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The influence of defects on the effective Young’s modulus
of a defective solid∗
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It is difficult to establish structure-property relationships in a defective solid because of its inhomogeneous-geometry
microstructure caused by defects. In the present research, the effects of pores and cracks on the Young’s modulus of a
defective solid are studied. Based on the law of the conservation of energy, mathematical formulations are proposed to
indicate how the shape, size, and distribution of defects affect the effective Young’s modulus. In this approach, detailed
equations are illustrated to represent the shape and size of defects on the effective Young’s modulus. Different from the
results obtained from the traditional empirical analyses, mixture law or statistical method, for the first time, our results from
the finite element method (FEM) and strict analytical calculation show that the influence of pore radius and crack length on
the effective Young’s modulus can be quantified. It is found that the longest crack in a typical microstructure of ceramic
coating dominates the contribution of the effective Young’s modulus in the vertical direction of the crack.
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1. Introduction
The determining of effective elastic properties of inho-

mogeneous materials has applications in different fields such
as materials science, structural mechanics, and geophysics.[1]

It has been shown that mechanical properties are strongly de-
pendent on all kinds of defects in material.[2,3] The defective
microstructure greatly influences the effective elastic modulus
and further influences the material behaviors. Depending on
the shape, size, and the distribution of the defects, the over-
all properties of many engineering and geological materials
will possess anisotropies to different degrees. Usually, micro-
scopically defective material can be equivalently replaced by a
macroscopically homogeneous continuum medium with prop-
erly defined effective properties.[4] However, effective prop-
erties are related to the detailed microstructures of inhomo-
geneities.

The elastic modulus of defective solids has been stud-
ied both experimentally and theoretically. Ramakrishnan and
Arunachalam[5] proposed the equations for effective elastic
moduli of porous solids using the principle of statistical con-
tinuum mechanics. In Ref. [6], some independent elastic con-
stants were derived by the Mori–Tanaka’s mean-field theory in
conjunction with Eshelby’s solution. Theoretical approaches
such as molecular dynamic simulations, finite element anal-
ysis, and classical elastic shell theory were frequently used
to estimate the elastic properties of different materials.[7–10]

Feng and Yu[11] developed a method of estimating the effects
of microdefect interaction on the effective elastic properties
of heterogeneous solids. Also, in Refs. [12]– [14], the au-

thors used the object-oriented finite element (OOF) method[15]

to study the effective Young’s modulus of coating with actual
microstructure, and most of their studies only referred to the
relationship between porosity and the effective Young’s modu-
lus. However, no detailed mathematical formulation has been
developed to explain how the shape, size, and distribution of
defects, including pores and cracks, affect the effective elastic
modulus.

In this paper, novel mathematical formulations are pro-
posed to indicate the relationship between defects and the ef-
fective Young’s modulus by the law of the conservation of en-
ergy. In the mathematical expression, the effect of the defects
on the effective Young’s modulus is an independent variable
only affected by the defects themselves. If the defect is far
from the plate boundaries, it is found that there is no relation-
ship between the defect location in the solid and the effec-
tive Young’s modulus; for the first time, the effective Young’s
modulus affected by the radius of the pore and the length of
the crack is expressed mathematically in detail. Using the
newly developed mathematical expression, we further analyze
the contribution of the longest crack in a typical microstruc-
ture of ceramic coating to the effective Young’s modulus in
vertical direction of the crack.

2. Mathematical formulation of the effective
Young’s modulus affected by defects
When loads are gradually applied to a solid body, they

will lead to deformation of the material. Provided that no en-
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ergy is lost in the form of heat, then the external work done
by the loads will be converted into internal work called strain
energy.

A rectangular plate of unit thickness shown in Fig. 1(a)
is subjected to the uniform normal stress σ on the top, and its
bottom is fixed. If the stress σ is gradually increased from 0
to σ0, the force f is gradually increased from 0 to σ0l corre-
spondingly; when the final displacement of the top of the plate
reaches ∆h, the external work becomes

W =
∫

∆h

0
f dh =

σ0 · l ·∆h
2

, (1)

where h is the height of the plate, l is width of the plate, ∆h is
the displacement.
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Fig. 1. (a) Plate without defect inside and (b) plate with defect inside
each subjected to a uniform normal stress.

