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Measuring causality by taking the directional symbolic
mutual information approach∗
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We propose a novel measure to assess causality through the comparison of symbolic mutual information between
the future of one random quantity and the past of the other. This provides a new perspective that is different from the
conventional conceptions. Based on this point of view, a new causality index is derived that uses the definition of directional
symbolic mutual information. This measure presents properties that are different from the time delayed mutual information
since the symbolization captures the dynamic features of the analyzed time series. In addition to characterizing the direction
and the amplitude of the information flow, it can also detect coupling delays. This method has the property of robustness,
conceptual simplicity, and fast computational speed.
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1. Introduction
Synchronization and related phenomena exist in physi-

cal to biological systems.[1,2] To understand these phenom-
ena, the time evolutions of the systems are studied. Hence,
understanding the couplings between systems reduces to an
investigation of the observable data presented as time series
or variables. Tools used to unveil the nonlinear interdepen-
dency include mutual information,[3–5] non-linear synchrony
measures,[6] and redundancy.[7] However, it is often more im-
portant to quantify the coupling direction or causality between
systems in many fields.[10] The causality defined by Wiener[8]

was firstly introduced into the analyses of observable time se-
ries by Granger[9] in the context of linear regression models.
Plenty of work has been done based on the Granger causality
(see Ref. [10] and references therein).

The definition of causality in philosophy is not so easy.
From the practical point of view, it concerns the cause-and-
effect relationship between events, objects, states of affairs,
and variables. It is usually presumed that the cause chronolog-
ically precedes the effect. The probability theory seems to be
the most used mathematical language in measuring or quan-
tifying the relationship and strength. The probabilistic notion
of causality was nicely described by Suppes.[11] That contribu-
tion was based on the three conditions of existence of causality
given by Selltiz et al.[12] Current statistics consider the causal
inference as one of the most important problems after the work
of Granger.[9]

As an alternative, a non-parametric approach assessing
the nonlinear causality termed as the transfer entropy (TE)
was proposed by Schreiber.[13] In Ref. [10], the TE was shown
to be equivalent to conditional mutual information (CMI).[14]

The equivalence between the TE and the Granger causality
for Gaussian variables was proved by Barnett et al.[15] An-
other measure identical to the TE and the CMI, called the par-
tial mutual information (PMI), was proposed by Frenzel and
Pompe.[14]

Let xt = x(t) and yt = y(t) (t = 1, . . . ,T ) denote the time
series from systems X and Y . By considering the information
flow from X to Y , the TE and the CMI can be expressed in
terms of Shannon entropy H(x) =−∑ p(x) log p(x) as

TX→Y = H(𝑥t ,𝑦t)+H(yt+τ ,𝑦t)−H(𝑦t)−H(yt+τ ,𝑥t ,𝑦t)

= I(yt+τ ;𝑥t |𝑦t), (1)

or directly in terms of the distribution functions as

TX→Y = ∑ p(yt+τ ,𝑥t ,𝑦t) log
p(yt+τ |𝑥t ,𝑦t)

p(yt+τ |𝑦t)
, (2)

where 𝑥t = {xt+v1 , . . . ,xt+vMx
} and 𝑦t = {yt+v1 , . . . ,yt+vMy

}
denote delay embedding vectors, yt+τ is the τ-future value
of time series y(t), 𝑣x = {v1, . . . ,vMx} and 𝑣y = {v1, . . . ,vMy}
are the embedding time combs, and Mx and My (≥ 2) are
time-comb orders. Normally, vm+1 − vm = d for all m =

1, . . . ,Mx (My), and d is a positive integer. However, in
general, non-uniformly spaced time combs can be chosen if
there is a good reason to do so.[16] Related research can be
found in Refs. [17] and [18]. Then the directionality index
DXY = TX→Y − TY→X quantifies the relationship between X
and Y .

According to Frenzel and Pompe’s PMI, the TE or CMI
can be interpreted as the mutual information of yt+τ and 𝑥t ,
which is not contained in 𝑦t . This, however, leads to the fol-
lowing problem. For causality assessment, some data points
in 𝑦t come from future relative to other part of the data in
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𝑥t , while the TE discards their mutual information. This may
cause causality information loss.

Most of the existing estimation methods (e.g., Refs. [19]
and [20]) have great demands on fine-tuning of parameters,
and are highly sensitive to noise contributions and are com-
putationally expensive. Symbolic transfer entropy (STE)[21]

was proposed for solving the estimation problem and has been
used in several areas.[22,23] It should be noted that the STE is
not a direct analogue of the TE (see Refs. [24] and [25] using
the same method on the CMI). The disadvantage of the STE
was analyzed in Ref. [26], where an improved measure named
transfer entropy on rank vectors (TERV) was provided. How-
ever, the TERV requires high-dimensional embedding vectors,
which will lead to memory restrictions, as pointed in Ref. [27].
A detailed comparison of them was presented in Ref. [28].

