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Symmetry and size effects on energy and entanglement
of an exciton in coupled quantum dots∗
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We study theoretically the essential properties of an exciton in vertically coupled Gaussian quantum dots in the
presence of an external magnetic field. The ground state energy of a heavy-hole exciton is split into four energy levels due
to the Zeeman effect. For the symmetrical system, the entanglement entropy of the exciton state can reach a value of 1.
However, for a system with broken symmetry, it is close to zero. Our results are in good agreement with previous studies.
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1. Introduction
A system consisting of coupled quantum dots (CQDs)

is called an artificial molecule.[1–3] CQDs are interesting
because they lead to the appearance of additional spectral
lines. Moreover, they are very useful because of their po-
tential applications not only in quantum device design, but
also in the currently active field of quantum information
processing.[4–7] It has been proposed that quantum bits (qubits)
can be represented by either electron spin states[8–10] or ex-
citon states.[11,12] Since the entanglement of qubits plays
an important role in quantum communication and quantum
computation, it is essential to study entanglement in these
systems.[9,13] For exciton states, Bayer et al.[12,14] have the-
oretically predicted that there is a large entanglement in sym-
metric CQDs. However, in a system with broken symmetry,
which may be induced by strain or alloy fluctuation,[15,16] the
entanglement of exciton states has been found to be very small
for both small and large inter-dot distances. Several exper-
iments on optical signatures[12,17–19] and several theoretical
studies[15,16,20] have been devoted to determining the effects
of system asymmetry and external field on exciton entangled
states.

In this paper, we report on exciton states with emphasis
on the energy of the radiative interband transition, the bind-
ing energies, and the behavior of entanglement in CQDs in
the presence of an external magnetic field. By optimizing the
structural and band parameters of the CQDs, the behavior of
the entanglement can be modulated, which is important for

producing a stable and controllable quantum information pro-
cess. This will lead to a better understanding on the properties
and the applications of the exciton in low-dimensional semi-
conductor systems and quantum computation.

2. Theoretical model
In our model, an exciton is located in the CQDs. The

lateral confinement potential in the xy plane is assumed to
be a harmonic oscillator configuration. Such a parabolic
lateral confinement is known to mimic most of the impor-
tant features of various self-assembled quantum dots (QDs)
and gives results that are in good agreement with those of
experiments.[9,19] Along the longitudinal direction, i.e., the z
direction, the external magnetic field is applied, and the carri-
ers are confined by the Gaussian potential that is based on the
Gaussian distribution of indium concentration

X(zi) = X0 exp(−(zi−a/2)2/Z1
2)

+ X0 exp(−(zi +a/2)2/Z2
2), (1)

where i = e, h, and X0 is the indium concentration at the
center of the dot, a is the distance between the centers of
the two QD’s, and Z1 (Z2) is the half thickness of the right
(left) QD. In Fig. 1, the geometry of the CQDs along the z
direction and the shape of the Gaussian potential are shown
schematically. When Z1 is equal to Z2, the system is sym-
metrical. Otherwise, the symmetry is destroyed. The wetting-
layer thickness is expressed as TWL, the barrier thickness is
defined as t = a−Z1−Z2, and the spacer thickness is given
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by d = t + 2Z2 − TWL. The conduction-valence-band offset
ratio for the InAs/GaAs interface has been estimated to be
70/30.[21] Therefore, we can take the longitudinal confinement
potential to be parameterized as follows:

Ve(ze) =−0.74EgX(ze) (2)

for the electron and

Vh(zh) =−0.34EgX(zh) (3)

for the hole, where 4Eg = EGaAs
g − EInAs

g , with EGaAs
g and

EInAs
g being the GaAs and InAs energy gaps, respectively. For

the sake of simplicity, we neglect the dielectric constant dis-
continuity and the effective-mass mismatch in the dot and the
barrier materials. The Hamiltonian is given by

HX =
1
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+Ve(ze)+Vh(zh)−
e2

εreh

+µBg∗e𝐵 ·𝑆e−µBg∗h𝐵 ·𝑆h, (4)

where m∗e (m∗h) is the effective mass of the electron (hole) in
the conduction (valence) band; 𝐴 is the vector potential of
the magnetic field, which can be written as 𝐴 = 𝐵× 𝑟/2 in
the Coulomb gauge; ωe (ωh) is the harmonic oscillator fre-
quency for the electron (hole); ε is the dielectric constant;
reh =

√
(xe− xh)2 +(ye− yh)2 +(ze− zh)2 is the separation

between the electron and hole. The last two terms are the
Zeeman energies, which describe the interaction between the
spins of the carriers and the magnetic field. Here µB is the
Bohr magneton, g∗e (g∗h) is the electron (hole) effective gyro-
magnetic ratio, and 𝑆e (𝑆h) is the spin vector operator of the
electron (hole).
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Fig. 1. Schematic illustration of the CQDs. Plot (a) shows the ge-
ometry of the CQDs, and the dashed line shows the contour of the
indium-concentration Gaussian distribution function. Plot (b) gives
the profile of the confinement potential in the growth direction.

