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In this paper, we studied N-soliton solutions of a new integrable equation studied by Qiao [J. Math. Phys. 48
082701 (2007)]. Firstly, we employed the Darboux matrix method to construct a Darboux transformation for the modified
Korteweg-de Vries equation. Then we use the Darboux transformation and a transformation, introduced by Sakovich [J.
Math. Phys. 52 023509 (2011)], to derive N-soliton solutions of the new integrable equation from the seed solution. In
particular, the multiple soliton solutions are explicitly obtained and shown through some figures.
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1. Introduction

In Ref. [1], a new integrable hierarchy, including nonlin-
ear cubic evolution equations, was proposed with the help of
Hamiltonian and recursion operator procedure. Its second pos-
itive member is a new completely integrable wave equation

1 1
™= (zmz)m‘ (zmz); M

where m is a scalar potential function and subscripts denote
the partial derivatives. This equation has been shown to have
bi-Hamiltonian structures and a Lax pair that implies its inte-
grability. Through studying Eq. (1), Qiao developed two new
kinds of soliton solutions under the inhomogeneous boundary
condition limyy ,.,m = B, where B is a nonzero constant. One
is a continuous W /M-shape soliton solution and the other is
a one-single-peak soliton.!'? The new kinds of peaked soli-
ton solutions cannot be equivalent to the regular peak ones:
ce_‘x_“‘, where ¢ is a constant.[?]

In Ref. [4], the bifurcations of traveling wave solu-
tions of Eq. (1) were studied and this equation does possess
smooth soliton solutions and periodic solitary wave solutions.
Very recently, Sakovich®! found a transformation, which re-
lates Eq. (1) to the well-known modified Korteweg-de Vries
(mKdV) equation, and obtained smooth soliton solutions of
Eq. (1) from the known rational and soliton solutions of the
mKdV equation.

In the present paper, based on the transformation intro-
duced by Sakovich>®! we seek the N-soliton solutions of

Eq. (1) using the Darboux matrix method.”->*

1 This paper is
organized as follows. In Section 2, a chain of new transforma-
tions are introduced to relate Eq. (1) to the mKdV equation. In
Section 3, the Lax pair and Darboux transformation (DT) are

constructed for the mKdV equation. In Section 4, N-soliton
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solutions of Eq. (1) are derived from the DT. The paper is con-
cluded in Section 5 with a summary of the results.

2. Transformation of the mKdV equation

Sakovichl®! has found a chain of new transformations,
which relate Eq. (1) to the mKdV equation

2
Wi = Wyyy — EW wy. 2)

All solutions of Eq. (1) can be represented in a parametrical
form by all nonzero solutions of the mKdV equation (2) via
the following transformations

—1
m(x,t) = WO 3)
vy =W,
x=v(yt): | )
3
Vi =Wy — oW,

2

where the independent variable y serves as the parameter.

3. Lax pair and Darboux transformation

In order to construct a DT of the mKdV equation (2),
we consider the AKNS-type Lax pairt®! of the mKdV equa-
tion (2) in the form of

d=Ud, &=V, ¢=(¢1,6)", )

where U and V are the following two matrices

A —iw
U= ) (6)
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1 1
423 — Elwz 21&2w+ilwy — Zi(W3 —2wyy)
V= | | - ™)
—2i12w+i7twy+ Zi(w3 —2wyy) —47L3—|—§7Lw2
\
Through a direct calculation, the zero curvature equation _ (Zi 22w +i Awy — 1i(w3 _ 2Wyy)> 82, (14

U —Vy+[U,V]=0
which can be obtained directly from Eqgs. (12) and (5).
yields the mKdV equation (2).

