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The quantum nonthermal radiation and horizon surface gravity of an
arbitrarily accelerating black hole with electric charge

and magnetic charge∗

Xie Zhi-Kun(谢志堃), Pan Wei-Zhen(潘伟珍)†, and Yang Xue-Jun(杨学军)

Department of Physics and Electronic Information, Shaoxing University, Shaoxing 312000, China

(Received 31 May 2012; revised manuscript received 17 August 2012)

Using a new tortoise coordinate transformation, we discuss the quantum nonthermal radiation characteristics near an
event horizon by studying the Hamilton–Jacobi equation of a scalar particle in curved space–time, and obtain the event
horizon surface gravity and the Hawking temperature on that event horizon. The results show that there is a crossing of
particle energy near the event horizon. We derive the maximum overlap of the positive and negative energy levels. It is
also found that the Hawking temperature of a black hole depends not only on the time, but also on the angle. There is a
problem of dimension in the usual tortoise coordinate, so the present results obtained by using a correct-dimension new
tortoise coordinate transformation may be more reasonable.
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1. Introduction
Black holes are extensively studied in physics and astron-

omy. In 1974, Hawking discovered that black holes have ther-
mal properties and can emit thermal radiation.[1,2] Since then,
four laws of black hole thermodynamics have been success-
fully established. Black hole thermodynamics is a cross dis-
cipline theory based on quantum mechanics, statistic physics,
general relativity, and so forth. In the past few decades, the
thermodynamic properties of black holes have attracted in-
creasing interest, and a considerable amount of work related
to the thermal radiation of black holes has been done.[3–17]

Starobinsky and Unruh have demonstrated that for a rotating
black hole or a charged black hole, not only is there thermal
radiation, but also nonthermal radiation.[18,19] In recent years,
the study of the nonthermal radiation of black holes has also
achieved a great deal of progress.[20–23]

In this paper, the quantum nonthermal radiation charac-
teristics of a black hole near the event horizon are discussed
based on the Hamilton–Jacobi equation. By using an improved
tortoise coordinate transformation, the event horizon surface
gravity and the Hawking temperature of the black hole are ob-
tained as well.

This paper is organized as follows. In Section 2, we give
the line element of an arbitrarily accelerating black hole with
electric charge and magnetic charge, and the surface equation
of the horizon. In Section 3, the quantum nonthermal radiation
of the black hole is calculated by using the improved tortoise
coordinate transformation. In Section 4, the event horizon sur-

face gravity and the Hawking temperature of the black hole
are derived. The last section is devoted to a summary of the
conclusions.

2. An arbitrarily accelerating black hole with
electric charge and magnetic charge
The line element of an arbitrarily accelerating black hole

with electric charge and magnetic charge can be expressed
in the advanced Eddington–Finkelstein time coordinate as
(adopting signature (–, +, +, +))[24]

ds2 = g00 dυ
2 +2g01 dυ dr+2g02 dυ dθ

+2g03 dυ dϕ +g22 dθ
2 +g33 dϕ

2, (1)

where

g00 = −
[

1− 2m
r

+
E2 +Q2

r2 −2ar cosθ

−
4a
(
E2 +Q2

)
cosθ

r

−r2( f 2 +h2 sin2
θ)− 1

3
λ r2
]
,

g01 = 1, g02 = r2 f , g03 = r2hsin2
θ ,

g22 = r2, g33 = r2 sin2
θ ,

f = −asinθ +bsinϕ + ccosϕ,

h = cotθ (bcosϕ− csinϕ) .

Parameters m = m(υ), E = E(υ), Q = Q(υ), a = a(υ), b =

b(υ), and c = c(υ) are functions of the advanced Eddington–
Finkelstein time coordinate υ . Here m is the mass of the black
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hole, E and Q are the electric charge and the magnetic charge
of the black hole, a is the magnitude of acceleration, b and c
refer to the change rates of the acceleration’s direction.

