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According to the Lyapunov stability theorem, a new general hybrid projective complete dislocated synchronization
scheme with non-derivative and derivative coupling based on parameter identification is proposed under the framework of
drive-response systems. Every state variable of the response system equals the summation of the hybrid drive systems in
the previous hybrid synchronization. However, every state variable of the drive system equals the summation of the hybrid
response systems while evolving with time in our method. Complete synchronization, hybrid dislocated synchronization,
projective synchronization, non-derivative and derivative coupling, and parameter identification are included as its special
item. The Lorenz chaotic system, Rssler chaotic system, memristor chaotic oscillator system, and hyperchaotic Lii system
are discussed to show the effectiveness of the proposed methods.
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1. Introduction

Chaos in control systems and controlling chaos in dynam-
ical systems have attracted much interest in recent years. A
chaotic system has complex dynamical behaviors that possess
special features, such as excessive sensitivity to initial con-
ditions, broad spectrums of Fourier transform, bounded and
fractal properties of the motion in the phase space, and so
on. A synchronization method for two identical chaotic sys-
tems with different initial conditions has been introduced.!-!
Chaos synchronization has been studied extensively by many
researchers during the last few decades. So far, several
theoretical methods have been developed to realize chaos
synchronization, such as the feedback control method, 3

791 the active-control control

the adaptive control method,!
method,l'Y the impulsive control method,l'! the passive con-
trol method,'?) the Bang-Bang control method,!'3! and the
robust control method,!'* etc. Up until now, different kinds
of synchronization have been intensively studied and many
theoretical results have been obtained, including generalized

n,5-171 complete synchronization,'®! partial

20,21]

synchronizatio

synchronization,!'”! phase synchronization,!
[24,25

anti-phase
synchronization,[*>?3 lag synchronization,>*?>! and projec-
tive synchronization.[26-2]

Hu et al" considered a full state hybrid projective syn-

chronization (FSHPS), which bridges the gap from chaos con-
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trol to chaos synchronization in some literature. It is obvi-
ous that complete synchronization and anti-synchronization
are special cases of the above synchronization. A novel adap-
tive projective synchronization scheme is proposed to ensure
that the drive system and the response system with nonlinear-
ity inputs can be rapidly synchronized up to the given scal-
ing factor.3!! As far as we know, a general hybrid projective
complete dislocated synchronization with non-derivative and
derivative coupling based on parameter identification has not
been reported via adaptive method control, which motivates
the current study.

Inspired by the above discussions, in this paper we
will consider a novel scheme of a general hybrid projective
complete dislocated synchronization with non-derivative and
derivative coupling based on parameter identification. Com-
pared with the previous methods, the summation of hybrid
drive systems is modified for the summation of hybrid re-
sponse systems. Non-derivative and derivative coupling, and
parameter identification, are also considered during general
hybrid projective complete dislocated synchronization. This
seems to be a well-known idea in the chaos research field.
The design is employed to realize the full state hybrid projec-
tive synchronization with non-derivative and derivative cou-
pling between two identical chaotic systems and two different
chaotic systems.
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This work is arranged as follows. In Section 2, we show
general hybrid projective complete dislocated synchronization
of two identical chaotic systems. In Section 3, general hybrid
projective complete dislocated synchronization of two differ-
ent chaotic systems is shown. Section 4 gives the conclusion
of the paper.

2. General hybrid projective complete dislo-
cated synchronization of two identical chaotic
systems

In this section, hybrid projective complete dislocated
synchronization with non-derivative and derivative coupling
based on the parameter identification synchronization method
is designed to achieve synchronization.

2.1. General scheme description for synchronization and
parameter identification of two identical chaotic sys-
tems

Consider a drive system
i=fx)+gx)a, (1)

and the corresponding response system

y=r()+gy)o+u, (2)

where x = (x1,%2,...,%,)T € R* and y = (y1,¥2,-.-,yn)" €
R" are state vectors, f : R® — R" and g : R* — R™"™ are
two continuous functions, the estimated parameter vector of
the parameter vector o = (¢, 0,...,0,)T € R™ is & =
(@1,0,...,0,)T € R", and u is a controller to be designed.

Definition 1 If there exists at least a non-zero constant
dij#0 (i=1,2,...,n,j=1,2,...,m), the following condi-
tion

n
lim ||} dijyj+xil| =0 3)
J=1i#]
can hold true, then the drive system (1) and the corresponding
response system (2) are hybrid projective complete dislocated
synchronization with non-derivative and derivative coupling
based on parameter identification.

In other words, the error dynamics system of general hy-
brid projective complete dislocated synchronization with non-
derivative and derivative coupling based on parameter identi-
fication is described by the following expressions

¢ = (Zdli)';i‘f'xla Y dwi+i,...,
i—2 i=1iA2
m T
Z dnij}i+xn> 3 (4)
i=litn

. A . A . A . A . T
ég =0—0=(1—0,0—0p,..., 0, — ) . (5)

The Lyapunov function is chosen as follows:
lr I r
V =—e Pe+ —e,0eq, (6)
2 2
where P and Q are the positive-definite constant matrices. The
time derivative of V along the trajectories of Eq. (6) is

o 1
V= E(e'TPe +e"Pe) + E(e};Qea +epQéq). (7

If a suitable feedback control law u(x,y) € R" and con-
stants d;; exist to make V < 0 hold true, then according to the
Lyapunov stability theorem, the drive system (1) and the cor-
responding response system (2) are general hybrid projective
complete dislocated synchronization with non-derivative and
derivative coupling based on parameter identification.

Remark 1  When d;; = 1
1,2,...,m,i # j), and the rest d;; = 0, then complete dis-

i=12,...,nj =

located synchronization will appear. When d;; = —1 (i =
1,2,...,n,j =1,2,...,m,i # j), and the rest d;; = 0, then
dislocated anti-synchronization will appear. When d;; = —A;
(i=1,2,...,n,4; is constant, A; # 0,1,i # j), and the rest
d;j = 0, then projective dislocated synchronization will appear.

