Model and method
We consider a graphene sheet in which the electron ve-

locity varies in space, that is v = v(𝑟). Then the relevant Dirac
equation with a space-dependent velocity is

v(𝑟)𝜎 ·𝑝Ψ = EΨ , (1)

where 𝜎 = (σx,σy) is the standard Pauli matrix notation, and
𝑝 is the momentum operator. Let us focus on a velocity bar-
rier with a width D, which changes only along x direction as
follows:

v(x) =

 v0
F, x < 0,

vF, 0≤ x≤ D,
v0

F, x > D.
(2)

For simplicity, we define n = vF/v0
F to describe different re-

gions. In this case, [py,H] = 0, then the spinor wave function
can be written as Ψ(x,y) = (ψI(x),ψII(x))

T e ikyy (T denoting
the transpose of the row vector), where ky is the perpendicu-
lar wave vector and remains invariable. To simplify the nota-
tion, we express all the quantities in the dimensionless units:
x→ x/D0, E → E/E0, E0 = h̄v0

F/D0, where D0 is the length
unit and v0

F ≈ 106 m/s. For D0 = 10 nm, E0 ≈ 56.6 meV. In
these units, equation (1) is written explicitly as(

−E/n −i∂x− iky
−i∂x + iky −E/n

)(
ψI
ψII

)
= 0. (3)

Then the first-order equation for the spinor components can be
combined into a second-order equation[

d2/dx2− k2
y +(E/n)2]

ψI(II) = 0. (4)

The solution to Eq. (4) can be obtained by writing the
general solution in each region of the factor n as a linear com-
bination (with complex coefficients) of the two independent
elementary solutions first, and then imposing the continuity of

the wavefunction at the interfaces between different regions to
determine the complex coefficients. This procedure is conve-
niently performed in the transfer matrix formalism.[24,25] The
wavefunction of the Dirac electrons in three regions with the
incident energy E and the incident angle ϕ is given by

ψI =


e ikxx + r e−ikxx, x < 0,
ae iqxx +be−iqxx, 0≤ x≤ D,

t e ikxx, x > D,

(5)

ψII =


e iϕ e ikxx− r e−iϕ e−ikxxl, x < 0l,
ae iθ e iqxx−be−iθ e−iqxxl, 0≤ x≤ Dl,
t e iϕ e ikxxl, x > Dl,

(6)

where kx =
√

E2− k2
y = E cosϕ and qx =

√
(E/n)2− k2

y =

E cosθ/n are the parallel wave vector components outside and
inside the barrier, respectively.

In terms of the conversation of the energy and the perpen-
diculars wave vector ky, for the graphene, we can obtain

sinθ = nsinϕ, (7)

which is called Snell’s law[26] and has the same physical mech-
anism as the conventional materials (with parabolic energy
spectrum). Equation (7) implies that the electrons can travel
through the barrier only if |nsinϕ| ≤ 1. When |nsinϕ|> 1, θ

and the wave vector qx are then imaginary, and the evanescent
propagation appears in the barrier. Then the transmission is
generally weak if the decaying length of the evanescent states
is shorter than the barrier width. It will occur when n > 1 and
the incident angle |ϕ| is larger than the critical transmission
angle |ϕc|, which is equal to |arcsin(1/n)|, but never occur
when n < 1.

The boundary matching conditions can be inferred
from the continuity equation ∇ · J(𝑟) = 0, in the present
work it means the divergence of the local current J(x) =
ev(x)ψ+(x)σψ(x) vanishes, which leads to the following
matching formulas√

v0
Fψ1(0−) =

√
vFψ2(0+),

√
vFψ2(D−) =

√
v0

Fψ3(D+). (8)

According to the boundary conditions, the transmission
probability can be obtained using the transfer matrix method.
After getting the transmission probability, one can obtain the
expression of the conductance. The zero-temperature conduc-
tance can be derived by integrating T over one-half of the
(Fermi) energy surface

G(E) = G0

∫
π/2

−π/2
T (E,E sinϕ)cosϕ dϕ, (9)

where G0 = 2e2ELy/πh. Here Ly is the length of the graphene
sample in the y direction and G0 includes a factor 4 coming
from the spin and valley degeneracies.
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3. Numerical results and discussion
Figure 1 compares the dependence of the transmission

through various velocity-modulation structures on the incident
energy for n< 1 (Fig. 1(a)) and n> 1 (Fig. 1(b)), with the inci-
dent angle smaller than the critical transmission angle. In this
case, |nsinϕ|< 1, then the transmission probability through a
velocity barrier can be expressed by

