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In this paper, considering the Hirota and the Maxwell-Bloch (H-MB) equations which are governed by femtosecond
pulse propagation through a two-level doped fiber system, we construct the Darboux transformation of this system through a
linear eigenvalue problem. Using this Daurboux transformation, we generate multi-soliton, positon, and breather solutions
(both bright and dark breathers) of the H-MB equations. Finally, we also construct the rogue wave solutions of the above

system.
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1. Introduction

In the recent past, nonlinear integrable systems have at-
tracted a lot of attention among researchers. This fascinat-
ing subject of nonlinear science has branched out in almost
all areas of science and technology. Its applications are ex-
panding through the whole of physics from hydrodynamics to
nonlinear optics, plasma physics, elementary particle physics,
etc. In general, nonlinear phenomena are often modeled by
nonlinear evolution equations exhibiting a wide range of high
complexities. In recent years, the advent of high-speed com-
puters, advanced software, and development of many sophis-
ticated analytical methods in the study of the nonlinear phe-
nomena have encouraged both the theory and experiment.
Due to various developments in this fast-growing area, non-
linear science has experienced an explosive growth through
the invention of several exciting new technologically possi-
ble concepts like solitons, dromions, rogue waves, similari-
tons, supercontinuum generation, complete integrability, frac-

1=101 Tn particular, many new exciting

tals, chaos, and so on.!
developments have been reported by several groups in differ-
ent physical systems with suitable nonlinear effects. Though
the concept of solitons have been observed in many of the
integrable systems through both analytical and experimental
methods, in recent years, new concepts like similaritons and
rogue waves have also attracted considerable attention in many

[1.4-101 Among all the concepts,

nonlinear physical systems.
rogue waves have also not only been the subject of intensive
research in oceanography (Refs. [11]-[15]), but observed in
several other areas, such as Bose—Einstein condensate,!0:17]

surface and space plasma,'®!°! financial rogues wave describ-
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ing the possible physical mechanisms in financial markets and
related fields,””®! and superfluids.[*!?%! In optics, they were ob-
served when propagating high power optical radiation through
photonic crystal fiber!?>?l Moreover several soliton equa-
tions, such as the nonlinear Schrodinger (NLS) equation,[>3]
the Hirota equation,’0?”] the first type derivative NLS
equation,”®! the third type DNLS equation,*”! the discrete
NLS equation,%! the two-component NLS equations,?!~33]
nad high order NLS equations**! admit rogue waves.

In 1973, Hasegawa and Tappert®>! modeled the propaga-
tion of optical soliton pulses in nonlinear fibers through the
derivation of the NLS equation without loss. To compen-
sate the loss in transmission systems, nowadays repeaters are
placed at periodic intervals to provide necessary amplification
and reshaping of the pulses. The problem of loss can be han-
dled with either Raman amplification or amplification through
continuous wave pumping in erbium-doped fibers.'! However,
with doping of two-level resonant impurity atoms like erbium
(Er), one can achieve the so-called self-induced transparency
(SIT) phenomenon in fibers. Actually the SIT effect is also a
soliton effect in a two-level resonant medium. So in addition
to the optical soliton SIT, solitons can also be achieved in Er-
doped fibers. This can almost solve the major constraints in
the transmission of long-distance fiber optic communication.

In 1967, McCall and Hahn!3®! invented the remarkable co-
herent pulse propagation in two-level resonant media, which
can be explained by using Maxwell-Bloch (MB) equations.
The coherent absorption takes place and the medium becomes
optically transparent to that particular wavelength when the
energy difference between the two-levels of the media coin-
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cides with the optical wavelength. SIT can also be induced
in optical fibers when the fibers are doped with erbium atoms.
This was shown by Maimistov and Manykin in 1983.371 The
system will be governed by the coupled system of the NLS
equation and the MB equation (NLS-MB equations) if we con-
sider these effects for a large width pulse. The coexistence of
NLS solitons and SIT solitons in erbium-doped resonant fibers
was experimentally observed by Nakazawa et al3%3] Re-
cently, multi-soliton solutions of the coupled NLS-MB equa-
tion were shown in Ref. [40]. In Ref. [41], the periodic solu-
tions of the coupled NLS-MB equation have been generated
through Darboux transformation and later its rogue wave so-
lutions were derived from the breather solution in Ref. [42].
For high bit rate transmission, it has been well proved
that many higher-order effects such as higher-order dispersion,
self-steepening, and stimulated inelastic scattering have to be
included in the governing model. All these higher-order ef-
fects are usually treated as perturbation to the NLS system.
With the inclusion of all the above higher-order effects, the
possibility of exact soliton-type pulse propagation in optical
fibers has been reported by many authors. Many interesting
experimental and theoretical results were also reported in fa-
vor of optical solitons for its usage in futuristic high speed op-
tical communication. The HNLS-MB equations as a higher-

condition [43:44]

