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We present two protocols for the controlled remote implementation of quantum operations between three-party high-
dimensional systems. Firstly, the controlled teleportation of an arbitrary unitary operation by bidirectional quantum state
teleportaion (BQST) with high-dimensional systems is considered. Then, instead of using the BQST method, a protocol for
controlled remote implementation of partially unknown operations belonging to some restricted sets in high-dimensional
systems is proposed. It is shown that, in these protocols, if and only if the controller would like to help the sender with
the remote operations, the controlled remote implementation of quantum operations for high-dimensional systems can be
completed.
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1. Introduction
Quantum entanglement is one of the most striking fea-

tures of quantum mechanics. A canonical example of
entanglement-assisted processes is provided by quantum-state
teleportation (QST), where an unknown quantum state is sent
from a sender to a receiver at a distance without transferring
the state carrier itself. In 1993, Bennett et al.[1] first proposed
a protocol for teleporting an unknown quantum state of one-
particle using the Einstein–Podolsky–Rosen (EPR) pair with
the aid of some classical information. Since then, QST has
always interested a lot of researchers in both theoretical and
experimental respects.[2–20]

Another important application of the entanglement,
which correlates closely to QST, is quantum operation telepor-
tation (QOT). QOT may be understood as an unknown quan-
tum operation being transferred from a local system to a re-
mote system without physically sending the device. In the
last decade, Huelga et al.[21] have investigated QOT for im-
plementation of an arbitrary unitary operation upon a distant
quantum system. In their paper,[21] the operation is completely
unknown, and this remote implementation has to be realized
by bidirectional QST (henceforth BQST), i.e., in which the
receiver first teleports an unknown target state to the sender,
then the sender performs an unknown operation on the re-
ceived state, and finally the sender teleports the state back to
the receiver. This QOT can be called “quantum remote con-
trol”. Later, Huegla et al.[22] proposed two nontrivial proto-
cols for the perfect remote implementation of certain continu-

ous sets of quantum operations. In these protocols, the oper-
ations are partially unknown, that is, the quantum operations
belong to some restricted sets that satisfy some given restricted
conditions. In particular, the nonlocal operations in Ref. [22]
can be implemented remotely by consuming less overall re-
sources than BQST.[21] Since then, the QOT has attracted a
lot of attention in both theory[23–36] and experiment.[37,38] For
instance, Zou et al.[23] presented a feasible protocol to imple-
ment the nondeterministic quantum logic operation by a tele-
portation technique; Wang[29,31] extended the original QOT
protocol which deals with single-qubit operations to those in-
volving multi-qubits, and proposed some protocols of com-
bined and controlled remote implementation of partially un-
known quantum operations belonging to the restricted sets us-
ing GHZ states; Fan and Liu[34] presented a protocol for con-
trolled remote implementation of a partially unknown opera-
tion. Recently, Zhang and Cheung[36] proposed several proto-
cols for three-party sharing of unitary operations with the help
of shared entanglement and LOCC. However, one can notice
that most previous protocols of QOT have dealt with the prob-
lem by using a qubit system.

With the realization of preparing a high-dimensional
quantum state,[39] during the last few years, the high-
dimensional aspects of various topics in a quantum infor-
mation system have been proposed.[40–48] Compared with
qubits, high-dimensional quantum systems are better suited
for certain purposes. For instance, Braβ and Macchiavello[41]

showed that, in the presence of noise, qudit schemes for quan-
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tum cryptography are more secure than protocols using qubit
states. Klimov et al.[47] pointed out that the quantum compu-
tation with qutrits instead of a qubit is the exponential increase
of the available Hilbert space with the same amount of phys-
ical resources. Therefore, extending the local implementation
of the nonlocal quantum operation to a high-dimensional sys-
tem is important. The purpose of the present paper is to present
two protocols for the controlled remote implementation of uni-
tary operations between three separated high-dimensional sys-
tems. Firstly, the controlled QOT of an arbitrary unitary op-
eration by BQST with high-dimensional systems is consid-
ered. Then, instead of using the BQST method, a protocol for
controlled remote implementation of partially unknown oper-
ations belonging to some restricted sets in high-dimensional
systems is proposed. In these protocols, if and only if the con-
troller would like to help the sender with the remote opera-
tions, the controlled remote implementation of quantum oper-
ations for high-dimensional systems can be completed. The
present paper is organized as follows. In Section 2, the con-
trolled QOT of an arbitrary unitary operations by BQST is
studied. Section 3 presents the protocol for controlled remote
implementation of partially unknown operations with high-
dimensional systems. Conclusions are given in Section 4.

