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Lie symmetries and exact solutions for a short-wave model∗
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In this paper, the Lie symmetry analysis and generalized symmetry method are performed for a short-wave model.
The symmetries for this equation are given, and the phase portraits of the traveling wave systems are analyzed using the
bifurcation theory of dynamical systems. The exact parametric representations of four types of traveling wave solutions are
obtained.
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1. Introduction
It is well known that the study of nonlinear wave equa-

tions and their solutions are of great importance in many ar-
eas of physics.[1–8] The traveling wave solution is an important
type of solution for the nonlinear partial differential equation,
and many nonlinear partial differential equations (PDEs) have
been found to have a variety of traveling wave solutions.[9–16]

The short pulse (SP) model equation attracted considerable
attention in a recent development of the theory of nonlinear
waves. Originally, it was found in an attempt to construct inte-
grable differential equations associated with pseudospherical
surfaces. In the context of physical problems, the SP equa-
tion was proposed as a model nonlinear equation describing
the propagation of ultrashort optical pulses in nonlinear me-
dia. Specifically, starting from the Maxwell equation of the
electric field in the fiber, Schäfer and Wayne[1] derived it as an
alternative of the cubic nonlinear Schrödinger equation. The
SP equation may be written in an appropriate dimensionless
form as

uxt = αu+
1
3

β (u3)xx, (1)

where u = u(x, t) is the unknown real function and subscripts
denote differentiation, x, t ∈ R,α and β are real parameters.
Practically, equation (1) can be written as a more usual form
as

uxt = αu+2βuu2
x +βu2uxx. (2)

Several analogous equations to the SP equation exist, and
they have been proven to be completely integrable. We write
one of them in the form[2]

uxt = αu+
1
2
(1−β )u2

x−uuxx. (3)

When β = 2, equation (3) becomes the short-wave model for
the Camassa–Holm equation, while when β = 4, it reduces to
the short-wave model for the Degasperis–Procesi equation and
the Vakhnenko equation. In this paper, we consider the case
for β = 3

uxt = αu−u2
x−uuxx. (4)

The paper is organized as follows. In Section 2, we dis-
cuss the Lie symmetries of the short-wave model (4). In Sec-
tion 3, the generalized symmetry method is employed to inves-
tigate the symmetries of Eq. (4). In Section 4, we give exact
traveling wave solutions of the short-wave model (4) based on
the bifurcation theory of dynamical systems.

2. Lie symmetry analysis for the short-wave
model
The Lie group method is sometimes also called symme-

try analysis.[17–23] Roughly speaking, a symmetry group of a
system of differential equations is a group which transforms
the solutions of the system to other solutions. Once one has
determined the symmetry group of a system of differential
equations, a number of applications become available. To start
with, one can directly use the defining property of such a group
and construct new solutions to the system from known ones.
Firstly, let us consider a one-parameter Lie group of infinites-
imal transformation:

x→ x+ εξ (x, t,u), t→ t + ετ(x, t,u),

u→ u+ εφ(x, t,u)

with a small parameter ε� 1. The vector field associated with
the above group of transformations can be written as

V = ξ (x, t,u)
∂

∂x
+ τ(x, t,u)

∂

∂ t
+φ(x, t,u)

∂

∂u
. (5)
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The first and second prolongations are

pr(1)V = ξ
∂

∂x
+ τ

∂

∂ t
+φ

∂

∂u
+φ

x ∂

∂ux
+φ

t ∂

∂ut
, (6)

pr(2)V = pr(1)V +φ
xx ∂

∂uxx
+φ

xt ∂

∂uxt
+φ

tt ∂

∂utt
. (7)

If the vector field (5) generates a symmetry of
Eq. (4), then V must satisfy the Lie’s symmetry condition
pr(2)V (∆)|∆=0 = 0, where ∆ = uxt−αu+u2

x +uuxx. Applying
the symmetry condition to Eq. (4), we find that the coefficient
functions ξ ,τ , and φ must satisfy the following condition

(uxx−α)φ +2uxφ
x +uφ

xx +φ
xt = 0, (8)

where φ x,φ xx, and φ xt are the coefficients of pr(2)V . Further-
more, we have

φ
x = Dxφ −uxDxξ −utDxτ, (9)

φ
xx = D2

x(φ −ξ ux− τut)+ξ uxxx + τuxxt , (10)

φ
xt = DtDx(φ −ξ ux− τut)+ξ uxxt + τuxtt , (11)

where Dx and Dt are the total derivatives. Application of the
symmetry condition (9) to Eq. (4) yields the following deter-
mining equations

ξu = 0, ξ = ξ (x, t), (12)

τx = τu = 0, τ = τ(t), (13)

and

ξx = c1, ξx + τt = 0, φ = 2c1u. (14)

Solving these equations, we get the following forms of the co-
efficient functions

ξ = c1x+ c2, τ =−c1t + c3, φ = 2c1u, (15)

where c1 and c2 are arbitrary constants. The Lie algebra of
infinitesimal symmetries of Eq. (4) is spanned by the two vec-
tors

V1 =
∂

∂x
, V2 =

∂

∂ t
, V3 = x

∂

∂x
− t

∂

∂ t
+2u

∂

∂u
. (16)

The commutators are listed in Table 1. Thus, we have the cor-
responding one-parameter group of symmetries of the negative
order KdV equation:

G1 : (x, t,u)→ (x+ ε, t,u),

G2 : (x, t,u)→ (x, t + ε,u),

G3 : (x, t,u)→ (xeε , t e−ε ,ue2ε).