Kodamal®! has shown that with suitable transformation
and omitting the higher-order terms, the higher-order non-
linear Schrodinger equation can be reduced to the Hirota
equation.* For the generalized Hirota equation with variable
coefficients, one can find the effect of a dispersion tailored
profile and optimal amplification through dispersion wells and
barriers on femtosecond soliton propagation.!*’! After a suit-
able choice of self-steepening and self-frequency effects, the
HNLS-MB equations can be reduced to a coupled system of
the Hirota equation and the MB equation in the following

form!*8!

.1
Ey=ia(5Eq+ \E|*E) + B(Ew: +6|E|*E;) +2p, (1)
pr=2io0p+2En, 2)
N =—(Ep" +E"p), (©)
where E is the normalized slowly varying amplitude of the
complex field envelope, p is the polarization, 11 means popu-
lation inversion, (@, o, 3) are three real constants and * repre-
sents complex conjugate. The H-MB system has been shown
to be integrable and also admits the Lax pair and other required

properties for complete integrability.*8! Specifically, its Lax
pair is expressed in the form of the linear eigenvalue problem

order correction of NLS-MB equations was shown to allow o=UP, P=VOP, @
soliton-type pulse propagation under a particular parametric ~ where
|
-10 0 E . 10
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We can get the classical Hirota and the Maxwell-Bloch system
when o =2, 8 =—1.

It is well known that the Darboux transformation is one
of the effective methods to generate the soliton solutions for
integrable equations.*’! The main task of this paper will be to
construct different kinds of solutions of the H-MB equations
by this method. The one-fold and two-folds Darboux transfor-
mation are constructed. Further, one-soliton, two-soliton, and
positons are derived by assuming a trivial seed solution by the
Darboux transformation. Then starting from a periodic seed
solution, breather solutions of the H-MB equations are also
constructed. Finally, the Taylor expansion of these breather
solutions will be used to construct the rogue wave solution.

2. Darboux transformation of the H-MB equa-
tion

Using the linear eigenvalue equations of H-MB equations,
we have constructed the n-folds Darboux transformation. The

details of deriving Darboux transformation is too tedious to
write here. We just focus on the dynamical evolution of the
solutions generated by one-fold and two-folds Darboux trans-
formations in this section. For this purpose, we introduce 4

eigenfunctions
(‘pl»’) =@y _;, i=1,2,34 ©)
D, i i

with the following constraint on the eigenvalues Ay = A5
and the reduction conditions on eigenfunctions as &, =
‘PT,ZH and @y i1 = _(pik,zr

The determinant representations of one-fold and two-
folds Darboux transformations of the H-MB equations will be
introduced in the following two propositions using the same
technique in Ref. [50].

Proposition 1 The one-fold Darboux transformation of
the H-MB equations is as follows:
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Ell :E+2i@, (8)
A
ol = 2n(T) 1 ()12 — p*(T)12(T) 12+ p(T) (T 1 ©)
(T1)11(Th)22 — (Th)12(T1)21 =0
nll = (7)1 (T)22 + (T1)12(T1)21) — p*(T1)12(T1)22 + p(T1) 1 (Th)21 (10)
(T1)11(T1)22 — (T1)12(T1)21 A=—0’
where
D1 Dy
Ar= ‘ Do Dop |’ (in
1 0 A 0 1 0
(T =Py P21 P11 |, (Ti)ia=|Pi1 P21 LPry |, (12)
Dy Doy L Pin Do Dy Py
1 0 0 0 1 A
(T1)or =| L1y P21 M D1 |, (Ti)n=|Pi1 P21 LD (13)
Do Doy M P D1y D2y Ly P
Proposition 2 The two-folds Darboux transformation of H-MB equations is
ER = E+42i(t)1,, (14)
o2 = 20(T2)11(D2) 12 — P*(T2)12(T2) 12 + ()1 (T2) 11 (15)
(D)1(T2)22 — (T2)12(T2)21 A=0
2 — N((72)11(T2)22 + (T2)12(T2)21) — p* (T2)12(T2) 22 + p(T2) 11 (T2) 21 (16)
(T)1(T2)22 — (T2)12(T2)21 A=0
where
Dy Dy LMDy AXD D11 Do LMD M Do
(t[z]) _ 1Py Pop Py EL TP Ay = Dy Dy L Pip L Pan an
LI ™ Ay [ @15 o3 APy A2y 5| D3 o3 L3Pz 3Po3 |’
D1y Dry D1y A Dra Dy Doy MPrg MDoy
1 0 A 0 A2 0 1 0 A 0
D Doy WPy M Py ARDy Dy Dy M Py LDy AXDy
(T2)11 = | P12 Do LPio aPop MPio|, (To)in=|Pip P22 LPip LPrn 3P |,
D3 Doz L3P A3Prsz A7 D3 D3 Doz L3P L3Pz APy 3
D4 Doy aDrg ADPrg A} D14 D1y Doy MaPrag AaDPrg AJ P4
1 0 2 0 0 0 1 0 A A2
D Doy WPy M Dy AlDs D Dy M Py WDy APDy
(T2)a1 = | P12 Pr2 LPi2 aPop M Drs |, (To)n=|Pi2 P12 LPip LPrn 7D, |.
Di3 Doz L3P Aoz Ai D3 D3 Doz L3P13 A3Prsz Ai D3
Dy DPrg MaPra MaDPry AjPra D1y Doy MaPrg MaDPrg A]DPra

