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Forced bursting and transition mechanism
in CO oxidation with three time scales∗
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The mathematical model of CO oxidation with three time scales on platinum group metals is investigated, in which
order gaps between the time scales related to external perturbation and the rates associated with different chemical reaction
steps exist. Forced bursters, such as point–point type forced bursting and point–cycle type forced bursting, are presented.
The bifurcation mechanism of forced bursting is novel, and the phenomenon where two different kinds of spiking states
coexist in point–cycle type forced bursting has not been reported in previous work. A double-parameter bifurcation set of
the fast subsystem is explored to reveal the transition mechanisms of different forced bursters with parameter variation.
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1. Introduction
Many chemical oxidations involve multiple time scales,

which often exhibit bursting oscillations[1,2] characterized by a
combination of large amplitude oscillation and relatively small
amplitude oscillation in each evolution process.[3,4] Bursting
phenomena occur when the reaction alternates between a qui-
escent state (QS) and repetitive spikes (SPs), in which two
important bifurcations can be observed: the bifurcation of
a QS leading to repetitive SPs and bifurcation of SP to a
QS.[5,6] Such an oscillation has been extensively studied in
many fields, such as neuronal, chemical kinetics, electronic
circuits, and population dynamics.[7–13]

Models with multiple time scales are often described
by coupled ordinary equations with a fast subsystem (FS)
and slow subsystem (SS).[14,15] By taking a slow variable
as bifurcation of FS, the slow-fast analysis method can be
widely used to reveal the bifurcation mechanism of the burst-
ing phenomenon.[16–18] In our previous work, the enveloping
slow-fast analysis method has been used to account for the dy-
namical mechanism of bursting with periodic perturbation, in
which the bifurcation of FS, associated with two types of ex-
treme cases for the variation of periodic excitation, has been
introduced.[19] However, up to now, most of the work may
refer to two time scales, while the bursting behavior related
to three time scales is an open problem, especially when cat-
alytic oxidations are involved. In this paper, we focus on the
catalytic oxidation of CO over platinum-group metals for the
case where there can be the existence of order gaps between
the three time scales associated with periodic perturbation, a
reaction rate in the subsurface layers and a reaction rate on the
surface of the catalyst.

CO oxidation has attracted much attention due to its tech-
nological importance in the areas of pollution control and
fuel cells.[20,21] A lot of research work has been done on the
oxidation on platinum group metals, involving consistency
for the mathematical micro- and macro-level models,[22] self-
oscillation of the reaction rate accompanied by an auto-wave
process,[23] and bursting and chaotic dynamics with consid-
eration of the reconstructive heterogeneity of the surface and
subsurface.[24]

Considering the catalytic reaction of CO oxidation on the
platinum group metals based on the Langmuir–Hinshelwood
mechanism, shown in Table 1, a three-variable scaled chemi-
cal mechanism may be described by the following dimension-
less form[24]

x′ = K1(1− x− y)−K−1x−K3xy,

y′ = 2K2(1− x− y)2−K3xy,

z′ = K4y(1− z)−K5xz = ε(αy(1− z)− xz), (1)

where x and y represent the dimensionless concentrations of
CO and O absorbed on the surface, respectively, and z denotes
the dimensionless concentration of subsurface oxygen. Since
the elementary reaction constants K4 and K5 are much smaller
than Ki, i = 1,−1,2,3, this leads to the slow-fast system with
two time scales.

Here, we introduce small periodic perturbation into sys-
tem (1), and the variables of external excitation may change
on the scale between the reaction rate in the subsurface layer
and that on the surface of the catalyst. Rich bursting phenom-
ena, including chaotically forced bursting, multi-periodically
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Table 1. Chemical scheme of the model of CO oxidation on the platinum group metals (cited from Ref. [24]), where the rate constants Ki (i =
−1,1,2,3,4,5) depend on partial pressure PCO and PO2 . R is the universal gas constant, 1 Torr = 1.33322×102 Pa.

