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In this paper, the kinetic Monte Carlo simulations of the self-assembly quantum rings (QRs) based on the substrate
engineering, which is related to the eventual shape of the formed quantum ring, are implemented. According to the simu-
lation results, the availability of the QR with tunable size and the formation of smooth shape on the ideal flat substrate are
checked. Through designing the substrate engineering, i.e., changing the depth, the separation and the ratio between the
radius and the height of the embedded inclusions, the position and size of QR can be controlled and eventually the growth
strategy of optimizing the self-assembly QRs is accomplished.
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1. Introduction
Recently, due to the unique optical and electronic prop-

erties, self-assembly quantum rings (QRs)[1,2] have been in-
tensively studied to develop the potential applications in op-
toelectronics and semiconductor devices. Moreover, QRs also
offer a crucial opportunity to investigate the unusual magnetic
behavior of susceptibility and the Aharonov–Bohm effect.[3–5]

Considering the great contribution to the functional units in
fabricating electronic, optoelectronic, and magnetic storage
devices with nanoscale dimensions, there are still challenges
relating to QRs.[6]

With the development of science and technology, ad-
vanced growth techniques have made it possible to form a
variety of nanostructures.[7] Since the first example of self-
assembly InAs/GaAs ring-shaped quantum dots (QDs) was
reported in 1997, outstanding contributions have been made
to this novel structure. In order to attain QRs with dif-
ferent dimensions and shapes, a lot of fabrication methods
of semiconductor QRs have therefore emerged in the past
years. The traditional lithographic technique has been used
to fabricate QRs.[8,9] However, to the best of our knowledge,
there is little research about the popular fabrication of small
rings. Although the droplet epitaxy[10,11] has been inten-
sively investigated as an important self-assembly technique
for semiconductor QRs in the lattice-matched systems such
as GaAs/AlGaAs and the lattice-mismatched systems such as
InGaAs/GaAs, positions of QRs are uncontrollable and the
regular array of QRs seems to be hardly achieved due to the
irregular distribution of droplets on substrates.

A method based on the substrate engineering is suggested

as a candidate for self-assembly QRs. In order to accomplish

the self-assembly process of the QRs based on the lattice-

mismatched system, people provide many kinds of methods by

changing the structure of the substrate.[12–16] It proves that the

way of embedding the QDs in the substrate could be used to

fabricate QRs. Self-organization technology with a cap layer

is suitable for the lattice mismatched system. It could produce

QRs with tunable size, smooth shape, and regular array, which

are highly desired.

In this paper, by the kinetic Monte Carlo method, self-

assembly QRs with different growth parameters are simulated.

The self-assembly QRs are related to the final shape of the

formed QRs. Furthermore, we accomplish the kinetic Monte

Carlo simulations to check the availability of the QRs with

tunable size and the formation of smooth shape on the ideal

flat substrate.[17] Both the separation distance and the ratio be-

tween the radius and height of the embedded inclusions prove

indispensable to form the ideal QRs in the KMC simulations.

Eventually, we obtain the growth strategy of optimizing self-

assembly QRs by designing the substrate engineering.

The reminder of this paper is organized as follows. We

briefly introduce strain distribution theory of the substrate in-

duced by the embedded inclusions in Section 2. In Sec-

tion 3, we provide the theory of kinetic Monte Carlo simu-

lation method. Our simulation and analysis results of the per-

formance of the scheme are outlined in Section 4. Finally the

conclusions are drawn in Section 5.
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2. Strain distributions theory
In order to execute the KMC simulations we first should

know the strain distribution which could be calculated by the
finite element method and continuous elastic theory on the
substrate. Briefly, the dependence of strain component on
stress component can be set up by using a stiffness matrix 𝐷,
and then the strain and the stress[18] may be expressed as two
column vectors,[19]

𝜀=


εxx
εyy
εzz
εxy
εyz
εzx

=


∂u/∂x
∂v/∂y
∂w/∂ z

(∂u/∂y+∂v/∂x)/2
(∂v/∂ z+∂w/∂y)/2
(∂u/∂ z+∂w/∂x)/2

 (1)

and

𝜎 =


σxx
σyy
σzz
σxy
σyz
σzx

=𝐷 (ε− ε0)+σ0, (2)

where u, v, and w are the displacements along the coordinates
x, y, and z directions respectively. For the cubic crystal the 𝐷

matrix can be expressed as

𝐷 =


C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 (C11−C12)/2 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44

 . (3)

As can be seen, there exist three independent elastic constants.
The lattice constants in the QD system vary with coordinate,
therefore the elastic energy can be expressed as an integral
equation,

