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New initial condition of the new agegraphic dark energy model”
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The initial condition Qge(zini) = n>(1 + zini) ~2/4 at zp; = 2000, widely used to solve the differential equation of
the density of the new agegraphic dark energy (NADE) Qg4., makes the NADE model a single-parameter dark-energy
cosmological model. However, we find that this initial condition is only applicable in a flat universe with only dark
energy and pressureless matter. In fact, in order to obtain more information from current observational data, such as the
cosmic microwave background (CMB) and the baryon acoustic oscillations (BAO), we need to consider the contribution
of radiation. For this situation, the initial condition mentioned above becomes invalid. To overcome this shortcoming, we
investigate the evolutions of dark energy in matter-dominated and radiation-dominated epochs, and obtain a new initial
condition Qqe(zini) = n*(1+zini) ~2(1 + /F (zini))? /4 at zinj = 2000, where F(z) = 20(1+2)/[2mo + 2r0(1 +2)] with
Q9 and Q2 being the current density parameters of radiation and pressureless matter, respectively. This revised initial
condition is applicable for the differential equation of £24. obtained in the standard Friedmann—Robertson—Walker (FRW)
universe with dark energy, pressureless matter, radiation, and even spatial curvature, and can still keep the NADE model as
a single-parameter model. With the revised initial condition and the observational data of type la supernova (SNla), CMB,
and BAO, we finally constrain the NADE model. The results show that the single free parameter n of the NADE model can
be constrained tightly.
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1. Introduction

The accelerated expansion of the current universe, first
observed in 1998,[:?! implies that our universe is being dom-
inated by an exotic component with negative pressure dubbed
dark energy. To understand its nature, we should first ascertain
its dynamic evolution. For many dark energy models, it is be-
lieved that the models are favored by observations if they can
fit the data well with fewer free parameters, since the fewer
parameters may be constrained tightly. To our knowledge,
in dark-energy cosmology, there exist three rare dark energy
models, namely, the Lambda cold dark matter (ACDM),3-]
the Dvali-Gabadadze—Porrati (DGP) braneworld,[®” and the
new agegraphic dark energy (NADE)!®! models, which contain
only one free model parameter. Among those three models,
the NADE model is a special one, because unlike the other two
models whose single-parameter feature is obvious, the NADE
model is based on its special analytic feature in the matter-
dominated epoch.®! To see it clearly, we first briefly review
the NADE model.

The dark energy density pge in the NADE model, con-
structed in light of the Kérolyhazy relation!!%-'?! and the cor-
responding energy fluctuation of space—time, has the form!®!
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where n is a numerical parameter, and Mp; is the reduced
Planck mass. The 7 is the conformal age of the universe
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where a is the scale factor of the universe, and H = d/a is
the Hubble parameter. Here the overdot denotes the derivative
with respect to the cosmic time 7. In a flat universe containing
dark energy and pressureless matter, the Friedmann equation
can be written as Q4. + 2, = 1, where 4. and Q,,, are defined
as the ratios of the densities of dark energy pq. and matter py,
to the critical density peit = 3M§IH 2, respectively. From the
Friedmann equation, Egs. (1) and (2), and the energy conser-
vation equation P, +3Hpn = 0, we can derive a differential
equation of Qe (z)®!

dQge Qe 2(1+2)
=— 1-Q 3———24/Q 3
dz 1+Z( de) n de | » ( )

where z = a~! — 1 is the redshift. Furthermore, combin-
ing Egs. (1) and (2) with the energy conservation equation
Pae +3H (1 +w)pge. = 0, we can easily find that the equation-
of-state parameter (EOS) of the NADE is given by!®!