2. Controlled teleportation of arbitrary unitary
operations in high-dimensional systems
To present our protocol more clearly, let us first begin

with controlled QOT in three dimensions. Suppose there are
three legitimate participants, customarily called Alice, Bob,
and Charlie, in a quantum network, and they are spatially sep-
arated in different sites. Let Alice be the sender, Bob be the re-
ceiver, and Charlie be the controller. Assume Bob has a qutrit
s in an unknown state

|p〉s = α0|0〉s +α1|1〉s +α2|2〉s, (1)

with |α0|2 + |α1|2 + |α2|2 = 1, all partners do not know the
state |p〉s, and Alice wishes to perform on this qutrit an arbi-
trary unitary operation U (3) which is unknown to Alice, Bob,
and Charlie, where the superscript (3) in U denotes the opera-
tion in three dimensions. We also suppose that Alice shares a
two-qutrit entangled state

|ψ ′〉a′b′ =
1√
3
(|00〉+ |11〉+ |22〉)a′b′ (2)

with Bob, and a three-qutrit entangled state

|ψ〉abc =
1√
3
(|000〉+ |111〉+ |222〉)abc (3)

with Bob and Charlie, respectively. Here qutrits a′ and a be-
long to Alice, qutrits b′ and b to Bob, and qutrit c to Charlie,

respectively. Our protocol can be expressed in the following
steps.

Step 1 Bob teleports the state |p〉s to Alice by using the
state |ψ ′〉a′b′ , then Alice can obtain the state

|p〉a′ = α0|0〉a′ +α1|1〉a′ +α2|2〉a′ (4)

by the usual teleportation technique.
Step 2 Alice applies the operation U (3) on the state |p〉a,

and the state of the whole system may be written as

|ξ 〉 = |ψ〉abc⊗ (U (3)|p〉)a′

=
1

3
√

3 ∑
nm
|Ψnm〉aa′ e

2π inm/3

×

[
2

∑
l=0

(UnmU (3)|p〉)b|x f 〉c

]
, (5)

where |Ψnm〉 is the generalized Bell basis of the Hilbert space
of two qutrits[43]

|Ψnm〉= ∑
j

e2π i jn/3| j〉⊗ |( j+m) mod 3〉/
√

3 (6)

with n,m, j = 0,1,2, Unm is a single-qutrit transformation[31]

Unm = ∑
j

e2πı jn/3| j〉〈( j+m) mod 3| (7)

with n,m, j = 0,1,2, |x f 〉 is a single-qutrit measuring basis

|x f 〉= ∑
j

e2πi j f/3| j〉/
√

3 (8)

with f , j = 0,1,2.
Step 3 Alice performs a generalized Bell state measure-

ment on her qutrits a′ and a under the basis {|Ψnm〉}, and then
informs Bob and Charlie of the result of measurement by two
classical channels.

Step 4 If Charlie would like to help Alice with the QOT,
he should measure his qutrit c in the {|x f 〉} and announces
publicly the outcome via a classical channel.

Step 5 In accordance with the measurement result of
Alice and Charlie, the receiver Bob can obtain U (3)|ϕ〉 by
performing a corresponding local single-qutrit transformation
which can easily be found from Eq. (5), so that the final state
U (3)|ϕ〉 can be realized at Bob’s site.

Our controlled QOT protocol can be generalized to arbi-
trary high dimensions. We denote that dimension as d. Sup-
pose that Alice, Bob, and Charlie share a three-qudit entangled
state

|φ〉ABC =
1√
d

d−1

∑
j=0
| j j j〉ABC, (9)

and Alice also shares a two-qudit entangled state

|φ ′〉A′B′ =
1√
d

d−1

∑
j=0
| j j〉A′B′ (10)
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with Bob, where qudits A and A′ are held by Alice, qudits B
and B′ by Bob, and qudit C by Charlie, respectively. Assuming
Bob has a qudit s in an unknown state

|q〉s =
d−1

∑
j=0

α j| j〉s (11)

with ∑
d−1
j=0 |α j|2 = 1.