2.2. Simulation and results

The memristor chaotic oscillator system has been
modified,3?!

i1 =ar(x3 — @(xg)x1),
X2 = axxpy — azxs,

X3 = Xp —X] — a4x3,
X4 = X1,

®

where x1,x;,x3,X4 are state variables, and a;,a;,a3,a4 are the
real constants. g(w) is a piece-wise linear function

qgw) =bw+0.5(a—b)(Jw+1|—|w—1]), )

where w is the state variable, and @ and b are constants. @(w)
is provided by the following expression

_dgw)  fa,  |wl<1,
o(w) = dw {b, [w| > 1. (10)

In fact, the system (8) is chaotic when a; = 0.31, a; =
0.35, a3 =0.29, a4 = 0.41. We assume that we have two mem-
ristor chaotic oscillator systems, and the drive system with the
variable x drives the response system with identical equations
denoted the variable y. The drive system is system (8), and the
response system is defined as follows:

y1=">b1(ys —@(ya)y1) +ui,

Y2 = bays — b3yz +uo,

. (11
V3 =y2—y1 —bays +us,

Y4 =y1+uy,

where by, by, b3, and by are the parameters of the response
system (11) which needs to be estimated, and uy, uy, u3, and
uq are the nonlinear controllers such that two chaotic systems
(8) and (11) can be synchronized.
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Let

e1 = x1 +dpyz +d13y3 +diays,
ex = x +dy Y1 +dy3 +drays,
e3 = x3 +d31y1 +d3Y2 +d344,
eq = x4 +day1 +days +dazys,

where d;; (i=1,2,3,4,j=1,2,3,4,i # j) are constants.
Substituting Eq. (11) into Eq. (12), we have

e1 = x1 +di2(b2y2 — b3ys +uz)
+d13(y2 —y1 — bays +u3) +di4(y1 +us),
ey =x2+dai[b1(y3 — @(ya)y1) +u]
+do3(y2 —y1 — bays +uz) +dra(y1 +us),
e3 =x3+d31[b1(y3 — @(va)y1) + ui]
+dz(bays — bays +up) +dza(y1 +ua),
e4 = x4 +da1[b1(y3 — @(va)y1) +ui]
+daa(bays — b3ys +uz) +daz(y2 — y1 — bays +u3).

Let

E = di3drsd31day — di2dradzidss — diadrzdiiday
—d3dr1d3aday — diadr1d3rdss
+di2dr1d3adsz — di3dradznday

+disdpdsrds — dindyzdzadsy, (14)

12)

13)

—d3a[b1(y3 — @(ya)y1) +ui],

Let the control law be as follows:

i =A/E,
u :AZ/Ea
3 =A3/E,
g = A4/E.

Therefore, the implemented control input can be obtained

and

A = A(dosdzadyy + d3pdradss)
+ B(di2d34ds3z — diadsrdaz — di3dzada)
+C(d13doadar — dindosdsz — diadrzds)
+ D(d14d23d3y — d12da3dzs — di3daads),
As = A(da1d3adsz — d31dradss — dr3diada)
+ B(d3d34da) + dyads1ds3)
+C(diadardrs — diadoidaz — di3dosday)
+D(d13dad31 — d13da1d34 — dyadazdsy ),
Az = —A(drad3zada) + dy1d3aday — dradzidan)
— B(d14d31daz + d12d34da) — diad3aday)
+C(d12drada) +diadr1dan)
— D(di2drads1 +diadridsp — diadr1d3s),
Ay = A(—dr1d32ds3 — dr3d3iday + drzdzaday)
+ B(—d3adi3ds; — diads1das + di3dsidan)
+C(—di3dyday — diadpzdsy +diadaidss)
+ D(d13da1d3 + diadazdsy),

as)

A= (by—ay)— (x1 +di2yr +d13y3 +d14ys)
—ai[xs — @(xa)x1] — di2(b2y2 — b3y3)
—di3(y2 —y1 — bay3) —diay,

B = (by —ap) — (x2 +dp1y1 +d3y3 + dosya)

— (a2xa — azx3) — do1 by [y3 — @(ya)y1]
—d»3(y2 — Y1 — bay3) — dasyn, (16)

C = (b3 —a3) — (x3+ds1y1 +d32y2 + d3ays)

— (x2 —x1 —aax3) —d31b1[y3 — ©(v4)y1]
—d33(bayy — b3y3) — daayi,

D = (by — a4) — (X4 +da1y1 + dazy2 + dazy3)

—x1 —da1b1[y3 — @(ya)y1] — daz(b2y2 — b3y3)
—dy3 (Y2 — Y1 — bay3).

Substituting Eq. (11) into Eq. (16), we obtain

A= (by —ay) — [x1 +d12(b2yr — b3y3 +uz) +di3(y2 — y1 — bays +u3)
+dia(y1 +us)] —ar(x3 — @(x4)x1) — di2[b2(bay2 — b3yz +uz) — b3(y2
—y1 = bays +u3)] — di3{(bayz — b3y +uz) — [b1(y3 — @(ya)y1) + u1]
—ba(y2 —y1 — bays +uz)} — diab1(y3 — @(ya)y1) + ],

B = (by —az) — {x2+da1[b1(y3 — @(y4)y1) +u1] +do3(y2 — y1 — bays +u3)
+daa(y1 +ua)} — (a2xa — azxs) —dubi{(y2 — y1 — bays +u3)
—@(ya)(b1(y3 — @(ya)y1) +ur)} — daz{(b2y2 — b3ys +uz) — [b1(y3
—@(ya)y1) +ur] —ba(y2 —y1 — bays +u3) } — doab1(y3 — @ (ya)y1) +ui),

C = (b3 —a3) —[x3+d31(b1(y3 — @(y4)y1) +u1) +d32(b2y2 — b3ys +uz) +dza(y1
+ug)] — (x2 —x1 —aax3) —dzs1b1{(y2 — y1 — bays +u3) — @(ya)[b1(y3
—@(y4)y1) +u]} —dsa[ba(bays — b3ys +uz) — b3(y2 — y1 — bays +u3)]

a7

D = (bs —as) — {x4 +da1[b1(y3 — @(ya)y1) +u1] +daz(b2y2 — b3ys + u2)
+dp3(y2 —y1 —bays +u3) } —x1 —darb1{(y2 —y1 — bay3 +uz) — @(v4)[b1(y3
—@(ya)y1) +ur]} —daa[ba(bayr — b3y3 +uz) — b3(y2 — y1 — bays + u3)]
—dy3{(bays —b3y3 +uz) — [b1(y3 — @(y4)y1) +u1] —ba(y2 —y1 — bays +us)}.