w=—14+— 4)
3n a

At the first glance, one might consider that the NADE
model is a two-parameter model, since besides parameter n
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the model has another free parameter 2,0 coming from the
natural initial condition Q4.0 = 1 — Qo in solving Eq. (3)
(note that the subscript 0 denotes the present value of the cor-
responding quantity hereafter). However, as shown in Ref. [9],
the NADE model is actually a single-parameter model in prac-
tice thanks to its special analytic feature Q4. = n’a?/4 in the
matter-dominated epoch. To obtain this relation, we can con-
sider the matter-dominated epoch, in which H? o p, o< a=3.
From Egs. (1) and (2), we obtain pge o< a~!. Then, from the en-
ergy conservation equation pPge + 3H (1 4+ w)pge = 0, we have
w = —2/3. Comparing w = —2/3 with Eq. (4), we find that
Qyo = n?a* /4 = n*(1+z)2 /4. Note that this relation is also
one of the analytic solutions of

d.Qde _Qde 2(1 +Z)
= 3— VO 5
dZ 1 Tz n de | » ( )

which is the reduced form of Eq. (3), since 1 — Q4. ~ 1 in

the matter-dominated epoch. Thus, once the value of n is
given, Eq. (3) can be numerically solved by using Qg (zini) =
n?(1 + zinj) "2/4 at any zi,; deep into the matter-dominated
epoch (zjnj = 2000 is chosen in Ref. [9]).

By using the initial condition Qqe (zini) = 72 (14 zinj) 2 /4
at zji = 2000 and the observational data, Wei and Cail”! firstly
constrained the single-parameter NADE model. After their
work, this initial condition was widely used in the literature,
e.g., Refs. [13]-[24]. All results showed that the only free pa-
rameter n could be constrained tightly and the NADE model
could fit the observational data well.

However, the fly in the ointment is that the initial con-
dition Qe (zini) = n*(1 + zini) ~2/4 at Zini = 2000 is obtained
by considering a flat universe containing only dark energy
and pressureless matter. So, a natural question we may ask
is whether this initial condition is applicable when we con-
sider the contribution from the radiation. Before we answer
this question, let us first see why we need this discussion.

We all know that the cosmic microwave background
(CMB) and large-scale structure (LSS) observations play an
essential role in testing the cosmological model and constrain-
ing its basic parameters. Generally, we might need to use
the full data of the CMB (CMB temperature and polarization
power spectra) and LSS (matter power spectrum) to perform
a global fitting. However, such a fitting consumes a large
amount of time and power. As an alternative, two methods
are widely utilized: (i) using the shift parameter R from the
CMB!>>2%] and the distance parameter A of the baryon acous-
tic oscillation (BAO) measurement,’*”! (ii) employing the dis-
tance prior including R, /5, and z, from the CMB28] and
rs(za)/Dv(z) from the BAO measurement of the Sloan Dig-
ital Sky Survey (SDSS).*’! Here r,(z) is the comoving sound
horizon whose fitting formula is given by

da

B 1 1/(1+4z) 6
)= ﬁ/o aH(a)\/1+ (320/42y0)a’ ©

rs(z

where the present photon density parameter is £2,9 = 2.469 X
1073172 (for Temp = 2.725 K) with 4 the Hubble constant in
units of 100 km-s~!-Mpc~!, and Qy is the present baryon
density parameter. For the other quantities mentioned in
method (ii), we will illustrate them in detail in Section 3.
There is no doubt that method (ii) encodes more information
of the CMB and the LSS data. Note that the distance prior
(R, Ia, z+), as shown in Ref. [28], is applicable only when
the model in question is based on the standard Friedmann—
Robertson—Walker (FRW) universe with pressureless matter,
radiation, dark energy, and the spatial curvature. Since the in-
tegral in Eq. (6) involves an early radiation-dominated epoch,
we need to consider the contribution of radiation when utiliz-
ing r¢(zq)/Dv(z) of the BAO measurement. To sum up, in
order to use method (ii), we need to consider the contribution
of radiation besides the pressureless matter and dark energy.

In the following, we will show that the initial condi-
tion Qe (zini) = n*(1 + zin) "2/4 at zin; = 2000 needs to be
amended to accommodate method (ii) when using the CMB
and the BAO data. Then, with the revised initial condition and
the current observational data including type Ia supernovae
(SNIa), CMB and BAO, we will constrain the NADE model
in a flat universe with dark energy, matter, and radiation.