Reactions Rates Parameters taken

CO + Z
K1


K−1

ZCO K−1 = 1013× exp(−E1/RT ) T = 500 K

O2 + 2Z
K2−→ 2ZO K1 = 3.6×105PCO PO2 = 9×10−7 Torr

ZCO + ZO
K3−→CO2 + 2Z K2 = K20PO2 E1 = 35 K · cal ·mol−1

ZO + ZV
K4−→ZVO + Z K3 = 1013× exp(−E3/RT ) ε = 0.00003

ZCO + ZV O
K5−→CO2 +ZV + Z ε = K5, α = K4/K5 α = 4.65

forced bursting, and periodically forced bursting, can be
found. Furthermore, the enveloping slow-fast method and
double-parameter bifurcation analysis may be used to explore
the mechanism of forced bursting oscillations as well as the
dynamical evolution of the system.

2. Mathematical model
Based on the experimental research, E3 and K20 are de-

termined by using the experimental data[24] shown in Table 1.
For convenience to the theoretical analysis related to dynam-
ics, the changes in E3 and K20 can be approximated by piece-
wise linear functions as follows:

E3 =


E31, y≤ yc−δ ,

E32, |y− yc|< δ ,

E33, y≥ yc +δ ,

K20 =


K21, z≤ zc−δ1,

K22, |z− zc|< δ1,

K23, z≥ zc +δ1,

(2)

where yc = zc = 0.5, δ = δ1 = 0.1, K21 = 0.9 ×
105 s−1 ·Torr−1, K23 = 0.11 × 105 s−1 ·Torr−1, E31 =

28 K · cal/mol, E33 = 33 K · cal/mol, K22 = (−39.5× z +
24.8)×104 s−1 ·Torr−1, and E32 = 25y+18 K · cal/mol.

In this paper, a small periodic perturbation acosωt is in-
troduced, which may affect the change in the dimensionless
concentration of CO absorbed on the surface, leading to the
modified model, which is written as

x′ = K1(1− x− y)−K−1x−K3xy+acosωt,

y′ = 2K2(1− x− y)2−K3xy,

z′ = ε(αy(1− z)− xz). (3)

Since the ε parameter is very small, the full system can be
divided into slow and fast subsystems, where x and y model
the fast subsystem (FS), z describes the slow subsystem (SS),
while external perturbation based on suitable frequency will
change on the time scale between FS and SS. The dynamics
with three time scales may interact with each other to exhibit
rich nonlinear behavior, especially various types of forced
bursters, which will be described in the following.

3. Bifurcation analysis
Obviously, acosωt ∈ [−a,a]. We introduce the model

with constant perturbation written as

x′ = K1(1− x− y)−K−1x−K3xy+ p,

y′ = 2K2(1− x− y)2−K3xy,

z′ = ε(αy(1− z)− xz), (4)

where p = ±a, and the bifurcation details of FS in Eq. (4)
may help to reveal the oscillation mechanism in the periodic
perturbation system.

3.1. Fold bifurcation analysis

Since the piecewise-linear function involves the coeffi-
cient. Here, we only consider the case of 0 < y < 0.4, and
0.4 < z < 0.6. The relevant equations of FS can be written in
the following form

x′ = f1(x,y) = K1(1− x− y)−0.00504x−5.78xy+ p,

y′ = f2(x,y) = (−0.711z+0.4464)(1− x− y)2−5.78xy.

(5)

The steady state of FS, i.e. the equilibrium point
E0(x0,y0), can be obtained by setting x′ = y′ = 0, which can
yield

x0 =−
12500(−K1 +K1y0− p)
63+12500K1 +72250y0

,

y4
0 +a1y3

0 +a2y2
0 +a3y0 +a4 = 0, (6)

where

a1 = −1.998+K1/r,

a2 = 0.99651+0.34602p+
−K1 +0.173K2

1
r

− p
r
,

a3 = 0.0017424−0.345719p

+
−0.173K2

1 −0.173pK1−0.00087K1−0.00087p
r

,

a4 = 0.76 ·10−6−0.0003017p+0.0299326p2,

r = −0.711z+0.4464.

Assuming y0 = u−b1/4, equation (6) can be transformed into

u4 +b1u2 +b2u+b3 = 0. (7)
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Let A= b2
1+12b3, B= 9b2

2+2b1(b2
1−4b3), C = 6b1b2

2+(b2
1−

4b3)
2, ∆ = B2−4AC. If ∆ = 0 and B 6= 0, one double-root can

exist in Eq. (7), then the fold bifurcation may take place in the
FS.