In the following, we construct the DT of the mKdV equa-

From the above discussions, we have the following

propositions.

tion (2). Let us introduce a gauge transformation Proposition 1 The matrix U determined by the second

¢=T¢ (8) expression of Eq. (9) has the same form as U:
which transforms the Lax pair (5) into a new Lax pair of ¢: A liw
S » o= , > | (15)
&=Ve, V=(L+TV)T" (10)

where the original potential w in U is transformed into the new
We adopt the known result from Ref. [7] about the elementary . g 4
. one W in U, given by
Darboux matrix

A A1(1—52) 24,8 R 4i5y e 8iL1 6 (16)
r_ | 1+& 1462 1+ 62 1+62
= T o |
— 12_?_1 662 A+ % Proof Substituting 7 and U into the right-hand side of
the second expression of Egs. (9) and using Eq. (16), we have
detT =A% — A2, (11)
the following result
where
0 Py 1i " 8iA 6
§="22 (12) S 2 1462
91 LATOT = s
i1 —A

and ¢ = (¢1,¢,)7 satisfies the Lax pair (5) with A = A;. The +
function 0 satisfies the following Riccati equations A liv‘v )

| 1 = . 2 =0, (17)

: 6D —Ziw —
8y = —5iw =248 — 7iwd?, (13) 1w —4
. . 1.
& = —2iA*w+idw, + ZI(W3 —2wyy) which completes the proof.
N Proposition 2 The matrix V determined by the second
—2 (4)“ - EAW ) 6 expression of Egs. (10) has the same form as V:
|
A3 11'2 A2 +idw Lo — 2w
. 4 — AW 214w +1i wy—Zl(w —2Wyy)
V= 1 ) , (18)
—2iA%W +idwy + Zi(v‘v3 — 24y —4A3 + Elwz

where the original potential w is mapped into the new potential w according to the transformation (16).
Proof Substituting 7" and V into the right-hand side of the second expression of Egs. (10) and using Egs. (21) and (22), we
can get the following result
3 2 1 0 2 1 0
. PA +pi)22 4+ pi A+ plf) PEA+p A+l
(L+TV)T ' = =0, (19)

PR PYA+DY A+ pE A+ p A+ pl)

where
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0 0 3 3
I’§1> = sz) =0, Pgl) = *sz) =4,
. 2
o w1 8idio\" 1,
P = TP = (W‘ 1) “2%

T O T Y ..

1+ 62
ooy A0 (= 1+ 82)(—4iA & + w(1 + 82))
P12 = P2 —1<Wy+ (1+62)2
= iy,
A9 = 9= L 8am25— 16iA7w(1+82)

4(1+82)
+iw (14 8%) —2(32A%6

— 4idywy +iwyy +i8%(4h1wy +wyy)))
1

= i~ 2my). (20)

Thus Q = V. This completes the proof.
With the aid of Egs. (16) and (13), we can also calculate
the first and second derivatives of w with respect to y

A (—1 4 82)(—4iAi & + w(1 + 82))
(1+062)2 ’

401 (—8IAES +48iA1S8° — 8iAl S

Wy = wy 1)

) 1
Wyy = Wy + m(
—2iw?§(1+ &%) + 24 w(1 —98°

—98%+ 8% —wy — 82wy + 8wy +8%y)).  (22)

According to Propositions 1 and 2, the transformation
(16) changes the Lax pair (5) into other Lax pairs (9) and (10)
in the same form. Therefore, both of the Lax pairs lead to the
same mKdV equation (2). The transformation (16) is usually
called a DT of the mKdV equation (2). With the help of DT
(16), the new solutions of the mKdV equation (2) can be gen-
erated from a seed solution.

Remark 1 It is not difficult to see that the transfor-
mation w = —w +4i8,/(1+ 8?) is equivalent to ¥, = —w +
4i8,/(1+ 8?%). Integrating v, = —w +4i6,/(1 + &%) with re-
spect to y once, we have

V= —/wdy+4iarctan(5). (23)

We also note that if w is a solution of the mKdV equation (2),
so is —w. Therefore, we have the following theorem.

Theorem 1 If w is a solution of the mKdV equation (2),
then we have m:

—1
Ww(y,t)

m(x,1) = ; (24)

x=7¥(yt)= —/wdy—|—4iarctan(5) : (25)

which gives a solution of Eq. (1).