2. New initial condition

In a flat universe with dark energy, matter, and radiation,
the Friedmann equation reads

Qe+ Qn+ 2 =1, (N

where €, is the ratio of the energy density of radiation p; to
the critical density p.¢. Using Eqgs. (1), (2), and (7), and com-
bining the energy conservation equations P, +3Hpy = 0 and
pr+4Hp, = 0, we can easily derive the differential equation
of Q4.(2)

dQ o) 2(1
te _ e g0l re- 201 al] @
dz 14z n
Qr0(1+Z)
h F =
vhere F(3) = & On(147)

To solve Eq. (8), of course, we may use the initial con-
dition Q40 = 1 — Qo — 2,0. However, such a treatment will
add an extra parameter 2,0 to the NADE model as mentioned
above (note that one usually fixes 2y = Q,0(1 4+ 0.2271Neg),
and the standard value 3.04 of the effective number of neu-
trino species Nyt is required?®!). Moreover, it has been shown
in Ref. [24] that such a two-parameter NADE model cannot
be constrained well by the observational data (e.g., 137.702 <
n < 337.974 at the 1o level). On the other hand, if we ex-
pect that Qe (zini) = 72 (1 + zini) ~2/4 at zjy; = 2000 is able to
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be used as the initial condition in solving Eq. (8), we must
require it at least to satisfy the equation

oo - 2 lsrn- 0], o
which is the reduced form of Eq. (8). Here 1 — Q4. ~ 1
in the matter-dominated epoch is used. Comparing Eq. (9)
with Eq. (5), we can find that the above condition depends
on F(z) < 1 in the matter-dominated epoch, since Q4. =
n?(1+z)72/4 satisfies Eq. (5) accurately. However, from
the definition F(z) = Q2ro(1 +2)/[Qmo + 20(1 +z)], it may
have a visible value because of z >> 1 in the matter-dominated
epoch, even though Q0 < Qno. In fact, we can check
that F(2000) = 0.3850 if we choose Q2,0 = 0.133442 ac-
cording to the recent Wilkinson Microwave Anisotropy Probe
(WMAP) observations.”8) Thus the existence of the non-
ignorable F(z) indicates that we need to find a new initial con-
dition to solve Eq. (8).

Fortunately, it is not that hard to obtain a new initial con-
dition applicable for Eq. (8). Let us consider an epoch when
the density of dark energy can be ignored; but we do not need
to strictly distinguish the matter-dominated or the radiation-
dominated epoch; then we have H 2 < Qumoa >+ Qa=*. From
the definition of the conformal age of the universe, we have

1 o< /Qmoa + 20 — v/ 0. Then, from Eq. (1), we can obtain

pic = (v moa + 20— V) | (10)

Combining Eq. (10) with the energy conservation equation
Pde +3H(1+w)pge = 0, we can obtain the EOS of dark energy
at this epoch

0y

2+1
w=—= A T -
.Qm()(l—F.Qr()

313 an

Then, comparing Eq. (11) with Eq. (4), we can easily obtain

2 -2

Qde:%(l—F\/F(Z))z. (12)
Furthermore, we can also check that Eq. (12) is an analytic so-
lution of Eq. (9). As the evolution of €24, satisfies Eq. (12) both
in the matter-dominated and the radiation-dominated epoches,
we can use Eq. (8) at any zj,; in these two epoches as the initial
condition to solve Eq. (8) numerically. In our work, we follow
Ref. [9] and still choose zjp; = 2000. Then, a new initial condi-
tion Qe (Zini) = n2(1 + Zini)_z(1 tv F(Zini))2/4 at zip; = 2000
is available for the NADE model in a flat universe with dark
energy, pressureless matter, and radiation. In fact, this new ini-
tial condition is also valid in a non-flat universe, since the spa-
tial curvature £2; is much smaller than Q,, or ; at z = 2000.
It is interesting to make a comparison between the new ini-
tial condition and the old one Qg (zini) = n*(1 + zini) ~2/4 at
zini = 2000. Obviously, their difference comes from the term

(1+/F(zini))*> whose value is 2.626 at zi,; = 2000, which
means that the density of dark energy at z = 2000 given by the
new initial condition is about 2.6 times larger than that given
by the original initial condition.

