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Vortex solitons in the semi-infinite gap of optically
induced periodic lattices*
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Vortex solitons with a ring vortex core residing in a single lattice site in the semi-infinite gap of square optical lattices
are reported. These solitons are no longer bound states of the Bloch-wave unit (Bloch-wave distribution in one lattice
site) at the band edge of the periodic lattice, and consequently they do not bifurcate from the corresponding band edge.
For saturable nonlinearity, one family of such solitons is found, and its existing curve forms a closed loop, which is very
surprising. For Kerr nonlinearity, two families of such vortex solitons are found.
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1. Introduction

Nonlinear wave propagation in periodic media exhibits
many fundamental features that arise from the existence of
Bloch bands and forbidden gaps in the linear spectrum of the
media. One of the main feature is the formation of self-traped
localized states, i.e., gap solitons or lattice solitons.'=31 Tt has
been shown that lattice solitons can exist in different open gaps
of the periodic lattices. They either bifurcate from the edges of
the corresponding Bloch bands,*! or wind back before reach-
ing the band edges,[®®! depending on how they are constructed
by the Bloch-wave unit (Bloch-wave distribution in one lattice
site) at the band edges. In Ref. [4], all soliton families bifur-
cating from each Bloch band edge are classified as fundamen-
tal solitons, reduced-symmetry solitons, dipole-array solitons,
and many others. These solitons share common properties:
far from the band edge they bifurcate from, they become very
localized and their main bodies consist of one Bloch-wave
unit. When approaching the band edges, more and more Bloch
mode tails appear resulting in the solitons being non-localized.
Therefore, for these solitons, according to the Bloch modes at
each band edge,*! the soliton type existing in each gap is de-
termined. For example, solitons bifurcating from the first band
of a periodic square lattice are nodeless fundamental solitons
in the semi-infinite gap under focusing nonlinearity, and fun-
damental solitons with neighboring out-of-phase tails in the
first gap under defocusing nonlinearity (here we should men-
tion that in-phase dipole solitons in the semi-infinite gap un-
der focusing nonlinearity and out-of-phase dipole solitons in
the first gap under defocusing nonlinearity also bifurcate from
the edges of the first band);""*-'!! solitons bifurcating from
the second band are dipole solitons in the first and the sec-
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ond gap under self-focusing and self-defocusing nonlinearity,
respectively.[*!?] Due to the x—y symmetry of the lattice, as
the dipole solitons, there are vortex solitons in the first and the
second gap which bifurcate from the second band.[*!314] An-
other family of soliton bifurcating from the band edge is the
soliton train,'510] with its distribution in one direction being
periodic (the same distribution as the edge Bloch mode) and
in the other direction being localized (the main body is one
Bloch wave unit). In the linear case, defect modes in peri-
odic lattice with a single-sited defect have similar bifurcation
properties.[!7-1°]

Except for the solitons bifurcating from the band edges,
numerous types of solitons exist in the open gaps of the pe-
riodic lattice. These solitons disappear before reaching the
band edges, and thus they no longer bifurcate from the edges
of Bloch bands. They can be identified as bound states of
Therefore, differ-
ent numbers of Bloch wave units in different lattice sites,

the Bloch wave units in the lattice site.

with different phase difference, when bounded together, can
form different types of solitons. Examples include out-of-
phase dipole solitons in the semi-infinite gap and in-phase

20-22

dipole solitons in the first gap,?%->?! quadrupole solitons,!>?!

[23.241 yortex solitons,[®!%-25-301 truncated-

soliton complexes,
Bloch-wave solitons,®-31733] and so on.

In this paper, we found another type of solitons in the
semi-infinite gap of square periodic lattices. They are charge-
1 vortex solitons, and are not bound states of Bloch-wave units
at the lowest edge of the first band. The center of these soli-
tons has a ring profile occupying a single lattice site, which is
instead the typical Bloch-wave unit profile at the edge of the
second band. This single-site ring center can be viewed as the

nonlinear mode of the individual lattice site, because it does
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not come from the band-gap effect. Consequently, such vortex
solitons do not bifurcate from the edge of the first band, i.e.,
their existent region cannot reach the first band.