3.2. Hopf bifurcation analysis

For 0.4 < z < 0.6 and 0.4 < y < 0.6, the FS of system (4)
can be described as

x′ = f1(x,y,z) = K1(1− x− y)−0.00504x

− 1013xyexp(−1.0064(25y+18))+ p,

y′ = f2(x,y,z) = (−0.711z+0.4464)(1− x− y)2

− 1013xyexp(−1.0064(25y+18)). (8)

The steady mode of the reaction, i.e., the equilibrium
point, denoted by E0(x0,y0), of the vector field can be obtained
by setting x′ = y′ = 0 and solving the two resulting algebraic
equations, of which the stabilities can be determined by the
eigenvalues of the characteristic polynomial associated, and
written in the following form

p(λ ) =

∣∣∣∣∣∣ a11−λ a12

a21 a22−λ

∣∣∣∣∣∣= λ
2 + p1λ + p2, (9)

where

s = exp(−1.0064(25y0 +18)),

a11 = −K1−0.00504−1013y0s,

a12 = −K1−1013x0s+0.2516 ·1015x0y0s,

a21 = −2r(1− x0− y0)−1013y0s,

a22 = −2r(1− x0− y0)−1013x0s+0.2516 ·1015x0y0s,

p1 = 2(1− x0− y0)r+1013(x0 + y0−25.16 · x0y0)s+K1,

p2 = 1013(x0 + y0−25.16 · x0y0)sK1

+ 1013(50.32x2
0y0 +2y0 +2x2

0 +50.32x0y2
0

− 2y2
0−2x0 +50.32x0y0)sr+0.01008(1− x0− y0)r

+ 1013(0.00504−0.1268y0)x0s.

By using the Routh–Huwitz criterion, the equilibrium point E0

is stable if
p1 < 0, p2 > 0. (10)

Based on transversal conditions, Re(dλ/dz)E0 = 1.422(1−
x0−y0) 6= 0, Hopf bifurcation sets can be expressed as p1 = 0,
p2 > 0, and x0 + y0 < 1.

4. Forced bursting and bifurcation mechanism
For the fixed excitation amplitude a = 0.0014 and fre-

quency ω = 0.0095, the whole model with three time scales
can be written as

x′ = K1(1− x− y)−K−1x−K3xy+0.0014cos0.0095t,

y′ = 2K2(1− x− y)2−K3xy,

z′ = K4y(1− z)−K5xz = ε(αy(1− z)− xz), (11)

of which the dynamics with a variation in the K1 parameter
would be revealed in the following.

4.1. Point point type forced bursting

For the K1 parameter fixed at 0.0351, periodic bursting
exists in the system, which is plotted in Fig. 1. One may find
that the whole trajectory is divided into three parts. The first
part is the SP between A and B characterized by relatively large
amplitude oscillation, the second part between C and D may
be in a rest state or exhibit small amplitude oscillation, called
QS, and the last is two times the jumping behavior, which may
lead to the alternation between SP and QS.
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Fig. 1. (color online) For K1 = 0.0351, (a) the phase portrait on the xoz
plane, and (b) the time history.

It is noted that the value of the perturbation
0.0014cos0.0095t in Eq. (11) may change between p1 =

0.0014 and p2 =−0.0014. Based on the enveloping slow-fast
analysis method and by taking the slow variable z as a bifur-
cation parameter, the bifurcation details of FS can be plotted
in Fig. 2(a). For p = p2 = −0.0014, the equilibrium curves
of FS are denoted by LN, where N1, N2 are critical points
of fold bifurcation, and the equilibrium points between N1
and N2 are unstable, while equilibria located on N1–NA and
N2–NB are stable. LP represents the equilibrium curves of FS
for p = p1 = 0.0014, on which P1 and P2 are critical points of
fold bifurcation, and the unstable equilibria are only located
on the curve between two fold bifurcation points, P1 and P2.
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Fig. 2. (color online) For K1 = 0.0351, (a) the bifurcation analysis of
FS, and (b) the overlap of the bifurcation diagram with phase portrait.