If the material behaves in an isotropic elastic manner, for
a plate without defects inside, by Hooke’s law we obtain the
strain energy as

U =
∫

ε

0
σ0 dε

∫
dx
∫

dy =
1
2

Eε
2
∫

S
dS =

1
2

σ2
0

E0

∫
S

dS, (2)

where E0 is the Young’s modulus of the non-defective bulk
material, ε is the normal strain. Based on the principle of con-
servation of energy, W =U , the ∆h can be expressed as

∆h =
1
2

σ2
0

E0
· l ·h · 2

σ0 · l
=

σ0 ·h
E0

. (3)

In plane stress, the effective Young’s modulus is found to be

Eeff =
σ0

ε0
=

σ0

∆h/h
= E0. (4)

With defects inside the plate shown in Fig. 1(b), Saint–
Venant’s principle claims that the localized effects caused by
any inside defect acting on the body will dissipate or smooth
out within regions that are sufficiently far from the location of
defects. Furthermore, the resulting stress distribution in these
regions will be the same as that caused by any other statically
equivalent load applied to the body without defects inside. Be-
cause of the localized effects caused by the defect, a nonlinear
stress region will occur around the defect, section A. Then, the
total strain energy is rewritten as

U =
1
2

σ2
0

E0
[(1−ρ) ·hl −A]+

∫
A

ω dA, (5)

where the porosity is ρ; ω is strain energy density at section
A, and

∫
A ω dA is the strain energy of section A.

Accordingly, W =U can be further expressed as

σ0 · l ·∆h
2

=
1
2

σ2
0

E0
[(1−ρ) ·hl −A]+

∫
A

ω dA, (6a)

∆h =
(σ2

0 /E0)[(1−ρ) ·hl −A]+2
∫

A ω dA
σ0 · l

. (6b)

The effective in-plane elastic modulus Eeff can be pre-
dicted by

1
Eeff

=
1

E0

(
1−ρ − A

hl

)
+

2
∫

A ω dA
σ2

0 ·hl
, (7)

where
∫

A ω dA can be calculated from strain energy equation
as follows:∫

A
ω dA =

1
2E0

∫
A
[(σ2

x +σ
2
y )−2vσxσy +2(1+ v)τ2

xy]dA. (8)

Here, A is also a function related to defects in shape and size:
one defect with a certain shape and size determines one value
of A; σx, σy, and τxy are Cartesian coordinate stress distri-
bution inside A, which is related to external stress σ0. Be-
cause Eeff in Eq. (8) is not affected by external stress σ0,
2
∫

A ω dA/σ2
0 can be simplified into

2
∫

A ω dA
σ2

0
=

f (A)
E0

, (9)

where

f (A) =
∫

A

[
(σ2

x +σ2
y )−2σxσy +2(1+ v)τ2

xy

σ2
0

]
dA. (10)

Thus,

1
Eeff

=
1

E0
(1−ρ − A

hl
)+

f (A)
E0 ·hl

, (11a)

Eeff = E0 ·
hl

(1−ρ) ·hl +[ f (A)−A]
. (11b)

Here, [ f (A)−A] is only related to the shape and size of
defect, which can be defined briefly as

CE = f (A)−A. (12)

Then Eeff is given by

Eeff = E0 ·
hl

(1−ρ) ·hl +CE
. (13)

Equation (13) is the effect of defect on the Young’s mod-
ulus of a defective solid, which indicates that if a defect is far
from the boundaries of a solid, there is no relationship between
the defect location in the model and the effective Young’s
modulus.

If there are n defects and defects are not affected by each
other, the effective Young’s modulus can be expressed as fol-
lows:

Eeff = E0 ·
hl

(1−ρ) ·hl +
n
∑

i=1
CE(i)

. (14)
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2.1. Effects of pores on the effective elastic modulus

A rectangular plate of unit thickness with a circular pore
of radius a shown in Fig. 2 is loaded on the top by the traction
distribution σ which is gradually increased from 0 to σ0, while
the bottom is fixed. Provided that the material behaves in a
linear-elastic manner, the stress distribution acting on section
A can be determined from mathematical analysis as follows:

σx =
1
2

σ

[
2+
(

3a4

r4 − 2a2

r2

)
cos4θ − 3a2

r2 cos2θ

]
,

σy =
1
2

σ

[
−
(

3a4

r4 − 2a2

r2

)
cos4θ − a2

r2 cos2θ

]
,

τxy =
1
2

σ

[(
3a4

r4 − 2a2

r2

)
sin4θ − a2

r2 sin2θ

]
. (15)