(18)

as

ui Zf(;Al/Edl‘,
uzzf(;Az/Edl‘,
us = JoAs/Edt,
u4:f(;A4/Edta

19)

where 1 (0) = u3(0) = u3(0) = us(0) = 0.
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The updated rules for unknown parameters ay, az, a3, and
ay are described as follows:

ap = —ey,
6:12 = —€3, (20)
asz = —es,
as = —ey.

Theorem 1 The response system (11) synchronizes the
drive system (8) for any initial conditions (x;(0), x2(0), x3(0),
x4(0)), and (y1(0),y2(0), ¥3(0), y4(0)) by the control law (19)
and the update law (20).

Proof It is easy to see that the error dynamics can be
obtained as follows:

é1 = x1 +di2(b2ya — b3y + i)
+d13(y2 — Y1 — bay3 +1i3) +dia(y1 + tia),
éy = Xo +da1[b1 (3 — @(ya)y1) + 1]
+dp3(y2 —y1 — bays +u3) +das (V1 + a),
é3 = x3+d31[b1 (3 — @(y4)y1) +it1]
+d32(b2yr — b3y3 + o) +dsa (Y1 + ta),
éq = X4 +dar[b1(y3 — @(ya)y1) + ]
+dyz(bays — b3ys +iip) +daz (Y2 — y1 — bays +1i3).

ey

Substituting Eqs. (14), (15), and (18) into Eq. (21), we have

é1 =X +di2(b2y2 — b3y3)
+d13(y2 — Y1 — bay3) +diay1 +A,
é2 =X +da1[b1(y3 — @(y4)y1)]
+da3(y2 — y1 — bay3) +doay1 + B,
é3 = X3 +d31[b1 (3 — @(y4)y1)]
+d32(bay2 — b3y3) +dsay1 +C,
é4 = X4 +da1[b1(y3 — @(v4)y1)]
+dap(bayr — b3y3) +daz (Y2 — y1 — bays) +D.

(22)

Substituting Egs. (8), (11), and (17) into Eq. (22), we obtain

é1 = (b1 —ay) — [x1 +di2(b2y2 — b3ys +u2)
+d13(y2 —y1 —bay3 +u3) +dia(y1 +ua)],

ér = (by—a2) — {x2 +da1[b1(y3 — @(ya)y1) + ui]
+dp3(y2 —y1 — bayzs +uz) +doa(y1 +us)},

é3 = (bs —a3) —{x3 +d31[b1(y3 — @(ya)y1) +u1] (23)
+ds2(b2y2 — b3y +uz) +daa(y1 +us) },

és = (bs—as) —{xs+da1[b1(y3 — @(y4)y1) +u1]
+da(bayr — b3y3 +uy)
+da3(y2 —y1 —bays +u3)}.

Choose the following Lyapunov candidate
1
V:E(e%+e%+e%+eﬁ+ezl+622+ez3+e34), (24)
where
ell]:bl_a17 ea2:b2_a23 ea3:b3_a37 ea4:b4_a4~

Therefore, the differential of the Lyapunov function along
the trajectory of Eq. (24) is

V(el7e27e37e47eal >eazyea3>ea4)
= €le| +erey +€3e3+€ge4+ €4 €4,

+éy,eq, +Easea; +€q 4, (25)
Substituting Eq. (23) into Eq. (24), we gain

V(el,ez,e3,e4,eal,eaz,ea3,ea4)
= {(b1 —a1) — [x1 +di2(b2y2 — b3y3 + u2)
+d13(y2 —y1 — bays +u3) +dia(y1 +ua)] ter
+{(b2 —az) = {x2 +da1[b1 (y3 — @(ya)y1) + ui]
+da3(y2 — y1 — bays +uz) +daa(y1
+ug) ez +{(b3 —az) — {x3 +d31[b1(ys — @(ya)y1) + ui]
+d32(bays — b3ys +uz) +dza(y1 +ua)} }es
+{(bs — as) = {xs +dar [b1(ys — @(ya)y1) +ui]
+dap(bays — b3ys +uz) +da3(y2 —y1 —bays +u3)} es
— (b1 —ar)er — (by—az)er
— (b3 —a3)es — (ba —aa)ey. (26)
From Eq. (19), we have

V(el,ez,e3,e4,eal,eaz,ea3,ea4)

= (b1 —a1—e1)e1 + (b —ar—e2)es
+(bs—az—e3)es+ (bs —as —eq)ea — (b —ay)e)
—(by—ap)es — (bs —a3)es — (ba —as)es

A d-2-&

= —ele, 27)

where e = [e1,e2,e3,e4]T. Since V is negative-semidefinite, we
cannot immediately find that the origin of Eq. (23) is asymp-
totically stable. In fact, as V <0, then e, ez,e3,e4 € {o and
€q,+€ays€a3,€a, € los. From the error system (11), we have ¢,

62, €3, 64 € loo, €4y, €qy, Cay, €q, € lo. Since V = —e'e, then
we have
t t !
/ el |2 ds g/ Ted g/ Vs
0 0 0
= V(0)~ V(1) < V(0) <oo. (28)

Thus ey, e;, €3, eq € {5, according to Barbalat’s lemma,
we have e, €3, e3, e — 0 (t — o). Therefore, the response
system (11) synchronizes the drive system (8) by the control
law (19) and the update law (20). This completes the proof.

Remark 2 In this paper, we only consider the case where
a chaotic system with unknown parameters cannot be known
in advance, but it has a certain topology structure.