The metric determinant is

g =−r4 sin2
θ , (2)

and the non-zero contravariant components of the metric are

g10 = g01 = 1,

g11 = 1− 2m
r

+
E2 +Q2

r2

−2ar cosθ −
4a
(
E2 +Q2

)
cosθ

r
− 1

3
λ r2,

g12 = g21 =− f , g13 = g31 =−h,

g22 =
1
r2 , g33 =

1
r2 sin2

θ
. (3)

Now let us find the horizon equation of the space–time repre-
sented by Eq. (1). The surface equation of the event horizon
can be written as

F(υ ,r,θ ,ϕ) = 0 or rH = rH(υ ,θ ,ϕ), (4)

which should satisfy the null surface condition

gµν ∂F
∂xµ

∂F
∂xν

= 0. (5)

Substituting Eq. (3) into Eq. (5), we can obtain

2
∂F
∂υ

∂F
∂ r

+2(− f )
∂F
∂ r

∂F
∂θ

+2(−h)
∂F
∂ r

∂F
∂ϕ

+
1
r2

(
∂F
∂θ

)2

+
1

r2 sin2
θ

(
∂F
∂ϕ

)2

+

(
1− 2m

r
+

E2 +Q2

r2 −2ar cosθ

−
4a
(
E2 +Q2

)
cosθ

r
− 1

3
λ r2
)(

∂F
∂ r

)2

= 0. (6)

From Eq. (4), we can get

∂F
∂ r

∂ r
∂θ

+
∂F
∂θ

= 0,
∂F
∂ r

∂ r
∂ϕ

+
∂F
∂ϕ

= 0,

∂F
∂ r

∂ r
∂υ

+
∂F
∂υ

= 0. (7)

Substituting Eq. (7) into Eq. (6), we have

1− 2m
rH

+
E2 +Q2

r2
H

−2arH cosθ0−
4a
(
E2 +Q2

)
cosθ0

rH

− 1
3

λ r2
H−2ṙH +2 fHr′H +2hHr′Hϕ

+
r′2H
r2

H
+

r′2Hϕ

r2
H sin2

θ0
= 0, (8)

where

ṙH =
∂ rH

∂υ
, r′H =

∂ rH

∂θ
, r′Hϕ =

∂ rH

∂ϕ
. (9)

Surface rH that satisfies Eq. (8) is the event horizon of the ar-
bitrarily accelerating black hole with electric charge and mag-
netic charge.

3. The quantum nonthermal radiation of the
black hole

The motion of a scalar particle with mass µ , electric
charge e, and magnetic charge q in curved space–time obeys
the Hamilton–Jacobi equation

gµν

(
∂S
∂xµ
− eAµ −qBµ

)(
∂S
∂xν
− eAν −qBν

)
−µ

2 = 0, (10)

where S is the Hamilton master function, and Aµ and Bµ are
the four-dimensional electromagnetic potentials.

Substituting Eq. (3) into Eq. (10), we can obtain

2g10
[

∂S
∂υ

∂S
∂ r
− (eA1 +qB1)

∂S
∂υ
− (eA0 +qB0)

∂S
∂ r

+ (eA0 +qB0)(eA1 +qB1)

]
+2g12

[
∂S
∂ r

∂S
∂θ
− (eA2 +qB2)

∂S
∂ r
− (eA1 +qB1)

∂S
∂θ

+ (eA1 +qB1)(eA2 +qB2)

]
+2g13

[
∂S
∂ r

∂S
∂ϕ
− (eA3 +qB3)

∂S
∂ r
− (eA1 +qB1)

∂S
∂ϕ

+ (eA1 +qB1)(eA3 +qB3)

]
+g11

[(
∂S
∂ r

)2

−2(eA1 +qB1)
∂S
∂ r

+(eA1 +qB1)
2

]

+g22

[(
∂S
∂θ

)2

−2(eA2 +qB2)
∂S
∂θ

+(eA2 +qB2)
2

]

+g33

[(
∂S
∂ϕ

)2

−2(eA3 +qB3)
∂S
∂ϕ

+(eA3 +qB3)
2

]
−µ

2 = 0. (11)

A new tortoise coordinate can be written as[25]

r∗ = r+
1

2κ (υ0,θ0,ϕ0)
ln
[

r− rH (υ ,θ ,ϕ)

rH (υ ,θ ,ϕ)

]
,

υ∗ = υ−υ0, θ∗ = θ −θ0, ϕ∗ = ϕ−ϕ0, (12)

where κ is an adjustable parameter, and κ , υ0, θ0, and ϕ0 are
all constants under the tortoise coordinate transformation.