So
∫

A ω dA/σ2
0 is then given from Eqs. (9) and (15) as∫

A ω dA
σ2

0
=

1
2E0

∫
A

f
(

a
r
,θ

)
dA, (16)

where

f
(

a
r
,θ

)
=

1
4

[
2+
(

3a4

r4 − 2a2

r2

)
cos4θ − 3a2

r2 cos2θ

]2

+
1
4

[
−
(

3a4

r4 − 2a2

r2

)
cos4θ − a2

r2 cos2θ

]2

− v
2

[
2+
(

3a4

r4 − 2a2

r2

)
cos4θ − 3a2

r2 cos2θ

]
×
[
−
(

3a4

r4 − 2a2

r2

)
cos4θ − a2

r2 cos2θ

]
+

(1+ v)
2

[(
3a4

r4 − 2a2

r2

)
sin4θ

− a2

r2 sin2θ

]2

. (17)
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Fig. 2. Stretched plate with a small pore inside.

Thus, CE in Eq. (13) can be written briefly as

CE =
∫

A(a)
f
(

a
r
,θ

)
dA−A(a). (18)

Although CE values can be obtained by integral equation
of A(a), A(a) is not clear. In our research, CE values with dif-
ferent values of pore radius a are calculated from FEM analy-
ses, and the results are plotted in Fig. 3. From Fig. 3, CE can
be mathematically fitted to

CE = αp ·a2, αp ≈ 9.57. (19)

Combining Eq. (13) and Eq. (19) yields

Eeff = E0 ·
hl

(1−ρ) ·hl +αp ·a2 . (20)

If defects are composed of n pores and pores are not af-
fected by each other, the effective elastic modulus can be ex-
pressed as follows:

Eeff = E0 ·
hl

(1−ρ) ·hl +αp
n
∑

i=1
a2

i

. (21)
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Fig. 3. Variation of CE with pore radius, obtained from FEM analysis.

2.2. Effects of cracks on effective elastic moduls

A rectangular plate of unit thickness with a crack of
length 2a is shown in Fig. 4(a), and the stress distribution act-
ing on section A can be defined from a mathematical analysis:

σx = σ

√
a
2r

cos
θ

2
·
(

1− sin
θ

2
· sin

3θ

2

)
,

σy = σ

√
a
2r

cos
θ

2
·
(

1+ sin
θ

2
· sin

3θ

2

)
,

τxy = σ

√
a
2r

cos
θ

2
· sin

θ

2
· cos

3θ

2
. (22)

∫
A ω dA/σ2

0 is then given from Eq. (9) and Eq. (22) as follows:∫
A ω dA

σ2
0

=
1

2E0

∫
A

f
(

a
r
,θ

)
dA, (23)

where

f
(

a
r
,θ

)
=

a
r

{([
cos

θ

2
·
(

1− sin
θ

2
· sin

3θ

2

)]2
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+

[
cos

θ

2
·
(

1+ sin
θ

2
· sin

3θ

2

)]2

−2v
[

cos
θ

2
·
(

1− sin
θ

2
· sin

3θ

2

)]
×
[

cos
θ

2
·
(

1+ sin
θ

2
· sin

3θ

2

)]
+2(1+ v)

[
cos

θ

2
· sin

θ

2
· cos

3θ

2

]2}
. (24)

Thus, CE in Eq. (13) can be written briefly as

CE =
∫

A(a)
f
(

a
r
,θ

)
dA−A(a). (25)

Since the porosity induced by a crack is so small that the
porosity ρ can be assumed to be zero, Eeff can be simply given
from Eq. (13) as

Eeff = E0 ·
hl

hl +CE
, (26)

where CE values with different transverse crack length 2a cal-
culated from FEM analyzes are plotted in Fig. 5. From Fig. 5,
CE can be mathematically fitted to

CE = αc ·a2, αc ≈ 6.26. (27)

As shown in Eqs. (19) and (27), αc is less than αp. How-
ever, the crack length is always much larger than pore diameter
in an actual solid, which might induce a much stronger influ-
ence than pores.
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Fig. 4. An isotropic plate with a straight crack (a) and an isotropic plate
with an inclined crack (b) inside, each subjected to a uniform normal
stress.
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Fig. 5. Variation of CE with crack length, obtained from FEM analysis.