Remark 3 The control inputs u;, us, u3, and ug are too
complex to achieve the synchronization problem. uy, up, us,
and uy are the key to our method.

In the simulation, the fourth-order Runge—Kutta method
is used to solve the systems with the time step size 0.001. We
assume that the initial states, (x1(0), x2(0), x3(0), x4(0)) =
(1074, 2 x 1074, 3 x 107*, 4 x 1073) and (y1(0), y2(0),
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¥3(0),y4(0)) = (2 x 1074, 3 x 1074, 4 x 1074, 5 x 107°) are
employed, respectively. The parameters are chosen as djy =
—0.002, d13 =0.003, di4 =0.001, d1 = —0.002, dr3 = 0.003,
dyq = 0.001, d3; = —0.002, d3» = 0.003, d34 = 0.001, dy; =
—0.002, dsp» = 0.003, d43 = 0.001, respectively. Synchroniza-
tion of the systems (8) and (11) via hybrid dislocated adaptive
control law (19) and the update law (20) with the initial esti-
mated parameters a; = 0.5, a = 0.5, a3 =0.5, and a4 = 0.5
are shown in Figs. 1 and 2. Figure 1 displays the synchro-
nization errors of systems (8) and (11). Figure 2 shows that
the estimated values of the unknown parameters ay, as, a3, a4
converge to a; = 0.31, ap = 0.35, a3 = 0.29, and a4 = 0.41.

0.12
g
— e
e
0.08 el
4
°
@ 0.04
0
0 2 4 6 8 10

Times/10%

Fig. 1. (color online) Synchronization errors eq, e, €3, e4 of the coupled
memristor chaotic oscillator system.

0.50
; —a
sf as
£ 045 —as
2 —ay
=
5 0.40
o,
o
:ig 0.35
g
5 0.30
02545 2 4 6 3 10

Times/104

Fig. 2. (color online) Estimated parameters of the controlled memristor
chaotic oscillator system.

Remark 4 In the simulation, d;; (i = 1,2,3,4,j =
1,2,3,4,i #+ j) are chosen to make
d13dradz dan — dindoadz1das — diadrzdzidan — di3da1d3ads
—disdr1dzrdas + diodr1dzadss — di3daadsnda
+dyadrzdspda) — dyodazdzads) #0

hold true.

3. General hybrid projective complete dislo-
cated synchronization of two different chaotic
systems

In this section, a general description scheme for general
hybrid projective complete dislocated synchronization with

non-derivative and derivative coupling based on parameter
identification is designed to achieve synchronization for two
different chaotic systems. Two kinds of cases are considered.

3.1. General description scheme for synchronization and
parameter identification of two different chaotic sys-
tems (I)

Consider a drive system
= filx) +ga1(x)a, (29)

and the corresponding response system

y= L) +&0)B +u, (30)

where x = (x1,%2,...,%,)T € R"and y = (y1,y2,..., ya)T €R"
are state vectors, fi,f>» : R* — R" are two continuous func-
tions, g1,g2 : R" — R"™™ are two continuous matrix functions,
the estimated parameter vectors of the parameter vectors o =
(o,00,...,05,)T € R" and B = (B1,B2,...,Bu)T € R™ are
a= (a],dz,...,(xm)T € R™ and E = (B],Bz,...,Bm)T €R™,
respectively, and u is a controller to be designed.

Definition 2
1,2,...,n,j=1,2,...,m) exists, then the following condition

If a non-zero constant d;; # 0 (i =

n
liml[| Y diyj+xll=0 31
J=Li#j
can hold true, and then the drive system (29) and the corre-
sponding response system (30) are hybrid projective complete
dislocated synchronization with non-derivative and derivative
coupling based on parameter identification.

In other words, the error dynamics system of general hy-
brid projective complete dislocated synchronization with non-
derivative and derivative coupling based on parameter identi-
fication can be obtained as follows:

n n
e = <Zd1i55i+xl, Y, diyitia,---,

i=2 i=1,i#2
n T
Z dmi)'ii +xm> ’ (32)
i=1,i#m

éaza—('X:(561—dl,&z—dz,...,&m—am)T, (33)
eg=B—B=Bi—Bi.Bo— B\ Bu—Bu)". (34

The Lyapunov function is chosen as follows:

1 1 1
V= EeTPe + Eenga + EeEReﬁ, 35)

where P, Q, and R are the positive-definite constant matrices.
The time derivative of V along the trajectories of Eq. (35) is

. 1 1
V = 5 (eTPe+eTPé) + E(énga +elQéq)

1
+5 (égReB + eERéﬁ). (36)
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If there exists a suitable feedback control law u(x,y) € R"
and constants d;; to make V < 0 hold true, then according to

the Lyapunov stability theorem, the drive system (29) and the

where y;, y2, y3 are state variables, by, by, b3 are parame-
ters of the response system (38) which need to be estimated,
and u;,up, and u3 are the nonlinear control law such that two

corresponding response system (30) are general hybrid projec-  chaotic systems, (37) and (38), can be synchronized.

tive complete dislocated synchronization with non-derivative Let
and derivative coupling based on parameter identification. . .

ping p el = x1 +dpys +d13ys,
ex = x2 +day1 +da3ys,

3.2. Simulation and results e3 = x3+d31y1 + daaya,

The Lorenz system is described by

X1 =ai(x—x),

Xy = apx| —X1X3 — X2, (37 er =x1 +dia(y1 —biy2 +uz)
+di3]ys(y1 —b2) + b3 +us3),

er =x2+dy [—(y2 +y1) +ui]
+dp[y3(y1 —b2) + b3 +us),

e3 =x3+ds31[—(y2+y1) +ui]
+d3(y1 —biy2 +u2).