U =
1
2

∫
Ci jkl

(
εi j− ε

0
i jδi j

)(
εkl− ε

0
klδkl

)
dv, (4)

where ε0
i j are the components of initial strain in the QD sys-

tem. In a QD region, the initial strain is the lattice mismatch
of the heterostructure material. In the surrounding barriers, the
initial strain is zero. The lattice mismatch can be expressed as

ε
0
i, j =


ε0

xx = ε0
yy =

adot−asub

asub
,

ε0
zz =

cdot− csub

csub
,

ε0
i, j = 0, i 6= j,

(5)

substituting Eqs. (1), (2), and (5) into Eq. (4), the elastic strain
energy of the QD system can be expressed as

U =
1
2

∫∫∫
{C11

(
ε

2
xx + ε

2
yy
)
+C33ε

2
zz

+2C12εxxεyy +2C13εzz (εxx + εyy)

+4C44
(
ε

2
yz + ε

2
xz
)
+2(C11−C12)ε

2
xy

−2ε
2
xx (C11 +C12)(εxx + εyy)−2C33εzzε

0
zz

−2C13
[
2εzzε

0
xx + ε

0
zz (εxx + εyy)

]
+2C11

(
ε

0
xx
)2

+C33
(
ε

0
zz
)2

+2ε
0
xx
(
C12ε

0
xx +2C13ε

0
zz
)
}dv. (6)

3. Kinetic Monte Carlo simulations
In order to check the reliability of the proposed technique,

we perform the KMC simulations. In our imitation process,
the deposition of the third material atoms and the diffusion of
the atoms on the substrate are included. Starting with a perfect,
defect free, wetting layer, which is not simulated explicitly,
we deposit adatoms randomly with a given flux rate and prob-
ability distribution of a random number is uniform distribu-
tion. The models are based on a two-dimensional (2D) solid-
on-solid model [20,21] of epitaxial growth, presented by Zhu
et al.[22] and Lam et al.[23] under the assumption of a simple
cubic lattice structure with neither vacancies nor overhangs.
Our model is developed from previous work.[24] In order to
account for the adsorption and desorption motion of atoms,
an up-down ratio is also introduced. As is well known, the
atom in the same plane moves toward a direction in a random
manner, and the probability of the moving toward every direc-
tion is equivalent. The atoms on the substrate can still diffuse
after the nucleation unless their neighboring positions are all
occupied by other atoms. The hopping rate of a topmost atom
follows the Arrhenius’s law:[25]

p = ν0 exp
(
−ES +EN +Esw−∆E

κBT

)
, (7)

where ∆E is the strain energy, kBT the thermal energy, kB the
Boltzmann constant, v0 the attempt frequency, ES and EN are
the binding energy to the surface and the neighboring atoms,
respectively. In order to explain the motion of the atoms, an
additional parameter Schwöbel step-edge barrier term ESW is
introduced. In most of the previous investigations just the
neighboring atoms in the same high plane were taken into ac-
count. However, the neighboring atoms in the up layer and
the down layer should be considered in the three-dimensional
(3D) simulation. So, in our work, we take into account the
interaction between the neighboring atoms in different planes.

We know that there are three kinds of bondings between
two different atoms as shown in Fig. 1. As the result of the
disparate bonding mode, the bonding energies are diverse be-
tween the two atoms, and they can be expressed by EAA, EAB,
and EBB. Figure 2 illustrates all the atoms diffusion processes
considered in our simulations, showing an adatom moving on
the flat terrace, stepping down at a step edge and detached
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from a step edge. The activation barrier of the diffusion pro-
cess is determined by the local bonding of the initial config-
uration and the interatomic bond energy. For the adatom ter-
race diffusion, the activation barrier is given by the bond en-
ergy of the adatom to its neighbor underneath. The activation
barrier for the adatom stepping down is the terrace diffusion
barrier plus an additional Schwöbel step-edge barrier. Sim-
ilarly, the activation barrier for the adatom detached from a
step edge is the terrace diffusion barrier plus the bond energy
of the adatom to the neighboring atom at the step edge. Fig-
ure 3 shows the atom picture of the QR simulations, while the
relevant parameters used in the simulations process are listed
in Table 1. In the simulations, the three two-component situ-
ations mentioned above are taken into account. It should be
noted that dealing with effective atoms hopping on a square
lattice and the usage of effective energies should be under-
stood as a mean-field approach. Implicit properties which lead
to local fluctuations of the binding energies are taken into ac-
count. Such properties are, for example, the surface recon-
struction and ratio change, which might occur in both time and
space. As long as these fluctuations are small compared with
the time scale of the fastest process modeled explicitly, there is
no influence on the validity of our model. However, for con-
venience, we simplify the simulations by using the equation
EAA = EAB = EBB = Eb. We first set the strength of all single
nearest bonds Eb to be 0.2 eV, and reduce it by a factor of δ

for the next nearest neighbors. To calculate diffusion barrier,
the binding energy En,initial at the initial site and the binding
energy at the hop site En,hop are respectively calculated by the
following equations:

EN = En,initial−gEn,hop, (8)

En,initial = mEb +δnEb, (9)

En,hop = m′Eb +δn′Eb, (10)

where m(m′) and n(n′) are the numbers of the nearest and the
next nearest atoms around. Coupling constant g = 0.3 is used
in the equation, which describes a weak coupling between the
two adjacent lattice sites. We remark that due to the fact that
the interaction between the substrate atoms and the depositing
atoms decreases with atom height increasing, the binding en-
ergy of substrate atom to the surface ES exponentially decays
with distance increasing, i.e.,

ES = ES0 exp(hatom) , (11)

where ES0 is set to be 1.35 eV, hatom is the height of the formed
island. The material parameters in our simulations are the
three species (Si, Ge, Sn), thus, we take the Ge/Si (001) sys-
tem with embedded Sn inclusions for example to investigate
the Ge QRs self-assembly. The lattice constants of Si, Sn, Ge
are chosen to be 5.43, 6.489, 5.658 Å (1 Å = 0.1 nm), respec-
tively. The relevant parameters used in the simulations are

listed in Table 1.[26,27] Finally, to account for the up and down
motion of the atoms, an additional factor µ[25] is introduced,
which is defined as the ratio between the probability for edge
atoms to hop up and that for edge atoms to hop down. The
factor µ should be larger than 1. Otherwise, all the atoms will
tend to move into lower layers.

A A

A B

BB

Fig. 1. (color online) Schematic plot of three kinds of bonding modes
between two different atoms: (a) AA, (b) AB, (c) BB.

(a)
(b)

(c)

Fig. 2. (color online) Illustration of the diffusion processes considered
in the simulation for the cases of (a) adatoms moving on the flat terrace,
(b) stepping down at a step edge, (c) detached from a step edge.

Fig. 3. (color online) Illustration of the 3D simulation picture of the
quantum rings.

Table 1. Parameters of the KMC simulation.

Temperature/K
Simulation area

Flux/(ML/s) Coverage
(lattice sites)

818 200×200 1 0.15

4. Results and discussion
Two kinds of the models are built for our KMC simu-

lation as shown in Fig. 4. One model as displayed in the
Fig. 4(a), which shows how the finally formed QRs will trans-
fer by changing the radius and the height of the single embed-
ded inclusion. The other model as shown in Fig. 4(b) displays
that with the radius and the height of the inclusions fixed, the
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eventual resulting shapes of the QRs suffer a series of changes
through changing the separation between the two embedded
inclusions.

QD QD(a) (b)

Fig. 4. (color online) (a) The model for the QR simulation by changing
the radius-to-height ratio of the single embedded inclusion. (b) With
the radius and the height of the embedded inclusions fixed, the model
for the QR simulation through hanging the separation between the two
neighbor embedded inclusions.

The diffusion behavior of an adatom on the wetting-layer
surface is affected by surface chemical potential. The strain
energy induced by embedding QD is the main factor to influ-
ence the distribution of the chemical potential which affects
the diffusion barrier. In this case, we need to design and opti-
mize the substrate structure to restrict the diffusion behaviors
of surface atoms so as to acquire the expected structures. By
investigating the diffusion behaviors of the surface atoms on

different substrates, we can conclude that we obtain an ap-
proach to control the size and the shape to what we expect by
changing the size of and the separation between the embedded
inclusions through the KMC simulations.

Figure 5 reveals the radius-to-height ratio of the single
embedded inclusion varying from 0.25 to 2.5, which leads to
forming the different shapes of the QRs. Notice that the addi-
tional simulations are performed to confirm that the different
ratios increased the width and the outer diameter of the QR,
but the ring shape remains unchanged. Because the surface
potential distribution of the growth surface is mainly affected
by strain field, when the ratio is small, the extremum zone of
surface strain field is more concentrated and bigger; moreover,
the diffusion barrier causes atoms to nucleate in a narrow zone.
With the increase of the ratio, the surface strain field (tensile
strain) induced by embedded inclusion increases while the ab-
solute value decreases. Therefore, the diffusion barrier of the
growth surface reduces, which causes the atoms to be able to
nucleate in a wider zone. Then, the outer ring diameter and
the width of ring increase while the height of ring increases as
shown in Fig. 6.
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Fig. 5. (color online) QR shapes in the cases where radius-to-height ratios of the single embedded inclusion are (a) 0.25, (b) 0.5, (c)
1, (d) 1.5, (e) 2, (f) 2.5.
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Fig. 6. (color online) Variation trends of the simulation results for the
single embedded inclusion with radius-to-height ratio, with (i) the solid
line showing the outer diameter of the formed QR, (ii) the dashed line
representing the change of the width of the formed QR, and (iii) the
dotted line referring to the height of the formed QR.