To explore the bifurcation mechanism of the burster, we
overlap the bifurcation diagram and the phase portrait on the
xoz plane as shown in Fig. 2(b). We can check that both the
SP and QS of the trajectory are fully confined to the two stable
equilibrium curves, which indicates that the attraction of two
stable equilibrium curves may lead the trajectory to oscilla-
tion. It is obvious that the region between NA–N1 and PA–P1
is wide enough for the system to oscillate with large ampli-
tude according to periodically forced frequency, leading to SP.
On the other hand, because the region between NB–N2 and
PB–P2 is very narrow, the trajectory can vibrate with small
amplitude or be in a rest state, resulting in QS. Furthermore,
the fold bifurcation of FS guides the alternation between SP
and QS, and the turning point of the two-time jumping phe-
nomena may be confined to the bifurcation points of FS. We
call this point–point type forced periodic bursting.

When the values of parameter K1 are taken to be 0.024567
and 0.024978, respectively, four-period bursting and chaotic
bursting can be observed, of which the phase portrait and
bifurcation details are presented in Fig. 3. We can find
that all the trajectories behaving in SPs may be located in
a wide region between two stable equilibrium curves, while
the OS of the system is confined in a narrow region, so
the two kinds of phenomena can be called point–point type
forced multi-periodically bursting and point–point type forced
chaotic bursting, respectively. Here we should point out that
all of the turning points related to the jumping behavior in both
the forced multi-periodically and forced chaotic bursting os-

cillations may be fully restricted by critical fold bifurcation
points in FS.
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Fig. 3. (color online) Overlap of the bifurcation diagram with phase
portrait for (a) K1 = 0.024567 and (b) K1 = 0.024978.

4.2. Point cycle type forced bursting

For the K1 parameter fixed at 0.045, another type of burst-
ing oscillation may appear in the system with three time scales,
as shown in Fig. 4(a). It is clear that two different kinds of
SSs, denoted SP1 and SP2, respectively, exist in the periodic
trajectory. To further reveal the mechanism of the system, fig-
ure 4(b) exhibits the details of the bifurcation of FS, where
there exists supercritical point H of Hopf bifurcation in FS
with p = p2 =−0.0014.

By using the enveloping slow-fast analysis method, the
overlaying diagram of Fig. 4(a) with Fig. 4(b)) is shown in
Fig. 4(c). Note that the stable limit cycles generated by super-
critical Hopf bifurcation of FS may result in the large ampli-
tude oscillations of the trajectory to form SP1, while SP2 is
caused by external periodic excitation together with the ten-
dency to two stable equilibrium curves, and the coexistence of
the equilibrium attractor and limit cycle attractor of FS may
guide the transition between SP1 and SP2. Here we should
point out that the oscillation frequency in SP1 is determined
by Hopf bifurcation of FS, while the trajectory in SP2 may os-
cillate with excitation frequency. Therefore, the burster with
SP1, SP2, and QS can be called point–cycle type forced peri-
odic bursting, which is the typical nonlinear dynamic behavior
of a system with three time scales.
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Fig. 4. (color online) For K1 = 0.045, (a) the phase portrait, (b) the bi-
furcation analysis of FS, and (c) the overlap of the phase portrait with
the bifurcation diagram.

5. Transition mechanism for two types of forced
bursting
In this section, we turn to the investigation of the transi-

tion mechanism between different bursting patterns with the
variation of parameter K1. By taking K1 and the slow variable
z as the bifurcation parameters, the bifurcation sets of FS are
presented in Fig. 5, where LN1, LN2, and LP1, LP2 repre-
sent the fold bifurcation sets of Eq. (5) for p = −0.0014 and
p = 0.0014, respectively, while LH denotes the supercritical
Andronv–Hopf bifurcation sets of Eq. (8) for p = −0.0014.
For example, when K1 = 0.045, all of the bifurcation points
N1, N2, P1, P2, and H plotted in Fig. 4(b), are located at
the bifurcation sets LN1, LN2, LP1, LP2, and LH, respec-
tively. The intersection points of LH with both LN1 and
LP1 are denoted by S1 and S2, respectively, with the pa-
rameter values (K1,z)S1 ≈ (0.02585,0.5356) and (K1,z)S2 ≈
(0.04785,0.475).
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Fig. 5. (color online) Bifurcation sets of FS with respect to the slow
variable z and K1 for p =±0.0014.