Through the tortoise coordinate transformation of
Eq. (12), Eq. (11) can be rewritten as

A′

2κr2
H (r− rH)

(
∂S
∂ r∗

)2

+
B′

rH

∂S
∂ r∗

+2κ (r− rH)C′ = 0, (13)

where

A′ = g11r2
H [1+2κ (r− rH)]

2 +g22r2r′2H +g33r2r′2Hϕ

−2rrH [1+2κ (r− rH)]
(
g10ṙH +g12r′H +g13r′Hϕ

)
,
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B′ = 2r[(eA1 +qB1)(g10ṙH +g12r′H +g13r′Hϕ)

+g22 (−l + eA2 +qB2)r′H +g33 (− j+ eA3 +qB3)r′Hϕ ]

−2 [1+2κ (r− rH)] [g10rH (ω + eA0 +qB0)

+g11rH (eA1 +qB1)+g12rH (−l + eA2 +qB2)

+g13rH (− j+ eA3 +qB3)],

C′ = 2g10 (eA1 +qB1)(ω + eA0 +qB0)

+2g12 (eA1 +qB1)(−l + eA2 +qB2)

+2g13 (eA1 +qB1)(− j+ eA3 +qB3)

+g11 (eA1 +qB1)
2 +g22 (−l + eA2 +qB2)

2

+g33 (− j+ eA3 +qB3)
2−µ

2,

ω = − ∂S
∂υ∗

, l =
∂S
∂θ∗

, j =
∂S

∂ϕ∗
,

where ω is the energy of the particle, l and j are the angular
momenta of the particle.

The solution of Eq. (13) is

∂S
∂ r∗

=
κrH (r− rH)

A′
(−B′±

√
B′2−4A′C′). (14)

Because S and ∂S/∂ r∗ are real numbers, the energy ω of the

particle in the curve space–time described by Eq. (1) satisfies

4(g10)2r2
H [1+2κ (r− rH)]

2
ω

2

−{4B′1g10rH [1+2κ (r− rH)]

+8g10A′ (eA1 +qB1)}ω +B′21 −4A′C′1 ≥ 0, (15)

where B′1 = B′ + 2g10ωrH [1+2κ (r− rH)] , and C′1 = C′ −
2g10 (eA1 +qB1)ω . Then we have

ω
± = (B′1rH [1+2κ (r− rH)]+2A′ (eA1 +qB1)

±2{B′1rHA′ (eA1 +qB1) [1+2κ (r− rH)]

+A′2 (eA1 +qB1)
2 + r2

HA′C′1 [1+2κ (r− rH)]
2}1/2)

×{2g10r2
H [1+2κ (r− rH)]

2}−1, (16)

{
ω ≥ ω+,

ω ≤ ω−.
(17)

The particle is in the positive energy state when ω ≥ ω+,
in the negative state when ω ≤ ω−, while ω− ≤ ω ≤ ω+ is
the energy restricted zone. The width of the forbidden region
is

∆ω = ω
+−ω

− =
2
√

B′1rHA′ (eA1 +qB1) [1+2κ (r− rH)]+A′2 (eA1 +qB1)
2 + r2

HA′C′1 [1+2κ (r− rH)]
2

g10r2
H [1+2κ (r− rH)]

2 . (18)

Equations (16) and (17) both describe the distribution charac-
teristics of the particle energy levels in the curve space–time
described by Eq. (1).

When the radius r→ ∞, the space–time starts to become
flat one and the electromagnetic field can be neglected, from
Eq. (16), we can obtain

lim
r→∞

ω
±→±µ. (19)

This shows that the particle energy spectrum is just the Dirac
energy spectrum in the Minkowski space–time when r→ ∞.

When the radius r → rH near the event horizon, from
Eqs. (16) and (8), we can obtain

lim
r→rH,υ→υ0,θ→θ0,ϕ→ϕ0

ω
+ = lim

r→rH,υ→υ0,θ→θ0,ϕ→ϕ0
ω
−

= ω0 =
B′1

2g10rH

∣∣∣∣
r→rH

,

lim
r→rH,υ→υ0,θ→θ0,ϕ→ϕ0

∆ω = 0. (20)

This shows that the energy width of the forbidden region of a
particle is ∆ω = 0 on the event horizon. When µ < ω0 near
the event horizon, both the positive and the negative energy
levels will show a cross phenomenon. The energy of some
negative energy particles can be larger than µ , and also larger
than the energy of nearby positive energy levels. When the en-
ergy satisfies µ <ω ≤ω0, a negative energy particle can travel
across the forbidden region because of the quantum tunneling
effect and becomes a positive energy particle that can move
out. This is a spontaneous radiation not related to the temper-
ature, which can be called the Starobinsky–Unruh process.[9]

4. Event horizon surface gravity and the Hawk-
ing temperature of the black hole
In Eq. (13), the coefficient of (∂S/∂ r∗)2 is 0/0 type as

r→ rH, therefore we can calculate the limit of the coefficient
using the l’Hôpital law. When we select the adjustable param-
eter κ as