Up to now, we have discussed the new initial condition
theoretically. Next we test the new initial condition by using
the observational data to constrain the NADE model with the
new initial condition. To achieve this, we will use the Markov
chain Monte—Carlo (MCMC) method. However, before do-
ing this, we still need to overcome a technical difficulty. It
is well known that we need to give initial free parameters
to launch the MCMC. For our work, as our purpose of find-
ing the new initial condition is to keep the single-parameter
feature of the NADE model, we only give an initial value
of the single free parameter n. Here, the difficulty is how
to numerically solve Eq. (8) using the new initial condition
Que(zini) = 1> (1 +zini) 2(1+ /F (zini) )? /4 at zin; = 2000, as
we only know the initial value of n but have no idea about 2,9
(the value of Q, is fixed as mentioned above). Note that both
Eq. (8) and the new initial condition explicitly contain param-
eter Q0.

For this problem, actually we have many methods. Here,
we introduce two methods. The first one is treating the non-
independent parameter Q2,0 as a variable. Thus, Eq. (8) be-
comes a partial differential equation

dInQqe _ ge — 1 |:3+Q Qr0(1+2)

0z 1+z mo + 20(1 +2)
-2 . (13)

where Qe = Q4e(z, Qmo) is a function of two variables z
and Qpo. Thus, giving a value of n and a range of Qy,, we
can numerically solve the partial differential Eq. (13) by using
the new initial condition Qe (Zini, 2mo) = 72(1 4 zini) "2(1 +
VF (Zini» Qmo))?/4 at zin; = 2000. Then, with the result of
Q4e(z, 2mo), we can obtain the value of Q0 by numerically
finding the root of the equation Q4. (0, 2mo) = 1 — Qo — Cro.
Substituting Qo back into Qge(z, Cmo), we can obtain the
evolution of Qg.(z).

We can also use a numerical iterative method, namely,
generating a sequence {.Qr%} by using the iterative formula
.Qr(rfgl) =1- Qde(0)|9r(n,(>) — Q. Here, .Qde(z)\Q(% is the nu-
merical solution of Eq. (8) with Q0 = .Qg()).

O]

(I+1)
'm0 'm0
from the iterative formula. We can choose the initial value

Thus, for the

current value of Q a new value Q can be obtained

-ng]oo) = 0.27 and set a termination condition for the iteration,
such as .Qr(rfg b_ erf())‘ < € with € a small quantity. Our prac-
tice shows that the convergence speed is very fast, and gener-
ally, the number of the iterations is less than 5 for € = 107°.
Using the two methods mentioned above, we find the evo-
lution of Q4.(z) for a given value of the single free parameter
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n. Then, the dimensionless Hubble expansion rate is given by

_ [ Qmo(1+2) + Q(1+2)* 1/2
FO=", = [~ 0a(2) -9

3. Observational data and results

In this section, we constrain the NADE model with the
new initial condition by using the data from Union2 SNIa (557
data)®”! and CMB observations from the 7-year WMAP!?8]
and BAO from SDSS DR7.1"!

The data of the 557 Union2 SNIa are compiled in
Ref. [29]. The theoretical distance modulus is defined as

Han(zi) = Slogyo Do (z:) + Mo, (15)

where o = 42.38 — 5logq /., and the Hubble-free luminosity
distance is

D=0+ [ 5 (16)
z)=(1+z — v
- 0 E(Z.0)
with @ denoting the model parameters. Correspondingly, the

x? function for the 557 Union2 SNIa data is given by

557 N 12
N0 =Y, [“""S(ZQZ(;‘;*‘(Z’) - (17)

i=1

where o is the corresponding 10 error of the distance modulus
for each supernova. The parameter Ll is a nuisance parameter,
and we can expand Eq. (17) as

x3n(0) = A(0) —2110B(6) + 13 C, (18)

where A(6), B(0), and C are defined in Refs. [31]- [33]. Evi-
dently, Eq. (18) has a minimum for yy = B/C at

B(0)®

Hn(6) =A(0) - =

19)

Since x3x min = Z3N, min- iStead of minimizing gy, we will
minimize )ZgN, which is independent of the nuisance parameter
Uo.