2. Vortex solitons supported by saturable non-
linearity

For saturable nonlinearity, we consider one ordinarily po-
larized two-dimensional (2D) square-lattice beam and one ex-
traordinarily polarized probe beam with very low intensity
propagating simultaneously in a photorefractive crystal, and
the two beams are mutually incoherent. The dynamics of the
probe beam can be modeled by the dimensionless nonlinear

Schréinger equation:3#!
. 81[/ 2 Ey
i—+Viy———————y=0, 1
9z LY 1+V(x,y)+|l//|2w W

where y is the slowly-varying amplitude of the probe beam,
Vi =07 +97. (x,y) are the the transverse distances (in units
of D/m with D being the lattice spacing), z is the propagation
distance (in units of 2kon.D? /1), Ey is the applied dc field [in
units of 2/ (k3ntD?r33)],

V(x,y) = Vocos(x)*cos(y)? )

is the square lattice with Vj being the modulation depth of the
lattice (in units of the background irradiance). ko = 27/Ag is
the wave number in vacuum, 7, is the refractive index of the
extraordinarily polarized beam, and r33 is the the electro—optic
coefficient of the crystal. Typical physical parameters real-
ized in experiment for this model can be found in Refs. [16]
and [21].

Localized solutions of Eq. (1) are sought in the form

of y(x,y;z) = U(x,y)exp(—iuz) where y is the propagation

constant. We find votex solitons U (x,y) by solving equation
Eo

T+V(ey)+UP

ViU +pU — U=0 3)

numerically.?>! Without loss of generality, in this paper we
take Eg = 15 and V) = 6.
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Fig. 1. (color online) Power diagram of vortex solitons in the semi-
infinite gap. Shaded: the first Bloch band with the left band edge
Hedge = 5.536. Soliton profiles at the position of circle markers are
displayed in Fig. 2.

A new type of vortex solitons in the semi-infinite gap of
the linear periodic potential —Ey/(1+ V) in Eq. (3) is found.
They are on site solitons and have simple 27-phase winding
structures, thus they are charge-1 vortex solitons. The power
versus propagation constant curve of these solitons with the
power defined as P = [[ |U|*dxdy is shown in Fig. 1. Typ-
ical soliton profiles along the power curve are displayed in
Fig. 2. Different types have been found in the semi-infinite
gap, which are constructed by Bloch wave units of the lowest

band edge,[G’lo]

vortex solitons found in this paper have a ring
vortex core residing in a single lattice site, which is not the
typical Bloch wave unit for forming solitons in this gap, but
instead it is the typical Bloch wave unit of the second band
edge. Due to the fact that this ring center does not come from
the band gap effect, it can only be viewed as the nonlinear

mode of the single lattice site.
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Fig. 2. (color online) (a)—(c) and (e)—(g): Intensity profiles (|U |2) of the vortex solitons at the circle marker positions shown in Fig. 1; (d) and (h): phase of
solitons shown in panels (b) and (f). The background circles represent the lattice sites.
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Since the solitons’ structure is not as the distribution of
Bloch waves at the lowest band edge, it can be naturally in-
ferred that their power curve cannot approach the first band,
and it will turn back into the semi-infinite gap before reaching
the band edge. As can be seen in Fig. 1, for example, the power
curve of the red solid branch turns back into the semi-infinite
gap at Uy = 5.445 (the lowest band edge is at [edge = 5.536)
and becomes a blue dashed branch. However, instead of go-
ing deeper into the gap independently with their power be-
coming higher and higher, these two branches merge together
at u; = 3.496, forming a closed loop. Therefore, the vortex
solitons can only exist in a certain region [t ;] in the semi-
infinite gap. This phenomenon has not been found before in
the field of solitons supported by periodic lattices to the best
of our knowledge, but a power loop phenomenon of solitons
supported by a non-periodic lattice has been found recently.*%!
Now let us examine the solitons’ profile evolution along their
power curve. Figure 2(b) shows the intensity distribution of
the red solid branch soliton shown in Fig. 1 at the middle of its
existence region with it = 4.4. The soliton is composed of five
parts which occupy the nearest five lattice sites. The central
part is a ring vortex core located in a single lattice site, and the
other four humps are Gaussian profile (Bloch wave units of the
lowest band edge) located in each lattice site adjacent to the
center. Figure 2(d) displays its phase structure, and it is obvi-
ous that winding around the soliton center, the phase changes
27; the figure of the soliton’s phase structure also shows that
the vortex core and the outer humps are out of phase, i.e., soli-
ton humps at different radii are out of phase. With the increase
of the propagation constant i, the soliton’s power and the in-
tensity decrease. When pt approaches the right cutoff value
U, four humps along the axes adjacent to the previous Gaus-
sian humps appear and after the power curve winds back into
the semi-infinite gap, the vortex soliton becomes composed
of nine parts as shown in Fig. 2(g). Along this branch (blue
dashed in Fig. 1), when u decreases, the new appearing humps
manifest themselves gradually [see Fig. 2(f)]; figure 2(h) is the
phase of solitons shown in Fig. 2(f), and it is similar to that of
the red branch soliton. But when the propagation constant
decreases further to the left cutoff value py, the most outer four
Gaussian humps begin to shrink to the humps adjacent to them,
and figure 2(e) demonstrates such profile. When u reaches p,
the four lobe humps of the vortex soliton become totally single
Gaussian in profile, the power curve winds back again toward
the first band of the lattice, and the soliton translates to the
red solid branch. Typical solitons shown in Fig. 2(a)-2(c) and
2(e)-2(g) show the reshaping process of such vortex solitons
along their power curve. Even under the same model, the re-
shaping process is very different from that of the solitons com-
posed of Bloch wave units where the soliton reshaping process
is also very complicated.!®) These vortex solitons are very lo-
calized in the corresponding lattice sites even near the cutoff

value of their right existence region.