Similarly to the above protocol in three dimensions, us-
ing the state |φ ′〉A′B′ , Bob first teleports the state |q〉s to Alice,
who then applies an arbitrary unitary operation U (d) on the
state |q〉. The operation U (d) is unknown to all partners, and
(d) denotes the operation in d dimensions. After that, the state
of the whole system can be expressed as

|Ξ〉 = |φ〉ABC⊗ (U (d)|q〉)A′

=
1

d
√

d
∑
nm
|Φnm〉AA′ e

2π inm/d

×

[
d−1

∑
k=0

(UnmU (d)|q〉)B|yk〉C

]
, (12)

where |Φnm〉 is the generalized Bell basis of the Hilbert space
of two qudits

|Φnm〉= ∑
j

e2π i jn/d | j〉|( j+m) mod d〉/
√

d (13)

with n,m, j = 0,1, . . . ,d−1, Unm is a single-qudit transforma-
tion

Unm = ∑
j

e2π i jn/d | j〉〈( j+m) mod d| (14)

with n,m, j = 0,1, . . . ,d− 1, |yk〉 is a single-qudit measuring
basis

|yk〉= ∑
j

e2π i jk/d | j〉/
√

d (15)

with k, j = 0,1, . . . ,d − 1. Next, Alice performs a general-
ized Bell state measurement on her qutrits A and A′ in basis
{|Φnm〉}, and announces publicly the result by classical chan-
nels. To help Alice complete the QOT, Charlie measures the
qudit C under the basis {|yk〉} and then informs Bob of his out-
come by a classical channel. According to Alice’s and Char-
lie’s results, Bob can acquire U (d)|q〉 by performing a suitable
single-qudit transformation.

3. Controlled implementation of partially un-
known quantum operations on a distant qudit
Now we consider controlled remote implementation of

partially unknown quantum operations in high-dimensional
systems. Here, “partially unknown” means that the quantum
operations belong to some restricted sets that satisfy some

given restricted conditions. For the sake of clarity, we first
consider the three-dimensional case. Suppose the sender Al-
ice shares a two-qutrit entangled state

|ψ〉ab =
1√
3
(|00〉+ |11〉+ |22〉)ab (16)

with the receiver Bob, and another

|ψ〉a′c =
1√
3
(|00〉+ |11〉+ |22〉)a′c (17)

with the controller Charlie, where qutrits a and a′ belong to
Alice, qutrit b to Bob, and qutrit c to Charlie, respectively. In
addition, Bob holds a qutrit s in an unknown state |p〉s given
by Eq. (1), and Alice wants to perform an operation on his
qutrit. The quantum operation to be remotely implemented by
Alice belongs to one of the following three restricted sets:

U (3)
0 =

u00 0 0
0 u11 0
0 0 u22

 ,

U (3)
1 =

 0 0 u02
u10 0 0
0 u21 0

 ,

U (3)
2 =

 0 u01 0
0 0 u12

u20 0 0

 . (18)

We will use U (3)
m (m = 0,1,2) to denote the operation to be

remotely implemented, and say that they are partially un-
known in the sense that the values of their matrix elements
are unknown, but their structures, that is, the positions of their
nonzero matrix elements, are known by Alice. The whole pro-
tocol can be described in the following steps.

Step A Bob first performs a generalized C-NOT gate Cbs

using qutrit b as the control and qutrit s as the target, where
the generalized C-NOT gate is defined as[49]

Cbs|i〉b| j〉s = |i〉b|(i− j) mod 3〉s. (19)

The joint state of Alice and Bob is transformed to

|λ 〉 = Cbs|ψ〉ab⊗|p〉s

=
1√
3
[(α0|00〉+α1|11〉+α2|22〉)ab|0〉s

+ (α0|11〉+α1|22〉+α2|00〉)ab|1〉s
+ (α0|22〉+α1|00〉+α2|11〉)ab|2〉s]. (20)

Then, Bob measures the qutrit s in the basis {|0〉, |1〉, |2〉} and
announces the result publicly. If the outcome is |0〉s, they do
nothing; if it is |1〉s (|2〉s), they both carry out the transforma-
tion U01 (U02) (see Eq. (7)) on their own qutrit locally. After
that, the resulting state they share becomes

|ψ ′〉ab = (α0|00〉+α1|11〉+α2|22〉)ab. (21)
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Step B Alice performs the unitary operation U (3) on her
qutrit and obtains

|ψ ′′〉ab = (U (3))a|ψ ′〉ab

= [α0(U (3)|0〉)a|0〉b +α1(U (3)|1〉)a|1〉b
+ α2(U (3)|2〉)a|2〉b]. (22)

Step C Using the state |ψ〉a′c, Alice performs a general-
ized Bell state measurement on her qutrits a and a′. As a result
of this procedure, Bob and Charlie always end up holding the
following state

|ϕ〉bc = [α0(U (3)|0〉)b|0〉c +α1(U (3)|1〉)b|1〉c
+ α2(U (3)|2〉)b|2〉c], (23)

which can be rewritten as

|ϕ ′〉bc =
1√
3
[(U (3)|p〉)b|x0〉c +(U (3)U20|p〉)b|x1〉c

+ (U (3)U10|p〉)b|x2〉c], (24)

where |x f 〉 is the single-qutrit measuring basis given by Eq. (8)
and Un0 (n = 1,2) given by Eq. (7).