We can see that G1 is a space translation, G2 is a time transla-
tion, and G3 is a scaling translation.

Table 1. The commutator table.

[Vi,Vj] V1 V2 V3

V1 0 0 V1

V2 0 0 −V2

V3 −V1 V2 0

3. Generalized symmetries for the short-wave
model

In this section, we consider the symmetries of Eq. (4) by
using the generalized symmetry method. This method is also
called the method of undetermined coefficient.[17]

Suppose

σ(x, t,u) = a(x, t)ut +b(x, t)ux + c(x, t)u+d(x, t) (17)

is a symmetry of Eq. (4), where a(x, t),b(x, t),c(x, t), and
d(x, t) are coefficient functions to be determined. According
to the definition of generalized symmetry,[17] it is easy to show
that σ(x, t,u) is a symmetry of Eq. (4) if and only if

σxt −ασ +uxxσ +2uxσx +uσxx = 0. (18)

It is not difficult to show that the coefficient functions
a(x, t),b(x, t),c(x, t), and d(x, t) are as follows:

a(x, t) =−c1t + c2, b(x, t) = c1x+ c3,

c(x, t) =−2c1, d(x, t) = 0, (19)

where ci (i = 1,2,3) are arbitrary constants. Substituting
Eqs. (19) into Eq. (17), we have

σ = c2ut + c3ux + c1(xux− tut −2u). (20)

Hence, we find that the symmetries for Eq. (4) are of the forms
as follows:

σ1 = ux, σ2 = ut , σ3 = xux− tut −2u, (21)

which coincide with the vector fields V1,V2, and V3 obtained in
Section 2. In general, the linear combination of the two gener-
ators V1 and V2 will generate the traveling wave solutions for
a PDE (see Section 4).

4. Exact traveling wave solutions of the short-
wave model

In general, the traveling wave solutions to a PDE arise
as special group-invariant solutions in which the group under
consideration is a translational group on the space of indepen-
dent variables. In the present case, we consider the translation
group (x, t,u) 7→ (x+ cε, t + ε,u) generated by the generator
c∂/∂x+ ∂/∂ t, where c is a fixed constant, which will deter-
mine the speed of the waves. So we can find that the global
invariants of this group are as follows:

ξ = x− ct, ϕ = u. (22)
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In view of Eq. (22), let u(x, t) = ϕ(x− ct) = ϕ(ξ ), where c is
the propagating wave velocity. Substituting it into the origi-
nal PDE, we obtain a traveling wave equation. Then, solving
this equation by the bifurcation theory method of dynamical
systems,[23–28] we can obtain the traveling wave solutions.

Substituting Eq. (22) into Eq. (4), we obtain

(ϕ− c)ϕ ′′ = αϕ− (ϕ ′)2. (23)

Equation (23) is equivalent to the plane system
dϕ

dξ
= y,

dy
dξ

=
αϕ− y2

ϕ− c

(24)

with the first integral

H(ϕ,y) = (ϕ− c)2
(

y2− 2
3

αϕ− 1
3

αc
)
= h, (25)

where h is is an integral constant. On the singular line ϕ = c,
system (24) is discontinuous. Such a system is called a singu-
lar traveling wave system, studied by Li and Dai in Ref. [23].
To avoid the line temporarily we make transformation dξ =

(ϕ− c)dζ . Under this transformation, system (24) becomes
dϕ

dζ
= (ϕ− c)y,

dy
dζ

= αϕ− y2.

(26)

Systems (26) and (24) have the same first integral as Eq. (25).
Consequently, system (26) has the same topological phase por-
traits as system (24), except for the singular line ϕ = c. Ob-
viously, ϕ = c is an invariant straight-line solution for system
(26).

Clearly, system (26) has three singular points under the
condition αc > 0. We denote them O(0,0),P1(c,

√
αc), and

P2(c,−
√

αc), respectively, and we have two types of singular
points of system (26), as follows (see Fig. 1):

Case I If αc > 0, then O is a center; P1 and P2 are saddle
points.

Case II If αc < 0, then O is a saddle point.
According to the phase portraits of system (26), we ob-

tain the following various types of traveling wave solutions of
Eq. (4).