3. Vortex solitons supported by Kerr nonlinear-
ity
For Kerr nonlinearity, the model equation considered in
this paper is:
dy

iS5 VLYV )Y+ vy =0, “

where the periodic lattice potential
V(x,y) = —Vo[sin(x)* +sin(y)?]. )

Here, the spatial transverse and longitudinal coordinates (x,y)
and z are scaled to the input beam width @ and diffraction
length Lgifr = 2konoa?, respectively, where ng is the back-
ground refractive index. The depth of the lattice Vj is scaled
to the parameter 1/(2k3nga?). Therefore, from a physical per-
spective, for example, if Ag = 1 pm, np = 3, and @ = 10 um,
then x = 1 corresponds to 10 um, z = 1 means the propaga-
tion distance of 3.77 mm, and Vj) = 1 corresponds to a max-
imum variation of the refractive index n™>* = 4.22 x 1073,
The lattice depth Vp = 6 is selected in this paper; for such
Vo depth, the lowest band edge of the periodic lattice Eq. (5)
iS Ugege = 4.126. Soliton solutions in the semi-infinite gap
with 1 < Uegge Of the lattice are derived by solving the result-
ing equation after inserting y(x,y;z) = U (x,y) exp(—iptz) into
Eq. (4).

Two families of vortex solitons with its center being a
single-site vortex core are found, and the power curve of one
family is shown in Fig. 3. Apparently, this soliton family is
composed of two branches, which is similar to those found
in Ref. [6]. Apart from the band edge in the semi-infinite
gap, the lower branch soliton of this family is a pure single-
charge ring vortex residing in the central lattice site; an ex-
ample of such soliton’s intensity is displayed in Fig. 4(d). In
the previous work, for example, work in Refs. [4], [10]-[16]
the solitons found in the band gap are all related to the Bloch
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Fig. 3. (color online) Power curve of the first family Kerr vortex solitons
in the semi-infinite gap. Shaded: the first Bloch band with the left band
edge Hegge = 4.126. Soliton profiles at the position of circle markers are
displayed in Fig. 4.
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Fig. 4. (color online) Panels (a), (b), (d), and (e) show the intensity of the Kerr vortex solitons at the circle marker positions shown in Fig. 3; panels (c) and
(f) show the phases of panels (b) and (e). The background circles represent the lattice sites.

waves at the corresponding band edges of the band they bifur-
cate from; they either bifurcate from the band edges with their
formation resulted from localized Bloch waves in the forbid-
den gap, 1013141 or are formatted by Bloch wave units in a
different way from the distribution of Bloch waves at the band
edge[®! Therefore, in the semi-infinite gap of the periodic lat-
tice, formation of vortex solitons occupying a single lattice
site is very unique because such vortex mode has nothing to
do with the Bloch waves at the lowest edge of the first band,
and it can only be considered as the nonlinear mode of the
central lattice site. With increase of the propagation constant
U, the power curve of the lower branch slowly decreases (blue
dashed line in Fig. 3), the solitons reshape themselves very
little, and they are still localized in the central lattice site al-
most throughout their existence region. When approach the
right cutoff value u. = 3.729, the power curve of the lower
branch winds back to the semi-infinite gap, and just near the
cutoff value L, the solitons of the lower branch develop four
small Gaussian humps along the axis direction in the nearest
four lattice sites. Figure 4(e) shows the soliton intensity at
U = U, and it can be seen from this figure that the newly
appearing four humps are very small comparing to the vor-
tex core and the solitons are still very localized even at the
right cutoff value of their existence region near the band. Af-
ter the power curve winds back into the semi-infinite gap, the
lower branch changes to the upper branch of this family, and
the nearest Gaussian humps to the central vortex core become
to manifest themselves. Figures 4(b) and 4(a) show the soli-
ton intensity near U, with 4 = 3.6 and deep in the gap with
u = 2.25. Unlike such type solitons supported by saturable
nonlinearity (Fig. 1), for Kerr nonlinearity, power curve of the
upper branch will not wind back again. Deeper into the gap,
the two branches of this family will not merge, and they exist
in the region 1 < (i, independently.