X3 = X1X2 — d3x3,

where x1,x2,x3 are state variables, and a;,a;,a3 are parame-
ters. The response Rossler system is defined as follows:

yi=—2+y1)+ur,
Y2 =y1— b1y +us, (38)

y3 =y3(y1 —b2) + b3 +us, Let the control law be as follows:

iy = (—dpdA+di3dnB+d2d;C) [/ (di2dyds) +dizdrdsy),
iy = (dozdz1A —di3d31B+dy3d21C) [ (di2dazds) + dy3dadsn),
i3 = (dardsA +diadz1 B — di2d2) C) [ (di2dazds) + dizdaydsg).

Therefore, the implemented control input can be obtained as

t

uj :/0 (—dpdnA+di3dnB+dipdpC)/(diadyds) +dizdaidsy) dt,
t

u2=/0 (dr3d31A — di3d31B+di3d21C) [ (di2drzds1 + dizdydsy)dt,

t
u3 2/0 (d21d32A + d12d31 B — d12d1 C) [ (di2da3ds) + di3daidsy) dt,

where u1(0) = u(0) = u3(0) = 0 with

A= (ai —a1+b;—b1)— (x1 +dioyr +dizy3) —ai(x2 —x1)
—di(y1 — b1y2) —di3(y3y1 +y3y1 — b2),

B = (a5 —ax+ b5 —by) — (x2+da1y1 +dazy3) — (a2x1 —x1x3
—x2) +da1 (Y2 +y1) — daz (31 +y3y1 — b2),

C = (a}—a3+ b}y —b3) — (x3+d31y1 +d32y2) — (X102 — azx3)
+ds1 (Y2 +1) — dz2(¥1 — b1y2).

Substituting Eq. (38) into Eq. (43), we get

A= (ai —ay+bj—b1)—{xi +di2(y1 — b1y2 +uz) +di3lys(y1 — b2) + b3+ us}
—ai(xy—x1) —dp[—(2+y1) +ur — b1 (y1 — biy2 +u2)]
—di3{[y3(v1 —b2) + b3 +uslyr +y3[= (2 +y1) ] = ba},
B = (a5 —ax+ b3 —by) — {xa +do1 [~ (y2 +y1) +w1] +da3[y3(y1 — b2) + b3 +u3]}
— (axx1 —x1x3 —x2) +da1 [(y1 — b1y2 +u2) — (y2 +y1) +u1]
—dp{[y3(y1 —b2) + b3 +us]y1 +y3[—(y2+y1) +uwi] — b2},
C=(a5—a3+b5—b3) —{x3+d31[—(y2+y1) +ur] +da(y1 —biy2 +u2)}
— (x1x2 —a3x3) +ds1[(y1 —biy2 +uz) — (y2 +y1) +wi] —dsa [ (y2 +y1)
+uyp —bi(y1 — b1y +uz)].
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where d;; (i=1,2,3,j=1,2,3,i # j) are constants.
Substituting Eq. (38) into Eq. (39), we have

(39)

(40)

(41)

(42)

(43)

(44)
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The update rules for unknown parameters aj, a3, a3, bj,
b3, and b3 are described as follows:

ClT = —eq,
a5 = —es, 45)
ay = —es,
bT = —eq,
by = —ea, (46)
b§ = —e3.

Theorem 2 The response system (38) synchronizes
the drive system (37) for any initial conditions (x;(0),x2(0),
x3(0)) and (y1(0), y2(0), ¥3(0)) by the control law (41) and
the update laws (45) and (46).

Proof It is easy to see that the error dynamics can be
obtained as follows:

é1 =% +di(y1 —biy2 +iin)
+di3(y3y1 +y1y3 — b2 +u3),
éy = Jo +dy1 [~ (Y2 + 1) + 1]

. . . 47
+dp3(y3y1 +y1y3 — b2 +1u3), “7)
é3 =x3+d3i[—(y2+y1) + 1]
+d3(y1 —biyr + ).
Substituting Eq. (41) into Eq. (47), we have
é1 = X1 +di2(y1 — b1y2)
+di3(y3y1 +y1y3 —b2) +A,
éy =iy +dot[—(y2 +y1)] (48)

+dy3 (Y3y1 +y1y3 —b2) +B,
€3 = X3 +d31[—(y2 +1)]
+dxn(y1 —biy2) +C.

Substituting Eqgs. (37), (38), and (44) into Eq. (48), we gain

é1=(aj —a1+b7 —b1) —{x1 +dio(y1 —b1y2 +u2)
+di3[y3(y1 —b2) + b3 +u3l},

ér=(ay—ar+b5—by) — [xo+doi(—(y2+y1)+ur)
+da3(y3(y1 —b2) + b3+ u3)],

é3= (a5 —az+by—b3) — [x3+d31(—(y2+y1) +ur)
+d3(y1 —biy2 +u2)l.

(49)

Choose the following Lyapunov candidate
1
V= E(e% —|—e% +e§ —|—e§1 +e§2 +eZ3 —l—ei] —|—e1272 —|—e,2,3), (50)
where

* * *
eal =ap—a, eazzaz_aZa 603:a3_a3,

ebl ZbT—bl, eb2 sz—bz, ebS Zbg—b}

Therefore, the differential of the Lyapunov function along the
trajectory of Eq. (50) is

V(€1,€2,€3,€a1 »€ay5€a35€h, aebzvebg)
= fle; +erer +e3e3+ €4 €4 +€qye0,

+éay€ay +€pep +ep,ep, +Epsep,- (G29)
Substituting Eq. (49) into Eq. (51), we get

v(617627e3vea1aeazveapebl 7ebzaeb3)

= {(al —a1 + by —b1) — [x1 +di2(y1 —b1y2 +u2)
+di3(y3(y1 —b2) + b3 +u3)] te
+{(a5 —ay+ b3 —b2) — [x2 +do1 (—(y2 +y1) +u1)
+dx3(y3(y1 —b2) + b3 +uz)l}er
+{(a3 —a3+b5—b3) — [x3+d31 (= (v2+y1) +u1)
+d32(y1 —biy2+uz)ltes — (a7 —ai)e;
— (@3 —a)er — (a5 — a3)es
— (b1 —b1)e1 — (b5 — ba)er — (b3 — b3 )es. (52)