With these two Darboux transformations mentioned
above, soliton and positon solutions of the H-MB equation will
be derived in the next section.

3. Soliton and positon solutions of the H-MB
equations

Firstly, we will consider the construction of a one-soliton
solution of the H-MB equations by assuming a seed solu-
tion E =0, p =0, n =1 in Proposition 1. After setting
A = o + Byi in Egs. (8)—(10), the one-solition solution is ob-
tained. Further, if we choose o = 1, B = 0, our one-soliton so-
lution is reduced to the soliton solution of NLS-MB equations

reported in Ref. [40] by a transformation oy = —py, B = V.
Similarly, after substituting two eigenfunctions into the Dar-
boux transformation equation and taking oo =2, B = —1, we

can obtain the one-solition solutions of the classical H-MB
equations whose evolution is given in Fig. 1.

For the purpose of construction of two-soliton solutions,
we use two spectral parameters namely A; = oy + B;i and
A» = o + Byi in Proposition 2. As the general form of the
two-soliton solution is tedious in nature, for simplicity, we
only give the pictures of the two-soliton solution with the fol-
lowing choice of parameters @ =1, a; =2, 1 =1, ;p = 1,
B,=2,0=2, =—1inFig. 2.

Now we can consider the bright and dark positon solu-
tions of the H-MB equation. In the above constructed two-
soliton solutions, if we choose the second spectral parameter
A2 to be close to the first spectral parameter A; and do the Tay-
lor expansion of the wave function to the first order up to A1,
it will lead to a new kind of positon solutions. Now we take
A>» = A1+ €(1+1) and use the Taylor expansion of wave func-
tion ¢3 and @4 up to the first order of € in terms of A;. For
example, after taking valuesas w =1, a; =2, B =1, 2 =2,
B = —1, the positon solution E is constructed in the form

044208-3



Chin. Phys. B  Vol. 22, No. 4 (2013) 044208

521 521
(20t + 3998z — 30i) cosh(?z-i- 2t> + (60it + 1606iz) sinh(?z + 2;)

137
E, = —40iexp (f?iz ~4ir) o
50-+ 4001 + 185632422 + 3526412 + S0cosh (——z+ 41

A pictorial representation of positon solutions of the H-MB equations is shown in Fig. 3.

(1E[%)

Fig. 2. (color online) Two-solition solution (E, p,n) of the H-MB equations when w =1, 0 =2, fi =1, =1, =2, 0 =2, = —1.

(1E[%)

(m)

100

Fig. 3. (color online) One positon solution (E, p,n) of the H-MB equations when o =1, a; =2, i =1, a =2, =—1.