With the one-dimensional effective potential model,[22,23]

we can obtain the one-dimensional effective Hamiltonian for
the lowest energy states

Heff
X = Ee +Eh−

h̄2

2m∗e

∂ 2

∂ z2
e
− h̄2

2m∗h
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∂ z2
h

+Ve(ze)+Vh(zh)−Veff(ze− zh)

+ µBg∗eBSez−µBg∗hBShz, (5)

where
Ee = h̄

√
e2

s B2/4m∗e2c2 +ω2
e

and
Eh = h̄

√
e2

s B2/4m∗h
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h

are the ground state energies of the single electron and the sin-
gle hole in xy plane, respectively;
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is the one-dimensional effective Coulomb interaction potential, here

erfcx(x) = exp(x2)erfc(x) =
2√
π

exp(x2)
∫

∞

x
exp(−t2)dt
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is the exponentially scaled complementary error function.
The exciton energy eigenvalue EX is used to determine

the energy of the radiative interband transition Et =4Eg+EX,
and the ground state binding energy EB

X = E(e)+E(h)−EX

(E(e) and E(h) are the energies of an electron and a hole in
the CQDs, respectively).

For two distinguishable particles, their entanglement is
quantified by the von Neumann entropy,

S(ρe) =−tr(ρe log2 ρe), (7)

where ρe = trh|Ψ(𝑟e,𝑟h)〉〈Ψ(𝑟e,𝑟h)| is the reduced density
matrix of the electron (|Ψ(𝑟e,𝑟h)〉 is the wave function of the
exciton). The non-zero von Neumann entropy indicates the ex-
istence of entanglement between the positions of the electron
and the hole.

3. Results and discussion
In our calculation, we have chosen parameters appro-

priate for InAs QDs in a GaAs matrix: m∗e = 0.0404m0,
m∗h = 0.350m0, where m0 is the free electron mass. g∗e =

−0.81, g∗h = −0.74, X0 = 0.67, TWL = 0.54 nm, EGaAs
g =

1.5196 eV, EInAs
g = 0.4105 eV, h̄ωe = h̄ωh = 212.5 meV, and

ε = 15.0.[19,24] The z component of the spin angular momen-
tum of the electron is ±1/2. Accordingly, the spin of the
heavy hole takes on values of ±3/2. We have used a mesh
of 500×500 grid points to guarantee the precision.

Figure 2 shows the changes in the exciton energies in the
symmetric system as functions of various system parameters.

In Fig. 2(a), the dependence of the exciton ground state ener-
gies on the magnetic field is given for the case d = 6 nm and
Z1 = Z2 = 0.92 nm. We can see that there is a fourfold degen-
eracy in the energy at B = 0 that is lifted when the magnetic
field is nonzero. This is because of the Zeeman interaction
between the exciton spin and the magnetic field. When the
spin orientations are Sez = 1/2 and Shz = −3/2, the Zeeman
splitting yields the lowest exciton energy level. Figure 2(b)
shows the dependence of the radiative transition energies on
the spacer thicknesses and compares the results with experi-
mental data extracted from Ref. [18]. It may be seen that the
calculated transition energies agree very well with the mea-
sured positions of the photoluminescence lines. With decreas-
ing interdot distance the exciton recombination lines exhibit a
clear red shift. This is because the exciton energy decreases
with decreasing spacer thicknesses. This is due mainly to the
reduction in the quantum confinement of the electron and the
hole. Figure 2(c) shows the ground state binding energies of
the exciton as a function of the interdot barrier thickness t.
The binding energies first decrease and then increase. This is
because for small barrier thicknesses the tunneling of the car-
riers is very strong, and the coupled Gaussian potential is thus
similar to a single quantum well. As a result, the larger t is,
the smaller the binding energy, until a minimum occurs. For
the case in which t is fixed, the smaller Z1(Z2) is, the stronger
the spacial confinement is and the larger the binding energy is.
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Fig. 2. (color online) In the symmetric system, (a) ground state energies of the exciton as a function of the magnetic field for d = 6 nm and Z1 = Z2 = 0.92 nm;
(b) radiative transition energies as a function of the spacer thicknesses for B = 0 T and Z1 = Z2 = 0.92 nm, compared with experimental data extracted from
Ref. [18]; (c) binding energies as a function of the interdot barrier thickness for B = 8 T.
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Continuing to increase the barrier thickness, the tunneling of
the carriers decreases and the electron and the hole more eas-
ily locate in the same QD, which leads to enhancement of the
binding energy. For fixed t, a smaller value of Z1(Z2) results
in stronger tunneling of the carriers, i.e., the probability of the
electron and the hole being located in different QDs increases,
which increases the average distance between the electron and
the hole and decreases the binding energy.