By using Eq. (41), we have

Ve, e, e3,eq +€ay,€a3+€h,€hy > Chs )

= (a]—a1+b]—bi—e))e1+(a5—ar+b5—by—er)er
+ (a3 —a3+b5— bz —e3)es
—(aj —ar)er — (a5 —az)ez — (a5 —as)es

— (b —b1)er — (b3 —ba)er — (b3 — b3)e3

= —d-é-4
= —e'e, (53)

where e = [e1, e, e3]T. Since V is negative-semidefinite,
we cannot immediately find that the origin of Eq. (40) is
asymptotically stable. In fact, as V <0, then eq,ep,e3 €
loo, €4),€4y,€4; € Lo, and ey, ,€p,,€p, € Lw. From the error
system (40), we have é1,é7,é3 € lo, €4,€4,,€q; € Lo, and

éby+€hy, ey € L. Since V = —eTe, then we have

t t t
elPde < | eTedt < | —Vdrt
[le]]
0 0 0

= V(0)— V() <V(0) < oo. (54)

Thus ey, €7, e3 € {5, according to Barbalat’s lemma, we
have e}, e, e3 — 0 (t — o). The response system (38) there-
fore synchronizes the drive system (37) by the control law (41)
and the update laws (45) and (46). This completes the proof.

In the simulation, the fourth-order Runge—Kutta method
is used to solve the systems with step size 0.01. We assume
that the initial states, (x1(0),x2(0),x3(0)) = (1.5,0.2,0.3) and
(y1(0),y2(0), y3(0)) = (4,5,6) are employed, respectively.
The parameters are chosen as djp = —1,dj3 =2,d>; = 1,dr3 =
—1,d31 = 1,d3» = —2. Synchronization of systems (37) and
(38) are completed via the control law (41) and the update laws
(45) and (46) in Fig. 3. The initial states for the drive system
(37) and response system (38) are taken as a; = 10, a, = 8/3,
az =28 and b; = 0.5, b, = 0.5, b3 = 0.5, respectively. Fig-
ures 4 and 5 demonstrate the estimated values of the unknown
parameters for the uncertain drive system, which imply that
the uncertain parameters can be identified via control law (41)
and the update laws (45) and (46).
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Fig. 3. (color online) Synchronization errors ej, ey, e3 between the
Lorenz system and the Rossler system.
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Fig. 4. (color online) The estimated parameters of the Lorenz system.
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Fig. 5. (color online) The estimated parameters of the Rossler system.

Remark 5 In the simulation, d;; (i =1,2,3, j =1,2,3,
i # j) are chosen to make dyydp3d3) +di3da1dsn # 0 hold true.

3.3. General description scheme for synchronization and
parameter identification of two different chaotic sys-
tems (II)

Definition 3 For the drive system (29) and the response
system (30), let the vector error state be

e=AY +BX, (55)

if there exists a suitable feedback controller u(x,y) € R™ to
make

lim [le(r)[| =0,
hold true, then the general hybrid projective complete dislo-
cated synchronization between chaotic systems (29) and (30)

is achieved, where e = [e1,e2,...,em]T, Y = [y1,y2,-+ -, Ym]T
X = [x17x27 cee 7xn]T, A= (dij)mxma B= (dl ')mxno

In the following, we will give a principle to find suitable

s

feedback control law u(x,y) such that the two chaotic sys-
tems are hybrid projective complete dislocated synchroniza-
tion with non-derivative and derivative coupling based on pa-
rameter identification. Construct a dynamical Lyapunov func-
tion

1 1 1
V= EeTPe + Eenga + EegReﬁ, (56)

where P, O, and R are the positive-definite constant matrices.
The time derivative of V along the trajectories of Eq. (56) is

o1 1
V=3 (eTPe+e"Peé) + E(énga +elQéq)
L, .
+3 (egReB + elEReﬁ). (57)

Suppose we can select an appropriate control law u(x,y)
such that V is negative-semidefinite. Then, based on Lya-
punov’s direct method, the general hybrid projective complete
dislocated synchronization with non-derivative and derivative
coupling based on parameter identification of chaotic systems
(29) and (30) is achieved under the certain feedback control
law u(x,y).

3.4. Simulation and results

In this subsection, a simulation example is given to show
the effectiveness of the above method. We assume that the
memristor chaotic oscillator system (8) drives the following
hyperchaotic Lii system

y1=—=bi(y2—y1)+ui,

Y2 = bayz2 —y1y3 +ua,

. 58
Y3 =y1y2 —bays +us, (58)
V4 =y1y3 — bays+uy.

Let

e1 = dy1y1 +di2ys +di3x3 +diaxa,
ex = dy1 Y2 +dpny3 +dyx) +draxy,

. . 59
e3 = d31y3 + d32Y4 + d33x1 + d3axa, (59)
e4 = dy1 Y4 +dapy1 +dazxy + daaxs,

where d;; (i=1,2,3,4,j=1,2,3,4) are constants.
Substituting Eq. (58) into Eq. (59), we have
er =di[=bi(y2—y1)+ui]
+d12(bays — y1y3 +u2) +di3xs + diaxg,
er = da1 (bayr —y1y3 +u2)
+dy (y1y2 — b3ys + u3) + dazxy + daaxs, 60)
e3 =d31 (y1y2 —b3y3 +u3)
+d32(y1y3 — bays + us) 4 d3zxy + dzsxz,
eq = da1 (y1y3 — bays +ua)
+dap[—b1(y2 —y1) + 1] + dazxp + daaxs.
Let
E =d1dy1d31dar — dindydsds, (61)
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Ay = dp1d31dy1A — dypd31da B+ dyadondy C — diadypndsn D,
Ay = —dndidpA+didsidy B — dy1dxnds C+di1daoadsa D,
Az = da1d3dy A — diadspdap B+ dy1da1dy C — dy1dyd3a D,
Ay = —dy1d31dpA +dindz1da B — di2dndpC +didads D,