4. Solitons

In this section, we will apply Theorem 1 to construct N-
soliton solutions for Eq. (1). As usual, we make a DT starting
from a seed solution of the mKdV equation (2). Substituting
the seed solution w =i (U is a constant) into the Lax pair (5),
we choose their basic solutions as follows:

. cosh;
¢1(J)
¢ = = 2 2 )
: 20, AA; —
¢z(j) 7’ cosh§; — ’ sinh§;
j is an odd number, (26)
and
. sinh&;
¢1(J)
¢ = = 412 2 )
¢z(]) ij sinh&; — ! cosh§;
j is an even number, 27
where

1 1
&= 3\/403 -2 <y-|— 2(8)Lf+u2)t> L@

By applying Theorem 1, we are able to obtain multi-
soliton solutions for Eq. (1).
Case 1 (j = 1) Noticing equation (12), we have

\/AAE —u?
g =M thanhél, (29)

u

where

1 1
&= \/4A7 — w2 (y+ 2(8)le+u2)t) .

—1.6F+

Im(ml)

—10 0 10

Fig. 1. One-soliton solution (30) with 4 =1/2, A; = —3/10, and 7 = 0.

With the aid of Egs. (24), (25), (16), and (29), we obtain
a one-soliton solution of Eq. (1)
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-1 —i
my T = 5
e fflb‘)z et 2(4A% — p?) sech’ i
: 24 4;le - uz
u 1 -+ 7 — tanh 61
. M 4112 - ”2
x=- /wdy +4iarctan(8;) =i [ —py+4arctan tanh & (30)
The graph of this one-bell-shape-soliton solution (30) of Eq. (1) is given in Fig. 1
Case 2 (j =2) According to the Lax pairs (9) and (10), their solution is explicitly given as follows
Y M(1—82) 2218 sinh &
g — 1 _
- 1+687 1487
=T¢ = 1 1
¢ ¢ 2216 M(1-82) \/4A5
- 3 Mt ——m5" — s1nh & — cosh &
1+ 51 1+ 5 u
A — M sinh & + _2M 61 — smh - coshé
T8 1+ 52 m & 2
= % (€29)
_2hd sinh& + [ A —1—7 —smh‘g’ - coshé
1+ 682 P\ e 1 2 2
Noticing Egs. (12) and (31), we have
(— 2h 512) sinh &, + (lz smh e cosh &
1+
5 — . (32)
M(1=82)\ . 24 51 2 V4
<12 - TS% sinh &, + T 52 7 sinh & — cosh &
X = —/wldy+4iarctan(52)
(33)

With the help of Egs. (24), (25), and (16), taking the one-
soliton solution (30) as the new seed solution, we arrive at a

two-soliton solution of Eq. (1)

i(uy —4arctan(0;) 4 4arctan(5,)),

where 8, and &, are given by Egs. (29) and (32), respectively

-1 -1
my — " =
g T 4id,y . 481,y 48, 1\’
Ty 52 1+62 1+67 The two soliton graphs are shown in Fig. 2
|
-1.25f ol (b) 1ok
_ —Ls0} —1.6} ~1.50}
E % £
—hTer T o-usf T st
—2.00 s s -2.0 : . .
- - - = - ~2.00 .
o120 100 20 0 0 10 s = -
€T
=-3/10, % = —1/3 and (a) att = —46, (b) atr =0, (c) att =46

Fig. 2. Two-soliton solution (33) with u = —1/2, 4,
040201-4
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Case 3 (j =3) According to the Lax pairs (9) and (10), their solution can be written as

A,z(l — 822) 2/1252 cosh &3

_ s 1482
o0 =T¢= 2 : 2
2, (-3

1+62 7182

\/7
(13 — )L2(1_6§22)> cosh&s + (— 202 ) Tcosh@ - smh@)
\/7

1+ 1467
sinh 53)

sinh &3

— cosh 3 —
m 3

(34)

20,8, 12(1522)>
_ h 2079 [ £ coshéx —
( 1+622>COS §3+(),3+ T8 m 3 cosh&s

Noticing Egs. (12) and (31), we have

22 Ao(1—82 22 \/4
(— 0 f(g}) cosh&; + <7L3 + 21(_|_5222)> 73 coshé&; — smh 53)
0= (35)
A —712( 5) osh&; + 21282 2—7L3cosh§ -+ - e smhé
3 1 +62 3 1 +522 n 3 3