Figures 4(c) and 4(f) show the phase structure of the up-
per and lower branch solitons at g = 3.6 and ¢t = 3.729, re-
spectively. Solitons of the whole family have the same phase
structure. As can be seen from these two figures, they are the
normal phase structure of a single charge vortex soliton, thus,
for the upper branch, the vortex core in the central lattice site
and the four Gaussian humps near to it are in phase.

The vortex solitons’ power curve and spatial intensity
profile of the other family are shown in Figs. 5 and 6. As
in the first family, the soliton of this family also includes two
branches. The two branches merge at u, = 4.069, and they
exist independently in the left region of L, i.e., the region of
U < . But no solitons of this family are a simple ring vor-
tex. Beyond the existence cutoff value p; in the semi-infinite
gap, solitons of the low branch (blue dashed line in Fig. 5) are
mainly composed of five parts, i.e., ring vortex core at the cen-
tral lattice site and four Gaussian humps around it at the four
nearest lattice sites. The soliton intensity at 4 = 2.25 of this
branch is shown in Fig. 6(d). With p increasing toward the
band, the Gaussian humps around the vortex core decrease as
compared to the central vortex, and an example of the soliton
intensity near U, at L = 4 is displayed in Fig. 6(e). When ap-
proaching L, the power curve of the lower branch winds back
into the semi-infinite gap, becoming the upper branch of this
family, and at the same time four small Gaussian humps ap-
pear adjacent to the previous four Gaussian humps. The soli-
ton intensity of the upper branch at u = 2.25 and 4 are shown
in Figs. 6(a) and 6(b). The reshaping behavior of this family
is the same as the first family: for the lower branch, increasing
U, the soliton’s power and the outer Gaussian humps (compar-
ing to the central hump) decrease, at some value of u = ;, the
lower branch winds back becoming the upper branch with new
Gaussian humps appearing at the nearest four lattice sites of
the soliton, and with u decreasing the newly appearing humps
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increase. By comparing Fig. 4(a) and Fig. 6(d), Fig. 4(b) and
Fig. 6(e), it looks like that the upper branch soliton of the first
family and the lower branch soliton of the second family have
the same spatial distribution. But in fact, they are very differ-
ent. Figures 6(c) and 6(f) are the phase of the upper and lower
branch solitons of Figs. 6(b) and 6(e) shown in these figures.
It is very clear that for the solitons of this branch, their phase
is similar to that of high order vortex solitons in bulk medium,
i.e., humps at different radii are out of phase; for example, see
the phase of the lower branch solitons (Fig. 6(f)), the center
vortex and the four Gaussian humps around it are out of phase.
However, for upper branch solitons of the first family, humps
at different radii are all in phase (see Figs. 4(c) and 4(f)).

100
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Fig. 5. (color online) Power curve of the second family Kerr vortex
solitons in the semi-infinite gap. Shaded: the first Bloch band with the
left band edge Uegge = 4.126. Soliton profiles at the position of circle
markers are displayed in Fig. 6.

A,
A

Fig. 6. (color online) Intensity of the Kerr vortex solitons at the circle marker positions shown in Fig. 5. The background circles represent the lattice sites.

4. Summary and discussion

In summary, new types of vortex solitons in the semi-
infinite gap of a periodic lattice are found for both saturable
and Kerr nonlinearity. These types of vortex solitons are no
longer bound states of Bloch wave units at the lowest band
edge of the first band, and the unique character of such vortex
solitons is that their central part is a ring vortex core residing in
a single lattice site. Such a vortex part in a single lattice site is
the typical units of solitons bifurcating from the second band
in the first gap and in the second gap;'*! therefore, the ring core
of such new type vortex solitons can only be explained as the
nonlinear mode of a single lattice site. For saturable nonlin-
earity, such vortex solitons can only exist in a finite region,
and their power curve forms a closed loop. For Kerr nonlin-
earity, two families of such vortex solitons are found, both of
them have two branches: the upper and lower branches, and
the two branches merge at certain value of ;. The first family
solitons have a similar phase structure as those of first order

vortex solitons in bulk medium, i.e., humps at different radii
are in phase, while the second family solitons have a similar
phase structure as those of higher order vortex solitons in bulk
medium, i.e., humps at different radii are out of phase.

A single lattice site can support not only the vortex mode,
but also other type modes such as dipole mode, quadrupole
mode, etc; so whether these modes are able to be bounded
with each other or with the Bloch wave units at the band edge
to form new type lattice solitons, is still an open question. The
results in this paper provides a new way to construct solitons
in a nonlinear periodic lattice system, and hopefully new types
of other solitons constructed not only by Bloch wave units will
be found, and the stability properties of such solitons studied.
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