A= (a1 —aj+b1—b})— (diyi +dioyr +dizxz +diaxs) +di1b1 (2
—¥1) —dia(b2y2 — y1¥3 —¥1y3) — di3(x2 — X1 — asx3) — dyaxi,
B = (ap —a}+ by — b3) — (da1y2 + doays + dozxy + daaxa) — day (b2y2
—y1¥3 —V1y3) —dan(y1y2 +y1y2 — b3y3) —daz (a1 (x3 — @(xa)x1)) — doaxi, 63)
C = (a3 — a3+ b3 — b3) — (d31Y3 + d32y4 + d33x1 + d34x2) — d31(y1y2 +Y1)2
—b3y3) —d32(y1y3 + Y13 — bays) —dzza (x3 — @(x4)x1) — d3s4(azxz — azxs),
D = (a4 — dj + by — b}) — (da1ya +dapy1 4 dazxa + daax3) — da1 (y193 +Y1Y3 — baya)
+dabi (Y2 —y1) — daz(arxr — azxz) — daa(x2 —x1 — asx3).

(62)

Substituting Eq. (58) into Eq. (63), we obtain

D= (a4faj+b4f

Let the control law be as follows:

i ZAl/E7
o ZAQ/E7

65
u3 =A3/E7 (65)
Uy =A4/E.

Therefore, the implemented control input can be obtained

as

231 :féAl/Edt7
u2:féA2/Edt,
uz = [jAs/Edt,
us = [y Aq/Edt,

(66)

where u1(0) = u2(0) = u3(0) = u4(0) =0, and the update rules
for unknown parameters aj, a;, a3, ay, bj, b3, b3, and b} are
described as follows:

dT = —ey,

<%

aH = —¢€

2 67)
az = —es,

CZZ = —é4,

bT = —e1,

by = —en

PO, (68)
73 = —es,

bz = —é4

A= (a1 —aj+by —by) —{di[~bi1(y2 —y1) +uw1] +d12(b2y2 —y1y3 +u2) +di3x3 +d14x4}
+dii{b1[bay2 —y1y3 +uz + b1 (y2 = y1) —ur]} — dia{ba(bay2 — y1y3 +u2) — y1 (132 — b3y3 +u3)
—[=b1(y2 —y1) +u1]y3} —di3(x2 —x1 — agx3) — diaxi,
B = (ay —a}+by—b3) — [da1(bays —y1y3 + u2) +doa(y1y2 — b3ys +u3) + dozxy + daaxs)
—dy1{b2(bayr — y1y3 +u2) — y1 (y1y2 — b3ys +u3z) — [=bi1(y2 — y1) + w1y}
—do{y1(bays — y1y3 +u2) + [=b1(y2 —y1) + u1]ys — b3 (y1y2 — b3y3 +u3) } — daz[a (x3 — @(x4)x1)] — doaxy,
C = (a3 — a5+ b3 — b3) — [d31(y1y2 — b3y3 +u3) +d32(y1y3 — bays +ua) 4 dszx1 + dzaxa] — ds {y1(b2y2 — y1y3 +uz
+[=b1(y2 —y1) +ut]y2 — b3(y1y2 — b3ys +u3) } —dsa{y1 (y1y2 — by +u3)
+[=b1(y2 —y1) +urlys —ba(y1y3 — bays +ua)} —dszai (x3 — @(x4)x1) — das(arxr — azxz),
b)) — {da1 (y1y3 — bays +us) +da[—b1(y2 — y1) + u1] +dazxo +daaxz}
—dy{y1(y1y2 — b3y3 +uz) +[=b1(y2 —y1) +u1]ys —ba(y1ys — bays+us)}
—dyp{—bi1[bayr — y1y3 +ua +b1(y2 — y1) — w1} — daz(azxs — azx3) — daa(x2 — x1 — agx3).

64
)()

Theorem 3 The response system (58) synchronizes the
drive system (8) for any initial conditions (x;(0), x2(0), x3(0),
x4(0)), and (y1(0), y2(0), y3(0), y4(0)) by the control law (66)
and the update laws (67) and (68).

Proof It is easy to see that the error dynamics can be

obtained as follows:

ér=dn[=bi1(y2—y1) +u]

+d12(b2y2 — y193 — y1y3 +tho) + d13%3 + d14%4,
é2 = da1 (b2y2 —y1Y3 — y1y3 +1i2)

+dan(y1y2 +y1y2 — b3y3 +i3) +doz iy +dayiy,
é3 = ds1(y1y2 +y1y2 — bays +1i3)

+d32(y193 + Y13 — bays 4 tha) + ds3x1 + d3axa,
4 =dq1(y153 + Y13 — bays +iis)

+dp[—b1 (Y2 — 1) + 1] + dazxo + daaxs.

(69)

Substituting Eqgs. (61), (62), and (65) into Eq. (69), we have

é1 =dn[~b1(Y2 —y1)| +dia(b2y2 — y193 — y1)3)
+d13%3 +diaxa +A,
é2 = da1(b2y2 — Y193 — y1)3)
+daa(y1y2 +y1y2 — b3y3) +dozxy +draks + B,
é3 = d31(y1y2 +y1y2 — b3y3)
+d32(y1y3 +Y1y3 — bays) +d33xy +dsaxz +C,
éq = da1(y1y3 +Y1y3 — bay4)
+dap[—b1(y2 — 1)] + dazxo + dasks + D.

(70)

Substituting Eqs. (8), (58), and (64) into Eq. (70), we have
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é1 = (a1 —ai+b1 —b})—{di[-bi(y2 —y1) +ui]
+di2(bayr —y1y3 +u2) +di3x3 +diaxs},

éy = (ay — a5+ by — b3) — [da1 (b2y2 — y1y3 + u2)
+dy(y1y2 — bays + u3) + dazxy + daaxal,

¢3 = (a3 — a3+ b3 —b3) — [d31(y1y2 — b3ys +u3)
+d32(y1y3 — bays + us) + d3zx +dzaxa],

é4 = (as —aj+bs—by) —{dar1 (y1y3 — bays +us)
+dia[~b1(y2 —y1) +ur] +dazxs +daaxs}.