Combining Eq. (26) and Eq. (27) yields

Eeff = E0 ·
hl

hl +αc ·a2 . (28)

If defects are composed of n cracks and the cracks are not
affected by each other, the effects of cracks on effective elastic
modulus can be expressed as follows:

Eeff = E0 ·
hl

hl +
n
∑

i=1
CE(i)

, (29a)

Eeff = E0 ·
hl

hl +αc
n
∑

i=1
a2

i

. (29b)

Consider that a crack in an infinite plate, normal to the
crack plane, is oriented at an angle α with respect to the stress
axis as shown in Fig. 4(b), thus, we obtain

Eeff = E0 ·
hl

hl +CE
, (30)

where

CE =
∫

A(a,α)
f
(

a
r
,θ ,α

)
dA−A(a,α). (31)

3. Calculation results of ceramic coating
A typical microstructure of ceramic coating from the

cross-section view by scanning electron microscopy (SEM)
is shown in Fig. 6. It includes yttria partially stabilized zir-
conia (YSZ) and defects. In our previous research,[16] Fig. 6
has also been used to indicate the relationship between de-
fect and the effective thermal conductivity. The model size is
120 µm×90 µm with a total porosity of 3.68%.

20 kV
10 mm

Fig. 6. Cross-sectional microstructure of ceramic coating
(120 µm×90 µm).

With one pixel corresponding to one finite element, the
collection of pixels can be changed into a collection of fi-
nite elements. In this way, a finite element grid model with
4.32×104 quadrilateral elements in Fig. 7 based on the actual
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microstructure of ceramic coating is generated by digital im-
age processing theory and the finite element mesh generation
principle.[17] In addition, the results of the effective Young’s
modulus are obtained through static uniaxial loading calcula-
tions. The model is loaded on the top by the maximum trac-
tion distribution σ0, while the bottom is fixed. With the FEM,
the displacement ∆h is calculated. Additionally, the Young’s
modulus of the non-defective bulk material of YSZ material is
E0 = 214 GPa. By employing Eq. (32), the effective Young’s
modulus in the y direction is calculated from

Eeff =
σ0 ·h
∆h

(32)

to be Eeff = 160 GPa.
Denote the longest transverse crack in Fig. 6 with approx-

imate length 37 µm as No. 1 defect in Eq. (14), then CE(1) in
Eq. (27) can be expressed as

CE(1) = αc ·a2 ≈ 6.26×18.52 = 2142 µm2. (33)

Then, equation (14) can be rewritten as

Eeff = E0 ·
hl

(1−ρ) ·hl +CE(1)+
n
∑

i=2
CE(i)

, (34a)

160 = 214× 90×120

(1−0.0368)×90×120+2142+
n
∑

i=2
CE(i)

.

(34b)

Thus,
n

∑
i=2

CE(i) = 1900 µm2. (35)

It is found that CE(1)>
n
∑

i=2
CE(i), which indicates that the

longest transverse crack plays the most important role for the
effective Young’s modulus along the vertical direction in all
the defects, including all the pores and other cracks in Fig. 6.

Fig. 7. Finite element grid model of ceramic coating (240×180).

4. Conclusion

Based on the law of the conservation of energy, mathe-
matical formulations of the effective in-plane Young’s modu-
lus of defective solids are proposed.

(i) With the aid of strict analytical calculation, the contri-
bution of defects on the effective Young’s modulus of defective
solids is expressed as a function of an independent variable CE,
which is only affected by the defects. It is found that if the de-
fects are far from the boundaries of solid and not affected by
each other, there is no relationship between the defect location
in the solid and the effective Young’s modulus.

(ii) By means of analytical mathematical formulations in
conjunction with FEM results, CE of a pore with radius a is
fitted to CE = αp · a2; CE of a straight crack with length 2a is
fitted to CE = αc ·a2. Though αc is less than αp, a long crack
induces a much stronger influence than a pore.

(iii) The effective elastic modulus of ceramic coating
based on a typical actual microstructure is studied. The re-
sults indicate that the longest transverse crack plays the most
important role for the effective Young’s modulus in the vertical
direction of the crack in all the defects combined.
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