Type 1 Smooth periodic wave solutions
For α > 0 and c > 0, a family of smooth periodic wave

solutions of Eq. (4) exist, which correspond to a family of pe-
riodic orbits defined by H(ϕ,y) = h, where h ∈ (h0,0), h0 =

− 1
3 αc3. Now, equation (25) becomes

y2 =
2
3 αz3 +αcz2 +h

z2 , (27)

where z = u− c. By using the first equation of system (24) to
do the integration, we have∫ z

z3

zdz√
(z1− z)(z2− z)(z− z3)

=

√
2
3

α

∫
ξ

0
dξ , (28)

where (z1 − z)(z2 − z)(z− z3) = z3 + 3
2 cz2 + 3

2α
h, z3 < 0 <

z2 < z1. Thus, we obtain the following exact parametric rep-
resentations of smooth periodic wave solutions of Eq. (4) [see
Fig. 2(a)]

u(τ) = z3 + c+(z2− z3)sn2(τ,k),

ξ (τ) =
1

k2

√
2
3

α

[
(k2− γ

2)τ + γ
2E(arcsin(sn(τ,k)),k)

]
, (29)

where k2 = (z2− z3)/(z1− z3), γ = (z3− z2)/z3, and sn(τ,k)
are Jacobian elliptic functions with the modulus k and E is the
elliptic integral of the second kind.
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Fig. 1. (color online) Phase portraits of system (26). (a) αc > 0, (b)
αc < 0.

Type 2 Periodic cuspons
For α > 0 and c > 0, a periodic cuspon of Eq. (4) ex-

ists, which corresponds to the heteroclinic orbits (arch curves)
defined by H(ϕ,y) = hs = 0. Now, equation (25) becomes

y2 =
2
3

αϕ +
1
3

αc. (30)

Thus, we have the following exact parametric representations
of the traveling wave solution of Eq. (4)

u(x, t) =
α

6
(x− ct)2− c

2
, −3

√
c
α
≤ x− ct ≤ 3

√
c
α
. (31)

Let T = 3
√

c/α , then we obtain the following periodic cuspon
[see Fig. 2(b)]

u(x, t) =
α

6
(x− ct−2nT )2− c

2
,

(2n−1)T ≤ x− ct ≤ (2n+1)T. (32)
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Fig. 2. (color online) Wave profiles. (a) Smooth periodic wave solutions, (b) periodic cuspons, (c) loop-soliton solutions, and (d)
periodic loop solutions.

Type 3 Loop-soliton solutions
When α < 0 and c > 0, the equilibrium point O(0,0) is

a saddle point, and we use ls
ϕ0

and lu
ϕ0

to denote the stable and
unstable manifolds of saddle point O(0,0). On the other hand,
we notice that an integral curve lϕ1 passing through the point
(ϕ1,0) for H(ϕ,y) = h0 exists, which lies on the right side of
straight line ϕ = c (see Fig. 1(b)). The orbits ls

ϕ0
, lu

ϕ0
, and lϕ1

are determined by the algebra curve

y2 =
αϕ2(2ϕ−3c)/3

(ϕ− c)2 . (33)

By using the first equation of system (24) to perform the in-
tegration along the three orbits for the initial value ϕ(0) =
c/2 and ϕ(0) = 3c/2, respectively, we obtain the following
parametric representations of the traveling wave solutions of
Eq. (4) [see Fig. 2(c)]

u(τ) =
3c
2

sech2
(

τ

2
√

3c

)
,

ξ (τ) =
τ√
−3α

−3
√
− c

α
tanh

(
τ

2
√

3c

)
− η0√
−3α

, (34)

where

η0 = 2
√

3c tanh−1

√
2
3
−3
√

2c. (35)

Type 4 Periodic loop solutions
When α < 0 and c > 0, the graph defined by H(ϕ,y) =

h,h ∈ (0,h0) consists of two open-end curves, Γ1 and Γ2, pass-
ing through the points (ϕ1,0) and (ϕ2,0), respectively, where

0 < ϕ2 < c < ϕ1. The orbits Γ1 and Γ2 are determined by the
algebra curve

y2 =
2
3 αz3 +αcz2 +h

z2 , (36)

where z = u− c. By using the first equation of system (24) to
do the integration, we have∫ z1

z

zdz√
(z1− z)(z− z2)(z− z3)

=

√
−2

3
α

∫
ξ

0
dξ , (37)

where

(z1− z)(z− z2)(z− z3) =−z3− 3
2

cz2− 3
2α

h,

z3 < 0 < z2 < z1.

Thus, we obtain the following exact parametric representa-
tions of the periodic loop solutions of Eq. (4) [see Fig. 2(d)]

u(τ) = z1 + c− (z1− z2)sn2(τ,k),

ξ (τ) =

√
−6

α(z1− z3)

×[z3τ +(z1− z3)E(arcsin(sn(τ,k),k))], (38)

where k2 = (z1− z2)/(z1− z3), sn(τ,k) are the Jacobian ellip-
tic functions, with the modulus k and E the elliptic integral of
the second kind.
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