Furthermore, we study the influence of the separation be-
tween the nearest-neighboring inclusions on forming the QR.
In order to realize the control of the QR dimension, we need
to take the strain-coupling interaction between the two embed-
ded inclusions into account. Similarly, when the separation is
very small, the change of the potential well will have a large
effect on the shape of the formed QR. We adopt two models

(models A and B) to simulate how the shape changes by vary-
ing the separation from 0 nm to 60 nm. In model A the radius
is 10 nm and the height is 20 nm while in model B, the radius
is 20 nm and the height is 20 nm.

Figure 7 shows the transformation of model A. From the
above discussion, we know that the distribution of the strain
energy affects the atom diffusion behavior, which determines
the final shape and size of the formed QR. From Fig.7, we can
observe that the strain energy of the central position decreases
with separation increasing. When the separation equals 60 nm,
the absolute value of the strain energy of the central position
is relatively small so that the interaction could be neglected.
Now, the strain-coupling interaction between the embedded
inclusions declines obviously, and the growth surface becomes
two independent strain field distributions, which consequently
result in two independent QRs. As shown in Fig. 7(d), we can
survey that the formed QR shape turns oval-shaped instead,
which is related to the change of the distance in the length di-
rection. When the separation is 10 nm, it reaches a critical
distance. After the critical separation, the shape of the formed
QR deforms more and more seriously with the separation in-
creasing.
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Fig. 7. (color online) The final shapes of the formed QRs from the simulation with the separation between the two embedded inclusions
being: (a) 0 nm, (b) 2 nm, (c) 4 nm, (d) 10 nm, (e) 20 nm, (f) 30 nm, (g) 40 nm, and (h) 60 nm.
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On the other hand, we also investigate the effect on the
final shape of the QRs through changing the separation be-
tween the two nearest-neighboring embedded inclusions from
0 nm to 60 nm for model B which can be seen from Fig. 8.
Due to the different dimensions between the two models, the
strain distribution of model B is different from that of model
A. Being similar to the circumstance of model A, the strain
coupling interaction between the embedded inclusions are so
strong that a maximum zone comes into being on the growth
surface. With the increase of the separation distance, the strain
field of the surface starts to be detached, and gradually pro-

duces two independent maximum zones which finally lead to
the formation of two independent ORs. Compared with model
A, the formed QRs of model B are of large size because of its
wider maximum zone of strain field.

From the simulations in Fig. 8, it can be concluded that
the bigger the radius-to-height ratio, the bigger the size of
QRs is. When the separation is small, the large dimensional
QRs could be carried out by designing the embedded inclu-
sion project; when the separation is large, the double QRs and
the QR molecules can be controlled through designing the sub-
strate engineering.

(a) (b) (c) (d)

(h)(g)(f)(e)

Fig. 8. (color online) The simulation results of model B with the separation between the two nearest-neighboring embedded inclusions
being (a) 0 nm, (b) 2 nm, (c) 4 nm, (d) 10 nm, (e) 20 nm, (f) 30 nm, (g) 40 nm, (h) 60 nm.

In the Stranski–Krastanov growth mode, temperature and
flux rate are also key factors influencing the quality of quan-
tum ring growth. A special effort is made to examine the influ-
ence of the self-consistently calculated strain field. It should
be noted that, however, the main interest of this work is not to
present an optimized set of growth parameters. At the low tem-
perature, because of the lack of adequate thermal activation
energy, atoms that have been deposited on the substrate sur-
face can not only diffuse into narrow area, but also overcome
the binding energy to surface and neighboring atoms, and form
QRs with big size and low height. With the increase of temper-
ature, the thermal activation energy increases, and atoms can
overcome binding energy to the up-layer. At the same time,
flux rate also has an influence on atom density on the substrate
in unit time and on the rate of nucleation as well. Further-
more, the influences of temperature and flux rate on quantum
ring composition will be investigated in the next work.

5. Conclusions
We investigated the different shapes of the formed QRs

by varying the separation between the two nearest-neighboring
embedded inclusions through the KMC simulation. With sep-
aration changing, the KMC simulation results show that the

formed QR varies from one to two independent rings. We also
concluded that there will be a critical separation with the dis-
tance increasing, therefore, the final shape of the quantum ring
will be covered at the central position. Then, it is obvious that
we can have a method to control the size and shape of the
formed QR which is what we expected, by varying the dimen-
sions of and separation between the embedded inclusions. The
kinetic Monte Carlo model we have used is effective and use-
ful for studying the growth mode and atomic kinetics during
the growth of the semiconductor QRs. Eventually, the final
simulation results indicate that the controlling of the position
and size of QR is available and the growth strategy of opti-
mizing self-assembly QRs can be achieved by designing the
substrate engineering.
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