4. Bright and dark breather solutions positons, we will now focus on a new kind of solution which

. . . is derived from periodic solutions through Darboux transfor-
So far, solitons and positons solutions for H-MB equa- P &

tions have been generated. These solutions have been obtained mation. The resulting periodic solutions can be called breather
through Darboux transformation by assuming constant trivial solutions.

solutions. In this section, being different from solitons and Taking a periodic seed solution £ = d elp, p = 1ifE,
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n =1, p = az+ bt into in Egs. (8)—(10), which admits the
constraint in the form
2a+ ab* —20d* +2Bb° — 12Bd*b—4f =0,

fb—20f+2=0. (18)

Ebaﬁ =

To simplify the calculations, we take b = —2¢ and use the
Darboux transformation in Proposition 1. Then the final form
of breather solutions can be obtained. Now, taking @ = 0.5,
d=05,n=1,00 =—1, B =1,t =z= 1, the above breather
solution will lead to the following form of E' denoted as Ejqp,

—0.8 % 1078 (43525635 1 670'3058103975 x 107101 (—20605080800—5161567369008 +5869385890t)

42243649¢ —0.3058103975x 10~81(32580508084-843 1567369 +1138630614r)

— 62500000 e0.3058 103975 x 1078 (16350000008 —5722500000¢+1132761229i0— 1526000000 — 10859958561 442478546061 8 )

—62500000e —0.3058103975x 1081 (16350000008 57225000001+ 1132761229i 0+ 1526000000 — 10859958561 442478546061 8 ) )

/(cos(1.732050807a +20.78460969 + 5.29679146) — 2 cosh(12.990381063 — 3.321088245 + 3.464101615(X)) .

For example, after taking values
0w=0.7,d=05n=12,000 =—1,
ﬁlzlaa:27ﬁ:_17 (19)

i.e., the case of H-MB equations, the breather solution of E
is included in Fig. 4 and its corresponding density graph is
shown in Fig. 5.

To understand the above results, choosing the values as
0=07,d=05n=12,00=-1,4=06,0=1,8=0,
i.e., the case of the NLS-MB equations, the picture of breather
solution of the NLS-MB equations is shown in Fig. 6 and
its density graph is shown in Fig. 7, which clearly show the

change of amplitude with respect to changes in values of ¢
and z. All the above results are in agreement with the results
of the breather solutions of NLS-MB equations mentioned in
Ref. [42].

For the case of coupled mKdV and Maxwell-Bloch
(CMKdV-MB) equations, we choose @ = 0.7, d = 0.5, n] =
1.2, a1 =—1, B =0.6,x =0, § = 1. A picture of the breather
solutions of the CMKdV-MB equations is portrayed in Fig. 8
and its corresponding density graph is in Fig. 9.

It is interesting to observe that the values of (c, ) also
change the direction of breather solution in (z,z) plane.

Fig. 4. (color online) Breather solution (E, p,n) of the H-MB equation when ® =0.7,d =0.5,n =12, 04 = -1, =1, 0 =2, = —1.

(1E%)

(Ip1*) ()

Fig. 5. (color online) Breather solution (E, p,n) of the H-MB equation when ® =0.7,d =0.5,n; =12, 0y = -1, =1, 0 =2, = —1.
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Fig. 6. (color online) Breather solution (E, p,7) of the NLS-MB equations when @ =0.7,d =0.5,n; =12, 0y = -1, =0.6,a =1,  =0.

(1E]*) (Ipl*) (1)

-6 —4 —2 0 2 4 6 —-6-4-2 0 2 4 6
t t t

Fig. 7. (color online) Breather solution (E, p,7) of the NLS-MB equations when @ =0.7,d =0.5,n; =12, 0y = —1, 3, =0.6,a =1,  =0.

(1B (Ipl*)

z 1.0

Fig. 8. (color online) Breather solution (E, p,n) of the CMKdV-MB equation when @ =0.7,d =0.5,n; =1.2, ;= -1, =0.6, 2 =0, = 1.

(1E) (Ipl*) ()

10 -5 0 5 10
t

—-10 =5 0 5 10
t

Fig. 9. (color online) Breather solution (E, p,n) of the CMKdV-MB equation when @ =0.7,d =0.5,n; =12, ¢; = -1, =0.6, a =0, f = 1.
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5. Bright and dark rogue waves

Now, we will concentrate on the construction of the rogue
wave solution of H-MB equations. From our careful analysis
we conclude that this kind of solution appears only in some
special region of time and distance and then will be drawn
into one fixed non-vanishing plane. If we do the Taylor expan-

o3iz-2ir 15 — 5945z% — 408zt — 20> + 556iz

E. =
r 54594572 + 408zt +20¢2 ’

sion of the breather solution around f; = d, one rogue wave
solution E; of E will be obtained and rogue waves for p and
M can also be constructed in a similar way. In the following,
we report all the rogue wave for (E;, pr, ;) with@ =1,d =1,
m=1o0 =10 =1, a=2, = —1, the rogue wave is
found to be in the form

1
pr = —(33002+160r - 21214iz> 4 35343025iz* +22684817> + 1112012z + 3305420z> + 400is*

—120ir? — 55i + 16320113z 4 2000irz 4 4851120i12° + 404264i127%) e (73420
X (25 4 400* + 594507 + 353430252 + 485112017 + 4042641222 4 2001 + 40801z + 1632037) !,
—20 — 408017 + 46001z — 1847672 + 801>

n=1+

The graphical representation on one rogue solution of H-MB
equations is shown in Fig. 10.