To overcome the above problems, we suggest estimat-
ing the mutual information by adopting Bandt and Pompe’s
approach.[27] We will present how this permutation informa-
tion theoretic measure, called symbolic mutual information
(SMI), leads to a new point of view on causality quantifica-
tion. By normalizing the SMI to [0,1], our causality index
ranges in [−1,1], which offers a desired measure representing
both the direction and the amplitude of the information flow.

2. Directional symbolic mutual information
A synopsis of permutation information approach can be

described as follows. Assume that the time-comb orders for
𝑥t and 𝑦t are identical, i.e., Mx = My = M. Then the M real
valued data in 𝑥t can be sorted in an increasing order. In this
way, we have M! permutations that are considered in this study
as possible order types. In the case of equal amplitude, we
numerically break the equalities by adding small random per-
turbations. It is clear that every 𝑥t is uniquely mapped onto
one of the M! possible permutations. When each permutation
is considered as a symbol x̂t , then the reconstructed trajectory
is represented by a symbol sequence. We estimate joint and
conditional probabilities of the sequence with the relative fre-
quencies of the symbols. Based on this coarse-grained sym-
bolization method, Staniek and Lehnertz gave their STE as

T S
X→Y = H(x̂t , ŷt)+H(ŷt+τ , ŷt)

− H(ŷt)−H(ŷt+τ , x̂t , ŷt). (3)

Given symbol sequences {x̂t} and {ŷt}, we define sym-
bolic mutual information as

IS
X ,Y = ∑ p(x̂t , ŷt) log

p(x̂t , ŷt)

p(x̂t)p(ŷt)
, (4)

where the sum runs over all symbols. Thus IS
X ,Y is given in bit.

In Ref. [25], the author named a similar measure as mutual
sorting information. We prefer symbolic as sorting values of

rank vector naturally is one symbolization method among dif-
ferent methods, e.g., fine-grained symbolization considering
higher-order difference information or coarse-grained symbol-
ization as a binary sequence. With the permutation entropy
(PE) of {x̂t} denoted as H(x̂t) = −∑ p(x̂t) log p(x̂t), we have
IS
X ,Y = H(x̂t)+H(ŷt)−H(x̂t , ŷt) ≥ 0. Note that the PE is the

metric entropy referred to the dynamic features[26] and the re-
sulting SMI is not a direct analogue of the mutual information.

As a correlation measure, the MI is normalized into [0,1]
in lots of literature. It is clear that the PE has lower bound 0
and upper bound logM!. With the assumption that x(t) and
y(t) have the same delay-embedding dimension M, the SMI in
Eq. (4) ranges from 0 to 1 if the log is with base M!. A similar
approach was used by Wang et al.[29]

Recall the definition of the Wiener–Granger causality, it
contains two critical components: the cause occurs before its
effect; the effect can be better predicted using the past infor-
mation of its cause than the past information of itself only. The
first component seems to be apodeictic, but the comparison of
predictability is not an easy task especially when employing
model-free approaches for nonlinear processes. Based on, but
not entirely using the previous causality definition, we state
our causality as:

1) the cause occurs before its effect;
2) the future of effect contains more information about

the past of its cause than that contained by the future of cause
about the past of its effect.

According to this, we use asymmetry or time ordering
MI between the bivariate random processes to assess their re-
lationship (which one is causing the other). Since the MI is
the reduction in the uncertainty of one random process,[30] our
causality can also be interpreted as the comparison of mutual
predictability. Considering the SMI defined in Eq. (4), we de-
fine the directional SMI through introducing a time delay

IS
X→Y (d) = ∑ p(x̂t , ŷd

t ) log
p(x̂t , ŷd

t )

p(x̂t)p(ŷd
t )
, (5)

where ŷd
t is the symbol obtained by sorting time-delayed vec-

tor 𝑦d
t = {yt+d+v1 , . . . ,yt+d+vM}. An arrow is used here for ex-

pressing the time order relationship. We then define a causality
index (CI) as

CX ,Y = IS
X→Y − IS

Y→X , (6)

which is expected to attain positive values for unidirectional
couplings with X as the driver and negative values for Y driv-
ing X . It is expected to be 0 for symmetric bidirectional cou-
plings. Notice that CX ,Y is a measure with direction and CY,X .
But we will get the same conclusion no matter whether CX ,Y

or CY,X is used. If IS
X→Y and IS

Y→X can be normalized into
[0,1], then causality index CX ,Y can be normalized into [−1,1],
which contains both coupling strength and direction informa-
tion.
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The estimation of our SMI and STE boils down to the cal-
culation of the probability of occurrence of a rank vector such
as x̂t . Measuring the computational efficiency by the dimen-
sions of rank vectors, we list the results for STE and SMI in
Table. 1. It is clearly that the sum of the dimension of the SMI
is much smaller than the other two.