Step D If Charlie agrees to cooperate with Alice, he can
measure his qutrit c under the basis {|x f 〉} and announces the
result. If Charlie’s outcome is |x0〉c, the qutrit b can be found
in the desired state U (3)|p〉, and Bob needs to do nothing. Un-
fortunately, if Charlie’s measurement result is |x1〉c (or |x2〉c),
Bob would hold the state U (3)U20|p〉 (or U (3)U10|p〉) and, pro-
vided that U (3) is completely arbitrary, he cannot restore this
state to the correct form U (3)|p〉. As a result, the protocol only
succeeds with a probability 1/3.

Now we consider another case. Assume that before the
protocol starts, Alice tells Bob the information about the re-
stricted sets, i.e., Bob has partial knowledge of U (3). One can
find that, in this situation, if U (3) satisfies

VU (3)Un0|p〉= e iδU (3)|p〉, (25)

where V is a universal correction operation, δ is a real param-
eter, Bob can acquire U (3)|p〉 determinately. From Eq. (25),
we have

VU (3) = e iδU (3)Uk0, (26)

where k = 3−n (here k mod 3). Evidently, one may explicitly
identify a set of operations that can be remotely implemented.
The universal correction operation V can be set as

V =V (k)
m = e i2πm(3−k)/3Uk0, (27)

where n,k = 0,1,2. The three possible solutions to Eq. (26)
are given by

U (3) = ∑
n,m, j

e i(φ+2π jn/3)| j〉〈( j+m) mod 3|, (28)

where m,n, j = 0,1,2, and φ is an arbitrary real parameter.
By the above approach, any operations within the restricted
set U (3) = {U (3)

1 ,U (3)
2 ,U (3)

3 } (see Eq. (18)) can be determinis-
tically shared by Bob and Charlie. For instance, if Charlie’s
result is |x0〉c when he measures qutirt c in |ϕ ′〉bc, Bob needs
to do nothing; if Charlie’s outcome is |x1〉c, by Eqs. (24)–(27),
Bob should apply a correctional operation

V (2)
m = e i2πm/3U20, (29)

where m = 0,1,2; and if Charlie reports |x2〉c, Bob can apply

V (1)
m = e i4πm/3U10. (30)

It is easily verified that, employing the corresponding opera-
tion V (k)

m in Eqs. (29) and (30), Bob can obtain U (3)|p〉 deter-
ministically.

Now we generalize the above protocol to arbitrary high
dimensions and donote the dimension as d. Suppose the
sender Alice shares an entangled qudit pair

|Φ〉AB =
1√
d

d−1

∑
j=0
| j j〉AB (31)

with receiver Bob, and another

|Φ〉A′C =
1√
d

d−1

∑
j=0
| j j〉A′C (32)

with controller Charlie, where qudits A and A′ belong to Al-
ice, B to Bob, and C to Charlie, respectively. Assuming that
a qudit s in an unknown state |q〉s that Bob holds is still in
state (11), and Alice wants to employ an operation on this qu-
dit. The quantum operation to be remotely implemented by
Alice belongs to one of the following d restricted sets

U (d)
m =

d−1

∑
j=0

u j, j+m (mod d), (33)

where m = 0,1, . . . ,d− 1. Assume that Alice knows the op-
eration (33) partly, that is, she knows the positions of their
nonzero matrix elements, but does not know the values of the
elements.

Now let Bob first carry out a generalized C-NOT gate CBs

using qudit B as the control and qudit s as the target, here C-
NOT gate CBs is defined as[49]

CBs|i〉B| j〉s = |i〉B|(i− j) mod d〉s. (34)

The joint state of the qudits A,B and s is transformed to

|η〉=CBs|Φ〉AB⊗|q〉s =
1√
d

d−1

∑
j=0
|ζ j〉AB⊗| j〉s, (35)
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where

|ζ j〉AB =
k−1

∑
j=0
| j+ k, j+ k(mod d)〉AB, (36)

where j = 0,1, . . . ,d− 1. Then, Bob measures the qudit s on
the basis {| j〉} ( j = 0,1, . . . ,d−1) and publicly announces the
outcome. Without a loss of generality, if Bob’s result is |l〉s,
the state of qudits A and B will be collapsed into

|ζl〉AB =
k−1

∑
l=0
|l + k, l + k(mod d)〉AB. (37)