With the help of Egs. (24), (25), and (16), after taking the tions of Eq. (1) in an explicit form:

two-soliton solution (33) as the seed solution, we arrive at a 1

three-soliton solution of Eq. (1) my = (—1)Vis; J
i (CDVp+ar)l, ”)
. ( 1+6;
e Y -
Wyt 13, x=i (—I)N/Jy+4Z(—I)N*Jarctan(@) , (37D
1467 j=1
= ! where
i —pu+ 401, 4% + 4% )
1482 1+687 1-1—52 22 402 —u
1 1
i 0y = — — ————tanh{;, (38)
X = —/wzdy+41arctan(63) u u
2
= i(—uy+4arctan(d; ) — 4arctan(5,) 22165 1¢1 <7L A 11 6/'1) ¢2(j)
1+ 67 1+ 67
+4arctan(63)), (36) 8 = +oj . +95 ’
/l “Aig 5 ) _ 24j-16;- 1¢
a 1+62 ! 1+682 72
where .51, &, and &3 are given by Egs. (29), (3.2), E.md (39), J—234. N (39)
respectively. The three-soliton graphs are shown in Fig. 3.
Case N (j=N) In general, we can get N-soliton solu-  where ¢1(f ) and ¢2(j ) are given by Egs. (26) and (27).
(a) —1.4F (b) ()
71'6 -
~ —1.6}
g 3 ~
E £ £
=18t = g
—1.8} =
B T T - T T 0% —20 0 20 ' 100 125 150 175

x T T

Fig. 3. A three-soliton solution (36) with u = —1/2, A} = —=3/10, A, = —1/3, A3 = —4/10 and (a) at t = —46, (b) at t = 0, (c) at
t =46.
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So, with the help of the DT (16), we are able to generate
multi-soliton solutions of Eq. (1) through an iteration proce-
dure starting from a seed solution.

5. Conclusions

In this paper, we successfully solve Eq. (1) studied by
Qiaol!l through the DT (16) of the mKdV equation (2) and
transformations (3) and (4). By means of that DT, we derived
multiple smooth soliton solutions of Eq. (1) via the transfor-
mation between Eq. (1) and the mKdV equation. The inter-
actions of multiple smooth soliton solutions are graphically
figured out (see Figs. 1-3). Similarly to the approach to con-
structing soliton solutions of Eq. (1), if the different solutions
of the Lax pair (5) are chosen, we can find the periodic wave
solution and rational solution of Eq. (1).

(i) Choosing the basic solutions of the Lax pair (5)

4 cos
¢1<J)
(P = = 2 2 )
; N VU2 —4As
¢2(J) —]cost—i—i]sian
u u
J is an odd number,
and
4 sin{;
¢1<J)
(P = = 2 2 )
: 2 A U= 407
¢2(J) —]siné’j—ijcosé’j
u H
J is an even number,
where

1 1
L 2432 Liea2 2 o
g 3 u 4kj(y+2(87Lj+u)t), w=iu,

we can get periodic wave solutions of Eq. (1).
(i) Substituting the solution of the Lax pair (5)

wi 3wl
¢1(1) c1+ ?(cl +c)x— T(CI +e)t

1 . 3 3.
¢2( ) Cz—W?l(C]—FCz)X—F%I(C]—FCz)I

and Eq. (12) into Eq. (16), and using Theorem 1, we can obtain
a rational solution, which is reduced to the rational solution in
Ref. [S]ifci =, =1/4,w = —a.

The question of how to construct the cuspon, the inter-
action of two single peaked solitons, two W-shape-peaks soli-
tons, two M-shape-peaks solitons, one W-shape-peak and one
M-shape-peak solitons, and one single peaked and the other
M/W solitons by the Darboux transformation method or the
Hirota bilinear method or others is an interesting and signifi-
cant topic, and these problems are still under investigation.
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