In Fig. 3(a) the entanglement entropies of the exciton as
a function of the barrier thickness in symmetric CQDs are
plotted. It can be seen that the entanglement entropies in-

crease monotonically with increasing barrier thickness and for
the same barrier thickness, the larger the QD’s thickness, the
stronger the entanglement. To facilitate understanding of the
physical reasons for these relationships, in Fig. 3(b) we plot
the wave function distributions of the exciton for four repre-
sentative barrier thicknesses. For t = 2.7 nm, the exciton state
is composed of the intradot states |00〉 and |11〉 and the inter-
dot states of |01〉 and |10〉 in almost equal proportions. Note
that in this representation, the first (second) index of |i j〉 gives
the position of the electron (hole), and “0” represents the left
QD and “1” represents the right one.
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Fig. 3. (color online) (a) Entanglement entropy of the exciton as a function of the interdot barrier thickness in symmetric CQDs with B = 8 T. Part (b) shows
the wave function of the exciton as a function of the electron and hole coordinates for the four locations marked in part (a).

In this case, the exciton state is close to the unentangled
state (|00〉+ |10〉+ |01〉+ |11〉)/2, so its von Neumann en-
tropy is very small. With increasing barrier thickness, the
tunneling of the carriers gradually weakens. The Coulomb
attractive interaction makes the electron and the hole more
and more likely to occupy the intradot states |00〉 and |11〉.
That is to say, the exciton states gradually approach the “Bell
states” (|00〉± |11〉)/

√
2. When t > 15 nm, the probability of

the exciton being located in the interdot states |01〉 and |10〉
is almost 0; the entanglement entropy is 1 and “Bell states”
emerge. These results are in agreement with the theoretical
prediction that there is large entanglement within a symmetri-
cal model for the exciton[12,14] and offers the theoretical proof
for the design and application for quantum computation.

However, for the asymmetrical CQDs the entanglement
of the exciton state is very small, as can be seen from Fig. 4.
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Fig. 4. (color online) (a) Entanglement entropy of the exciton as a function of the interdot barrier thickness in asymmetrical CQDs with Z2 = 0.92 nm and
B = 8 T. The symbols and part (b) have the same meaning as those in Fig. 3.
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Even though the difference of two QDs’ thicknesses is only
0.001 nm, the entanglement entropy changes to a great extent.
Comparing with symmetrical CQDs, we see from Fig. 4(b)
that with the increasing barrier thickness the electron and the
hole both tend to occupy the wider QD, i.e., the exciton state
principally contains the |11〉 state. The |11〉 state is completely
unentangled, so its entanglement is zero for the large barrier
thickness. These results are consistent with Ref. [15].

4. Conclusion
In conclusion, we have investigated a number of essen-

tial properties of exciton states in CQDs under the influence
of an applied magnetic field, including the ground state ener-
gies, the radiative transition energies, the entanglement, and
the wave function distributions. The numerical results indi-
cate that symmetry and size have significant influence on the
energy and entanglement of an exciton in CQDs. Our results
are in good agreement with previous studies. We hope our
results are helpful in designing and fabricating practical quan-
tum computer devices.
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[1] Fält S, Atatüre M, Türeci H E, Zhao Y, Badolato A and Imamoglu A

2008 Phys. Rev. Lett. 100 106401
[2] Hewageegana P and Apalkov V 2009 Phys. Rev. B 79 115418

[3] Kolli A, Lovett B W, Benjamin S C and Stace T M 2009 Phys. Rev. B
79 035315

[4] Li J S , Li Z B and Yao D X 2012 Chin. Phys. B 21 017302
[5] Ortner G, Yugova I, Baldassarri H, von Högersthal G, Larionov A,
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