Alice and Bob both perform the transformation U0l on their
own qudits A and B respectively, here U0l is the single-qubit
transformation given by Eq. (14). As a result of this procedure,
Alice and Bob always obtain the shared state

|µ〉AB =
d−1

∑
j=0

α j| j j〉AB. (38)

Next, Alice carries out the unitary operation U (d) on her qudit
A and gets

|µ ′〉AB = (U (d))A|µ〉AB =
d−1

∑
j=0

α j(U (d)| j〉)A| j〉B. (39)

Using the remaining Bell state |Φ〉A′C she shares with Charlie,
Alice teleports the state of her qudit A to Charlie. After that,
Bob and Charlie always end up holding the state

|ξ 〉BC =
d−1

∑
j=0

α j(U (d)| j〉)B| j〉C, (40)

which can be rewritten as

|ξ ′〉BC =
1√
d

d−1

∑
j=0

(U (d)Ur0|q〉)B|y j〉C, (41)

where r = d− 1− j, |y j〉 is the single-qudit measuring basis
given by Eq. (15) and Ur0 given by Eq. (14). If Charlie agrees
to cooperate with Alice, he should measure his qudit C under
the basis {|y j〉} and announces publicly the outcome. If Char-
lie’s result is |y0〉C, the qudit B can be found in the desired
state U (d)|q〉 and Bob needs to do nothing. If Charlie obtains
other outcomes |y f 〉C ( f = 1,2, . . . ,d−1), qudit B will be col-
lapsed into the state U (d)Ud−1− f |q〉, and Bob cannot recover
this state to the correct form U (d)|q〉 since he has no knowl-
edge of the exact form of U (d). Obviously, the protocol only
succeeds with a probability of 1/d.

Now we assume that Bob has partial knowledge of U (d),
i.e., he knows the information about the restricted sets (33). In
this case, if U (d) satisfies

V (k)
m U (d)

nm Ud−k,0|q〉= e iδU (d)
nm |q〉, (42)

where V (k)
m is a universal correction operation, k,d,n,m =

0,1, . . . ,d− 1; δ is a real parameter, Bob can obtain U (d)|q〉
determately. From Eq. (42), we have

V (k)
m U (d)

nm =U (d)
nm Uk0. (43)

By Eq. (43), we can identify a set of transformations that can
be remotely implemented. If we set

V (k)
m = e i2πm(d−k)/dUk0, (44)

where m,k = 0,1, . . . ,d−1, the d possible solutions to Eq. (44)
can be given by

U (d)
m = ∑

n,m, j
e i(φ+2π jn/d)| j〉〈( j+m) modd|, (45)

where m,n, j = 0,1, . . . ,d − 1; φ is an arbitrary real param-
eter. We will see in the following that any operations within
the restricted set {U (d)

m } (see Eq. (33)) can be deterministically
shared by Bob and Charlie. For example, if Charlie’s outcome
is |y0〉C when he measures qudit C in |ξ ′〉BC, the qudit B is
automatically in the desired state U (d)

m |q〉 and Bob needs to do
nothing; if Charlie’s result is |y f 〉C ( f = 1,2, . . . ,d − 1), by
Eqs. (41)–(44), Bob should apply a correctional operation

V ( f )
m = e i2πm(d− f )/dU f 0, (46)

then he can obtain U (d)
m |q〉 deterministically. Thus, the con-

trolled remote implementation of the partial unknown quan-
tum operation has been successfully completed.

4. Conclusion
In this paper, the controlled remote implementation of

quantum operations with a high-dimensional system has been
considered. We have presented two protocols for quantum op-
eration teleportation and remote implementation of a quantum
operation in some given restricted sets with a controller, re-
spectively. In the first protocol, the controlled teleportation of
an arbitrary unitary operation by bidirectional quantum state
teleportation has been studied. In the second protocol, the
quantum operation to be remotely implemented belongs to one
of the d restricted sets, which are partially unknown in the
sense that the values of their matrix elements are unknown,
but the positions of their nonzero matrix elements are known.
It is well known that entanglement consumption and classi-
cal communication cost are important factors in quantum in-
formation processing. Compared with the first protocol, the
obvious advantage of the second protocol is more economi-
cal in terms of entanglement consumption and classical com-
munication cost. To present these protocols more clearly, we
first investigated each protocol in a three-dimensional system,
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then generalized the protocol to an arbitrary high-dimensional
case. Furthermore, we point out that, with a similar method,
our protocols can be generalized to multi-particle operations
and multi-party control systems. We hope our work can stim-
ulate further research on quantum information processing and
distributed quantum computing.
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