For the observational data of CMB and BAO, we have
mentioned in Section 1 that two simple but efficient methods
are often used instead of using all data to perform a global fit-
ting. Method (ii) using distance prior (R, A, z.) from the CMB
and rs(z4)/Dv(z) at z = 0.2 and 0.35 from the BAO contains
more information of CMB and BAO observations but requires
considering the contribution from the radiation. Since our new
initial condition is mainly designed for this requirement, we
will adopt method (ii) in this work.

The WMAP distance has been given by the 7-year
WMAP observations.”®! This includes the acoustic scale /4,
the shift parameter R, and the redshift of the decoupling epoch

of photons z,. The acoustic scale [5 describes the distance
ratio Da (zs)/rs(z«) and is defined as
DA (z4)

re(ze)

where the factor (14 z,) arises because Da(z.) is the proper

Ia=(14z) (20)

angular diameter distance, whereas rs(z.) is the comoving
sound horizon at z, and its fitting formula is given by Eq. (6).
We fix Q0 = 0.02246h~2, which is given by the 7-year
WMAP observations.[”8] We use the fitting function for z, pro-

posed by Hu and Sugiyamal®*!

2 = 1048[140.00124(2yoh*) 073
x [1+g1(Qmoh®)%2], @1

where

0.0783(2yoh?) 028
T 1+ 39.5(Qboh2)0'763 ’
_ 0.560
1211 (Qpoh2) 181

81

g2 (22)

The shift parameter R is responsible for the distance ratio
Da(z+)/H ™" (z«) and is given by!®!

R(z) =1/ QumoHZ (1 +2:)Da(z+). (23)

Following Ref. [28], we follow the prescription for using the
WMAP distance prior. Thus, the > function for the CMB
data is

xevs = (" —x9°) (Capgp )i (11 — x5™), (24)

where x; = (Ia,R,z:) is a vector, and (Cqp)ij is the inverse
covariance matrix. The 7-year WMAP observations'?8! give
the maximum likelihood values: Ia(z.) = 302.09, R(z.) =
1.725, and z, = 1091.3. The inverse covariance matrix is also

given in Ref. [28]

2305 29.698 —1.333
(Comp) = | 29.698 682527 —113.180 |.  (25)
~1.333 —113.180 3.414

We use the BAO data from SDSS DR7.59 The distance
ratios d; at z=0.2 and z = 0.35 are

_ rs(2a) _ rs(2a)
dor = Dy(0.2)" do3s = Dv(0.35)° (26)

where r¢(zq) is the comoving sound horizon at the baryon drag
epoch,[36] and

Dy(z) = [(/O;(ZZ)YH@)} " @7

encodes the visual distortion of a spherical object due to the
non Euclidianity of the FRW space—time. The inverse covari-
ance matrix of BAO is

30124 —17227> . (28)

_1 _
(Cgao) = <—17227 86977
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The x? function of the BAO data is constructed as
Xiao = (di" —df™)(Cyao)ij(d] —d™), (29)

where d; = (do2,do3s) is a vector, and the BAO data we use
are do‘z =0.1905 and d().35 =0.1097.

The best-fitted parameters are obtained by minimizing the
sum

X% = Z3n + Xemp + Xro- (30)

Using the MCMC method, we finally find the best-fit param-
eters: n = 2.810f8:}g, h = 0.665f8:8£ at the 1o level, and
n=2810"018 n=0.665"0057 at the 20 level. The best fit
gives xﬁnn = 577.451 and Q0 = 0.268. In Fig. 1, we plot the
contours of 10 and 20 confidence levels in the n—h plane for
the NADE model with the new initial condition.

0.69

0.68

0.671

0.66

0.651

0'642.6 2.7 2.8 29 3.0
n

Fig. 1. (color online) Probability contours at 16 and 20 confidence lev-
els in the n—h plane for the NADE model with the new initial condition.