T1 =

[
1+
(

C
B

sin µD

)2
]−1

, (10)

where B = cosθ cosϕ , C = sinϕ − sinθ , and µD = qxD =

EDcosθ/n is the phase for the wave propagating through a
velocity barrier. Notice that Eq. (10) gives T1 = 1 for ϕ = 0◦,
that is C/B = 0, regardless of the values of other parameters,
which is a manifestation of the Klein paradox in tunneling
through a velocity barrier. The transmission reaches unity
also for µD = qxD = mπ , and reaches to the minimum for
µD = qxD = (m±1/2)π , which corresponds to the peaks and
the valleys of the transmission profile, respectively. The black
lines in Figs. 1(a) and 1(b) indicate the transmission through
a velocity barrier with the incident angle ϕ = 30◦ for n < 1
and n > 1, respectively. It is found that the transmission oscil-
lates periodically with the incident energy increasing, which
originates form the section sin µD in Eq. (10), and the period
increases as n increases.

When electrons transport through the symmetric double
barriers, and are well sandwiched between them, the transmis-
sion probability can be expressed by

T2 =

{
1+
[

2
C
B

sin µD

(
A
B

sin µD sin µW

+ cos µD cos µW

)]2}−1

, (11)

where A=−1+sinθ sinϕ , and µW = kxL is the phase through
the well with a width L. The transmission probability not only
depends on the propagation mode in the barriers, but also the
mode in the well due to the coupling between the adjacent
regions. It approaches unity when C/B = 0, sin µD = 0, or
h = A/Bsin µD sin µW + cos µD cos µW = 0, and reaches the
minimum when dh/dE = 0, which corresponds to the peaks
and the valleys in the transmission profile, respectively.

As the red lines in Fig. 1 show, the transmission through
the symmetric double barriers shows periodicity like T1,
which originates from the section of sin µD and sin µW in
Eq. (11). Then the period of the transmission profiles increases
as n or ϕ increases. The difference of the transmission be-
tween T1 and T2 is that more peaks appear in T2, or rather,
within a period each peak in T1 splits into two peaks in T2,
regardless of the values of n, ϕ or E. The existence of these
peaks at specific energy is characteristic of the resonant be-
havior in the velocity modulation structures, which is owing

to the coupling between the barriers and the adjacent well and
satisfies tan µD tan µW =−B/A.

With the increase of the number of the barriers, the pe-
riodicity still occurs in the transmission profile, as shown in
Fig. 1. Similar to T2, within a period each peak in T1 broad-
ens and splits into N peaks in the transmission through N bar-
riers, and each valley becomes narrower and deeper. For large
N (e.g., N = 40), it is found that the valley turns into a gap,
where the electrons are reflected perfectly. This suggests an
interesting application of the structure as a band-pass filter,
where only quasiparticles with energies within a certain limit
can transmit.

As the incident angle increases (still smaller than the crit-
ical transmission angle), the characteristics of the transmission
profile, such as the periodicity and the peak splitting, still oc-
cur. Comparing Fig. 1(a) with Fig. 2(a), it is found that the
differences are the increase of the period of the transmission
profile and the broadening of the gap with the increase of the
incident angle.
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Fig. 1. (color online) Transmission through N = 1,2,3,40 barriers as
a function of the incident energy E, with (a) n = 1/

√
3; (b) n =

√
3.

D =
√

3, L = 1/
√

3, and ϕ = 30◦. Note that the Fermi energy is labeled
in π .