(71)

Choose the following Lyapunov candidate

1
V=3

+e +eb1+eb2+eb;+eb4) (72)

eitesterte;ten +en e,

where

*
eq; = a3 —as,

2 st—bz,

* *
g = day—ai, eqg, =da;—day,

ep, =b] —b1, e
= b} — by,

*
€q, = Ay —ag,

*
€hy; = b3 _b37 €hy

Therefore, the differential of the Lyapunov function along
the trajectory of Eq. (60) is

V(61 7€2,€3,€a,,€a,,€a3,€a,,€h;,€hy,C€hy, eb4)
= €1e] +érer t+eze3+eqeq+ €44 +ény€a,
+éay€ay + €ay€a, + €p €, + €pyepy +Epyepy +Epyep,.
(73)

Substituting Eq. (71) into Eq. (73), we obtain

V(er,e2,€3,€a;,€ay,€a3,€a4,€b;,€by > €hy, €h,)

= {(a1 —aj + b1 —b7) — {dui [~b1 (y2 —y1) +ui]
+di2(bayr — y1y3 +uz) +di3xz +diaxa} ey
+{(az — a5+ by — b3) — [da1(b2y2 — y1y3 +u2)
+dn(y1y2 — b3ys +uz) +dazxi +dasxs) fea
+{(a3 — a5+ b3 —b3) — [d31 (y1y2 — b3y +u3)
+d32(y1y3 — bays +us) + d3zx1 +dzaxz] }es
+{(as —ay +bs — by) — {da1 (y1y3 — bays+us)
+daa[—b1(y2 —y1) + 1] +dazxz + daaxs } fea

— (a7 —ar)er — (@ —az)er — (a3 —az)e3 — (ag —as)es
= (b1 —bi)er = (b — ba)er
— (b3 —b3)e3 — (by — ba)ey. (74)

By using Eq. (66), we have
V(€1,€2,€3,€a|,eaz,€a3,€a4,€bl,€b2,€b3,€b4)

= (a] —a1+b] — by —ey)e) + (a5 —ay + b5
+(a5—az+b5—

(

+(a; —

—by—er)ey
b3 —e3)es

as+b) —bs—eq)es — (a] —ay)ey

—(ay -
— (b1 -

2)er — (a3 —az)ez — (ay —as)ey
b by)

bi)er — (b3 ey — (b3 —b3)e3 — (by —ba)es

- d-d-d-4

= T, (75)

where e = [e1, €2, e3,e4)T. Since V is negative-semidefinite, we
cannot immediately find that the origin of Eq. (60) is asymp-
totically stable. In fact, as V <0, then eq,e3,e3,e4 € lo, €q,s
€ay> €ay» €a, € Lo, and ey, €p,, €p,, €p, € L. From the error
system (60), we have é1, é3, €3, €4 € leo, €4, €0y, €qy, €4, € Lo,

and ép,, ép,, €py,6p, € Le. Since V = —eTe, then we have

t t !
e|l*dr < eTedt < —Vd¢
|lel]
0 0 0

= V(0) = V() < V(0) < co. (76)

Thus ey, €3, e3, e4 € {5, according to Barbalat’s lemma,
we have ey, e, 3, e4 — 0 (f — o), and therefore the response
system (58) synchronizes the drive system (8) by control law
(66) and the update laws (67) and (68). This completes the
proof.

In simulations, the fourth-order Runge—Kutta method is
also used to solve the systems with step size 0.001. We as-
sume that the initial states, (x;(0), x2(0), x3(0), x4(0)) =
(1073,2x 107%,3 x 107*, 8 x 1073) and (y1(0), y2(0), y3(0),
y4(0)) = (1073, 8 x 1074,7 x 107, 6 x 1073) are employed,
respectively. The parameters are chosen as dj; = —0.002,

dip = 0.003, di3 = 0.002, d14 = 0.002, da; = —0.002, dpp =
0.003, dr3 = 0.002, dps = 0.002, d3; = —0.002, d3, = 0.003,
dy3 = 0.002, d3g = 0.002, dy; = —0.002, dsp = 0.003, dyz =

0.002, d4q = 0.002, respectively. Synchronization of systems
(8) and (58), the control law (66) and the update laws (67) and
(68) with the initial estimated parameters a; = 0.5, a, = 0.5,
a3 =0.5,a4=0.5,and by = 38,b, = 13,b3 = 5,by = 10, are
shown in Figs. 6-8. Figure 6 displays the synchronization er-
rors of systems (8) and (58). Figures 7 and 8 show that the
estimated values of the unknown parameters ay, a», a3, a4 and
b1, by, b3, by converge to a; = 0.31, a, = 0.35, a3 = 0.29,
as =0.41 and by =35, by = 12, b3 = 3, by =7, respectively,
which implies that the uncertain parameters can be identified
via the control law (66) and the update laws (67) and (68).
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Fig. 6. (color online) Synchronization errors e, e, e3, e4 between the
memristor chaotic oscillator system and the hyperchaotic Lii system.
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Fig. 7. (color online) The estimated parameters of the memristor chaotic
oscillator system.
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Fig. 8. (color online) The estimated parameters of the hyperchaotic Lii
system.

Remark 6 In the simulation, d;; (i =1,2,3,4,j =1,2)
are chosen to make dy1d>1d31d41 — dipdandspdsn 75 0 hold true.

4. Conclusion

This paper proposes a new general hybrid projective
complete dislocated synchronization with non-derivative and
derivative coupling based on the parameter identification
method according to the Lyapunov stability theorem. To get
better chaotic system synchronization results, we consider
complete synchronization, hybrid dislocated synchronization,

projective synchronization, non-derivative and derivative cou-
pling, and parameter identification as its special item. By
choosing a proper control input and the update rules, we real-
ize the general hybrid projective complete dislocated synchro-
nization with non-derivative and derivative coupling based on
parameter identification between two different chaotic systems
and two identical chaotic systems. The feasibility and effec-
tiveness of the presented synchronization scheme has been val-
idated by computer simulations.
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