κ =

2m
r2

H
− r′2H

2r3
H
−

r′2Hϕ

2r3
H sin2

θ0
− 1

2rH
−

3
(
E2 +Q2

)
2r3

H
+

8a
(
E2 +Q2

)
cosθ0

2r2
H

− 1
6

λ rH

2rH

(
acosθ0 +

m
r2

H
+

r′2H
2r3

H
+

r′2Hϕ

2r3
H sin2

θ0
− E2 +Q2

2r3
H

+
2a
(
E2 +Q2

)
cosθ0

r2
H

+
1
6

λ rH

) , (21)
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then we have lim
r→rH

A′

2κr2
H (r− rH)

= 1. The κ is just the event

horizon surface gravity, and is identical to the κ obtained
by taking the limitation of the coefficient of ∂ 2Φ/∂ r2

∗ in the
Klein–Gordon equation under the same tortoise coordinate

transformation. So the value of κ can be obtained in differ-

ent ways.

In addition, from the relation T = κ/2πκB, we can get the

Hawking temperature of the black hole on the event horizon

T =
κ

2πκB
=

1
2πκB

2m
r2

H
− r′2H

2r3
H
−

r′2Hϕ

2r3
H sin2

θ0
− 1

2rH
−

3
(
E2 +Q2

)
2r3

H
+

8a
(
E2 +Q2

)
cosθ0

2r2
H

− 1
6

λ rH

2rH

[
acosθ0 +

m
r2

H
+

r′2H
2r3

H
+

r′2Hϕ

2r3
H sin2

θ0
− E2 +Q2

2r3
H

+
2a
(
E2 +Q2

)
cosθ0

r2
H

+
1
6

λ rH

] . (22)

We can see that the Hawking temperature of the arbitrarily ac-
celerating black hole with electric charge and magnetic charge
depends on not only the time, but also the angle.

5. Conclusions
Using a correct-dimension new tortoise coordinate trans-

formation, we have studied the Hamilton–Jacobi equation of
scalar particles, and obtained the quantum nonthermal radi-
ation of an arbitrarily accelerating black hole with electric
charge and magnetic charge. The energy condition for the oc-
currence of the Starobinsky–Unruh process has been obtained,
and the event horizon surface gravity and the Hawking temper-
ature on the event horizon have also been given. Studying the
thermal and nonthermal radiations of the dynamic black hole
has contributed to the generalization of the thermodynamic
rule of black holes from static and stationary black holes to
dynamic ones. Currently, researchers usually discuss simple
dynamic black holes, such as the Vaidya black hole, and re-
search into more complex dynamic black holes is required.
The conclusions are summarized as follows.

1) The nonthermal radiation of a black hole has noth-
ing to do with its temperature, it is a quantum effect, and it
would cost the rotational and the electromagnetic energies of
the black hole. There exists a crossing of the particle’s energy
level when µ < ω0 near the event horizon. For some negative
energy particles, their energy can be larger than the energy of
the nearby positive energy levels, then these negative energy
particles can travel across the forbidden region because of the
quantum tunneling effect and become positive energy parti-
cles that can move out. The particle radiation probability in
the Starobinsky–Unruh process is related to ω0 and ω+−ω−

near the event horizon. From Eqs. (18) and (20), we know that
the nonthermal radiation probability not only depends on the
mass, electric charge, magnetic charge, and acceleration of the
black hole, but also is related to the variations of the event hori-
zon and the four-dimensional electromagnetic potential. The
nonthermal radiation will not stop until the rotation angular

momentum, electric charge, and magnetic charge are all zero.
2) The event horizon surface gravity κ has been obtained

by analyzing the coefficient of (∂S/∂ r∗)2 in the Hamilton–
Jacobi equation with r → rH, and the Hawking temperature
has been given, which are identical to the results obtained by
the Klein–Gordon equation. The event horizon surface gravity
κ and the Hawking temperature are connected with the time
and position on the event horizon, which is a characteristic
of dynamic and non-spherically symmetric black holes. The
Hawking radiation of a black hole is different from its non-
thermal radiation; it reflects the thermal properties of the black
hole. The discovery of Hawking radiation shows that the black
hole has thermodynamic properties, and the laws of black hole
thermodynamics may be built in its true sense. The Hawking
temperature of a stationary black hole is a constant, and the
Hawking radiation spectrum is a black body spectrum. How-
ever, the Hawking temperature of a dynamical black hole is
not a constant, and the Hawking radiation spectrum with only
a spectrum of black body form is not the black body spectrum
indeed.

3) There is a problem of dimension in the past tortoise
coordinate transformation, we can obtain a more reasonable
result by using the improved correct dimension new tortoise
coordinate transformation of Eq. (12).
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