But when the incident angle exceeds the critical transmis-
sion angle, for example, ϕ = 36◦ > ϕc = arcsin(1/

√
3), the

angle θ and the wave vector qx are imaginary, which indi-
cates the evanescent propagation in the barriers. Moreover,
the electrons will undergo lateral shifts along the interfaces of
the barriers, as referred to Goos–Hänchen shift,[27,28] which
depends on the deviation between the phase of the reflected
(transmitted) wavefunction and the incident wavefunction. In
the present work, we focus on the amplitude of the transmis-
sion coefficient and will not describe the effects related with
the phase of the transmission coefficient in detail. We de-
fine qx = iκ , where κ =

√
(E/n)2− k2

y is the decay constant.
Then the transmission probability through a velocity barrier
becomes

T1 =

[
1−
(

C
B

sinh(κD)

)2
]−1

, (12)

which attenuates exponentially as the function of the Fermi en-
ergy, as the black line shows in Fig. 2(b). And the transmission
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through symmetric double barriers turns out to be

T2 =

{
1−
[

2
C
B

sinh(κD)

(
A
B

sinh(κD)sin µW

+ cosh(κD)cos µW

)]2}−1

, (13)

which not only decays exponentially like T1, but also reaches
unity when the Fermi energy satisfies tan(κD) tan µW =

−B/A. Figure 2(b) shows the transmission through four
velocity-modulation structures with the incident angle ϕ above
the critical transmission angle ϕc. It is found that the trans-
mission through multiple barriers is quite different from that
through a velocity barrier, that is, the electrons with certain
energy can transport perfectly through the former while decay
to zero through the latter if the incident angle ϕ exceed the
critical transmission angle ϕc. Furthermore, like in the case
ϕ < ϕc, as the number of the velocity barriers increases, the
peak splitting still exists and the positions of the gaps remain
unchanged, but the differences in this case are that no period-
icity exists and each peak in T2, rather than in T1, broadens
and splits into (N − 1) peaks in the transmission through N
barriers. This also possesses an application of an excellent
band-pass filter based on the velocity-modulation structures.
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Fig. 2. (color online) Transmission through N = 1,2,3,40 barriers as
a function of the incident energy E, with (a) n = 1/

√
3; (b) n =

√
3.

D =
√

3, L = 1/
√

3, and ϕ = 36◦. Note that the Fermi energy is labeled
in π .

Figure 3(a) and 3(b) show the conductance through vari-
ous velocity-modulation structures with n < 1 and n > 1, re-
spectively. It is found that the conductance through the same
velocity-modulation structure with different n is quite different
as the Fermi energy increases. For the electrons transporting
through a velocity barrier, the conductance oscillates periodi-
cally with the amplitudes decreasing when n < 1, but decays
and approaches to a certain value when n > 1. In both n < 1
and n > 1 cases, as the number of the barriers increases, the
trend of the conductance profile through multiple velocity bar-
riers is the same as that through a velocity barrier, but some os-
cillations are found and the oscillations become sharper as the
number of the velocity barriers increases, which agrees with

the peak splitting in the transmission profile. More interest-
ingly, when the number of the barriers are enough, for exam-
ple, N = 40, the oscillations are so sharp that their falling-edge
slopes approach infinity, which means the conductance here is
very sensitive to the Fermi energy and the structure may be
used to design an excellent switch.
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Fig. 3. (color online) The conductance in units of G0 through N =
1,2,3,4,5,20,40 barriers as a function of the Fermi energy, with (a)
n = 1/

√
3; (b) n =

√
3. D =

√
3, and L = 1/

√
3. Note that the Fermi

energy is labeled in π .

4. Conclusion
In this paper, we compared the transport properties of

electrons in the monolayer graphene by modulating the Fermi
velocity of the barrier. It is found that there is a critical trans-
mission angle only when the velocity in the barrier is larger
than that outside the barrier (n > 1). When the incident angle
is smaller than the critical transmission angle, the transmission
through the velocity-modulation structures exhibits periodic-
ity, and the period of the transmission profiles increases as the
Fermi velocity of the barrier or the incident angle increases.
However, when the incident angle exceeds the critical trans-
mission angle, the transmission attenuates exponentially as a
function of the incident energy, which only occurs when n> 1.
In both cases, with the increase of the number of the velocity
barriers, peak splitting occurs in the transmission and the char-
acteristics of the transmission possess potential applications in
resonant tunneling devices and energy filters. The dependence
of the conductance through the velocity-modulation structure
on the Fermi energy differs significantly with different n, that
is, it oscillates periodically with the increase of the amplitudes
when n < 1 but decays and approaches to a certain value when
n > 1. The counterpart of the peak splitting in the transmis-
sion profile is the sharp oscillations in the conductance profile.
Furthermore, some oscillations for the multiple barriers are so
sharp that the structure may be used as an excellent sensor
sensitive to the Fermi energy.
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