It can be checked that when K1 is taken left to S1, i.e.
K1 < 0.02585 (see Fig. 5), them the Andronv–Hopf bifurca-
tion curve LH is located below all of the fold curves, which
implies that the trajectory can only go through the fold bifur-
cation of FS, and then the burster of the system may be point–
point type forced bursting. While when K1 is taken right to
S2, i.e. K1 > 0.04785, then the supercritical Hopf bifurca-
tion curve H is located between curve LN1 and LP2, which
leads to the trajectory involved in both the Hopf and fold bi-
furcations, so the bifurcation mechanism of the burster may be
point–cycle type forced bursting. Therefore, the transition of
two kinds of bursters must take place between S1 and S2.

To further explore the transition of the bursting patterns,
by taking x = 0.35 as the cross section, the Poincare maps
of all the trajectories for K1 ∈ (0.02,0.058) are plotted in
Fig. 6(a), which is divided into two branches. It should also
be mentioned that all of the points on the cross section may
record z-values at all of the turning points of the jumping be-
havior, which can be checked by Figs. 1–4. By overlapping
the Poincare map with the bifurcation sets of FS, figure 6(b)
can be obtained, where the upper branch of the Poincare map
may be fully enveloped by the fold bifurcation sets LN2 and
LP2, while the lower branch is located between the fold bi-
furcation sets LN1 and LP1. This phenomenon is in common
with all the jumping behaviors of the forced bursters observed
in Section 4.

Now we continue to focus on the transition of the bursting
mechanism between S1 and S2, i.e. 0.02585 < K1 < 0.04785
(see Fig. 6(b)). Note that curve LH and the Poincare map in-
tersect at point M (0.0391, 0.4985), which causes limit cy-
cles to occur for K1 > 0.0391. For K1 < 0.0391, although
Hopf bifurcation exists for FS, the trajectory of the full sys-
tem is involved only in the fold bifurcation of FS because of
the critical point of Hopf bifurcation below the turning points
of the jumping behavior. For K1 > 0.0391, the critical point of
Hopf bifurcation in FS may appear between two-time jump-
ing, which leads to the fact that the trajectory of the system
may be involved in two kinds of bifurcations. Therefore, with
the increase in parameter K1, point–point type forced bursting
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related to fold bifurcation of FS may evolve into point–cycle
type forced bursting associated with both fold and Hopf bi-
furcations, while point M is the turning point of the transition
mechanism.
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Fig. 6. (color online) (a) Poincare map and (b) overlap of the bifurcation
diagram of FS with the Poincare map.

6. Conclusion
Because of the order gaps between weak periodic pertur-

bation, reaction rates in the subsurface and on the surface, the
system in CO oxidation on platinum group metals may be-
have on three time scales. Rich dynamical behavior, such as
point–point type forced bursting and point–cycle type forced
periodic bursting, is observed. The characteristic feature of
forced bursting is that the large amplitude oscillation accord-
ing to excitation frequency, confined to a wide region between
two stable equilibrium curves of FS, forms the SP in the whole
trajectory, while the narrow region between two stable equi-
librium curves of FS leads the system to QS, presenting small

amplitude oscillations or a rest state. When Hopf bifurcation is
involved, there are two types of SPs in point–cycle type forced
periodic bursting, and the induced mechanism of the two types
of SPs may be completely different.

Furthermore, with a parameter increase, point–point type
forced bursting can evolve into point–cycle type forced burst-
ing. The relevant bifurcation mechanism based on double-
parameter analysis of FS shows that the bursting pattern de-
pends on the positional relation between the Hopf and fold
bifurcation points. By overlapping the bifurcation sets with a
Poincare map, not only can the phenomenon that all the jump-
ing behaviors of the forced bursters can be controlled by criti-
cal points of the fold bifurcation of FS be verified, but the turn-
ing point of the transition between different types of forced
bursting can also be found. Therefore, from the view of bi-
furcation, we can predict and control the complex nonlinear
behavior of CO oxidation on platinum group metals.
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