The density graph corresponding to Fig. 10 is plotted in
Fig. 11.

When o = 1,8 =0, i.e., the NLS-MB equations, the
graph of the rogue wave solution is plotted in Fig. 12 from
which one can easily find the above-mentioned features for the
H-MB equations. The density graph corresponding to Fig. 12
is Fig. 13.

Here again we find that the above solutions also agrees

25+400r* +35343025z% + 40801z + 4851120123 + 4042641222 4 1632013z 4 5945022 4- 20012

|
well with the NLS-MB results mentioned in Ref. [42]. To un-

derstand the impact of parameters & and 8 on rogue dynamics,
we also consider the case when o =0, § =1, i.e., the CMKd V-
MB equations, which can be seen in Fig. 14 and Fig. 15. From
the above figures, like in the earlier care, we also find that the
parameters @ and 3 change the form of rogue wave structures.
Therefore, to infer further, we fix time ¢ and distance z to see
the role of parameters ¢, 3 and their impact on rogue waves

in the following part.

Fig. 10. (color online) Rogue wave solution (E, p, 1) of the H-MB equations when w =1, d=1,n =1, a1 =18 =1, a =2, =—1.

(1E[%)

(Ip*) (n)

-6 —-4-2 0 2 4 6

Fig. 11. (color online) Rogue wave solution (E, p,n) of the H-MB equation when o = 1,d=1,n; =1, 04 =1, =1, =2, =—1.
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(1E)

Fig. 12. (color online) Rogue wave solution (E, p,n) of the NLS-MB equations when o =1, d=1,nj =1, 04 =1, =1,a=1,5=0.

(1E) (Ipl*) (n)

Fig. 13. (color online) Rogue wave solution (E, p,n) of the NLS-MB equations when o =1, d=1,ny =1, 04 =1, =1, a=1,=0.

(Ip*)

1.2

0.8

0.4

—-0.5

0 /O/fz/:f

~ 2
0.5 4 ‘

Fig. 14. (color online) Rogue wave solution (E, p,n) of the CMKdV-MB equation when o =1,d=1,n; =1, 04 =1, =1, =0, =1.

(1EJ%) (IpI*) (1)

Fig. 15. (color online) Rogue wave solution (E, p,n) of the CMKdV-MB equationwhen o =1,d=1,n; =1, 04 =1, =1, =0, =1.
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Fig. 16. (color online) Rogue wave solution (E, p,n) of the H-MB equation whenw =1, d=1,ni =1L, a1 =18 =1,t=1,z=1.

We keep the parameters o and 8 as arbitrary parameters and choose @ =1, d=1,n =1, =1, =1,r=1,z=1, the

solutions of E, 5 become

10— i(2408 — 200t +2)

Erop = e—i(4ﬁ+a+1)<

This is also rogue wave whose graph is portrayed in Fig. 16
which also include graphs of (p,qp;Myqp). The above results
clearly indicate that modification of the physical parameters o
and B can be used to design experimental results.

From the above discussion, one can easily conclude that
E and p are bright rogue waves, meanwhile 7 is a dark rogue
wave.

6. Conclusion and discussions

In this paper, we described soliton solutions, the breather
solutions, and rogue wave of the H-MB equations using Dar-
boux transformation (it will be published in another mathe-
matical way because of being too tedious) from trivial seed
solutions and periodic seed solutions. The rogue waves show
very nice characters which might attract physicists to observe
it in experiment with higher-order optical effects in the fem-
tosecond regime. In addition to soliton solutions, we have also
constructed positon and rogue wave solutions. Meanwhile, we
also observed the phase change of these solutions while com-
paring them with an un-doped two-level system. It is interest-
ing to explore further physical interpretations and observations
of higher-order positon solutions, higher-order rogue waves
solutions and their applications in physics, in particular, a pos-
sible connection between these solutions and super-continuum
generation in optical systems through higher-order soliton fis-
sion, etc. The work is still in progress.
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