The obtained results show that with the new initial con-
dition, the observational constraints on the single parameter
n of the NADE model are fairly tight. Next, we would like
to compare the results of this work with those of the pre-
We choose the work in Ref. [24] to make a
comparison. The work in Ref. [24] is also about the obser-

vious works.

vational constraint on the NADE model but based on the old
initial condition, and the observational data used also comes
from the Union2 SNla, 7-year WMAP, and SDSS DR7, but
the method of using CMB and BAO observations is different
from our present work (method (i) in Ref. [24] while method
(ii) in our present work). So the fitting results in these two
works are comparable. The best-fitted n and the correspond-
ing Qo in that work are 2.886 and 0.265, respectively. We
can see that though the values of #n in the two works are rela-
tively shifted by a small number, the values of Q¢ produced
by the model are rather similar. For the 95% limits on n, the
work of Ref. [24] gives 2.723 < n < 3.055, and the present
work gives 2.625 < n <2.996. To see the influence of n on the
model in the two works, we will make a comparison with the
quantity f(z) = Q4e(z)/L2m(z). Using the best-fit results ob-
tained in the two works, we find that f(0)new /f(0)old = 0.986

and f(2000)pew/ f(2000)01q = 4.362. So, it is clearly seen that
though the difference in the early epoch is fairly evident, the
results produced in the present time are similar.

4. Conclusions

The NADE model is considered to be a single-parameter
model due to its special analytical feature Qg4 = n*(1+2z)~2/4
in the matter-dominated epoch. Thus, once the value of the
single free parameter n is given, the differential equation of
Q4e(z) can be numerically solved by using the initial condi-
tion Qe (zini) = 1% (1 + zini) ~2/4 at zin; = 2000. However, this
initial condition is only applicable in a flat universe with only
dark energy and pressureless matter. That is to say, when we
need to consider the contribution from the radiation, this ini-
tial condition becomes invalid. On the other hand, some cases
indeed need us to consider the contribution of radiation, for
instance, when using the CMB and the BAO data to constrain
dark energy models. We mainly have two methods: (i) using
the shift parameter R from the CMB and the distance parame-
ter A from the BAO, (ii) employing the distance prior includ-
ing R, Ia, and z,. from the CMB and r¢(zq)/Dv(z) from the
BAO. Of course, method (ii) encodes more information from
the CMB and the BAO observations. However, method (ii)
requires us to consider the contribution from the radiation.

Thus, in order to utilize method (ii) to fit CMB and BAO
data, we thoroughly analyzed the NADE model in a flat uni-
verse with dark energy, matter, and radiation. Finally, we
found a similar analytical solution, Qg = n?(142z)72(1 +
VF(2))%/4 with F(z) = Qo(1+2)/(Qmo + 20(1+2)), in
the early epoch (matter-dominated or radiation-dominated
epoch). For the initial z, we still chose zj,; = 2000. Hence,
we had a new initial condition Qg (zini) = n>(1 + zini) " 2(1 +

F(zin))? /4 at zi; = 2000. Furthermore, we found that this
new initial condition is also applicable in a non-flat universe.

For solving the differential equation of €24, before know-
ing the value of the non-independent parameter 2,9, we pro-
vided two methods. The first method is to consider the non-
independent parameter Qo as a variable and use the new ini-
tial condition to solve the partial differential equation of 4.
The second method is a numerical iteration method. Our prac-
tice shows that its convergence speed is very fast. With the
two methods, we have constrained the NADE model by using
the new initial condition and the observational data including
the Union2 SNIa, CMB from 7-year WMAP, and BAO from
SDSS DR7. Our fitting results show that the values of n and
h can be constrained tightly: n = 2.810f8:”§, h= 0.665f8:8i§
atthe 1o level, and n = 2.810f8:%§2, h= 0.665f8:8§% at the 20
level. The best fit gives xr%lin =577.451 and 2,0 = 0.268. We
believe that our new initial condition will play a crucial rule in
constraining the NADE model in the future work.
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