Table 1. Computational efficiencies (dimensions) of three measures.

STE TERV SMI

2Mx +6My +2 2Mx +6My +2τ 2Mx +2My

3. Properties demonstration
To demonstrate the use of our causality index, we study

three examples: (i) a coupled nonlinear stochastic system; (ii)
a pair of delay coupled Lorenz systems; and (iii) electroen-
cephalogram (EEG) recordings from rats.

First, the following three coupled maps are
considered:[31,32]

xt = 3.4xt−1(1− x2
t−1)e−x2

t−1 +0.4w1t ,

yt = 3.4yt−1(1− y2
t−1)e−y2

t−1

+ 0.5xt−1yt−1 +0.4w2t ,

zt = 3.4zt−1(1− y2
t−1)e−z2

t−1

+ 0.3yt−1 +0.5x2
t−1 +0.4w3t , (7)

where w1t , w2t , and w3t are standard Gaussian noise processes.
The correct directed causal effects are X → Y , Y → Z, and
X → Z. We show the estimated CIs with different time series
lengths in Fig. 1. Positive values of CX ,Y ,CY,Z , and CX ,Z are
obtained. This is in agreement with the theoretical result.

11 13 15 11 13 15 11 13 15
0

0.02

0.04

0.06

0.08

0.10
CX,Y CY,Z CX,Z

log2n

C
I

Fig. 1. Mean CI (error bars denote the standard deviations) from 100
realizations of the coupled nonlinear stochastic system versus time-
series length log2 n. The embedding time comb is a continuous inte-
gral vector with dimension 4, and d = 2.

For illustrating the coupling delay detection of our
method, we consider two coupled Lorenz systems with a time
delay described by the following differential equations:

ẋi = σ(yi− xi),

ẏi = rxi− yi− xizi + c jy2
j(t− τ j),

żi = xiyi−bzi,

(8)

where i, j = 1,2. Here we use standard parameters σ = 10,
r = 28, and b = 8/3. To demonstrate the impact of the time
delay, we choose different coupling delays with τ1 = 12 and
τ2 = 5. We fix all the parameters except the coupling from
system 1 to 2, c1, and vice versa c2. The conventional MI as
a dependence measure can also reveal the coupling time de-
lay. Our SMI has a similar function through varying time lag
d defined in Eq. (4). Thus, in this example, the causality anal-
ysis is expected to represent inverse results at two coupling de-
lays when both coupling strengths are significant. We consider
time series {y1,2} with sample rate 0.2 s and data length 5000
points. The directional SMI IS

1→2 and IS
2→1 shown in Figs. 2(a)

and 2(b) reach the maximum values when time lag d equals to
the corresponding coupling delay τ1,2.

In Fig. 2(c), we illustrate the causality index C1,2 with
time lag d equals to 5 and 12, respectively. Although the cou-
pling strength c2 is fixed at 0.2, both the directional SMI I2→1

and the causality index have slight fluctuation, which seems to
be the effect of varying c1. The causality index with time lag
d = 5,12 reveals the correct relationships. To unveil the cou-
pling strength at different time lag, we calculate the difference
of the maximum values of IS

1→2 and IS
2→1, which is shown in

Fig. 2(d) as a function of c1. It gives the correct trend with
bias when c1 = c2 and c1 = 0.35. For comparison, we set
τ1 = τ2 = 5 s, the causality indices with time lag d = 5 give
similar results.

For an additional validation, we test the sensitivity of our
approach in detecting the causality change with time. We set
τ1 = τ2 = 5 s. In the beginning, c2 = 0.1 and c1 = 0.4, then
the values of c1 and c2 are exchanged at time 2000 s (corre-
sponding to the data point 10000). We use the moving window
technique. The window size is 5000 samples (1000 s), and the
overlap is 4500 samples (900 s). The results are shown in
Fig. 3, which provides a useful indication of the variation in
time of the directional SMI and CI.

Our third example consists of five pairs of rat EEG sig-
nals on the right (R) and the left (L) cortical intracranial elec-
trodes of male adult WAG/Rjj rats, which have been studied
in Refs. [8] and [33]. They are referenced to an electrode
placed in the cerebellum, filtered between 1 Hz and 100 Hz,
and digitized at 200 Hz. The five-pair data are labeled from
(i) to (v). The first pair (i) is a normal EEG, and all the others
contain spike discharges which are the landmark of epileptic
activity. The directional SMIs from left to right IS

L→R(d) are
estimated at time lag d from 1 to 5, and vice versa IS

R→L(d).
We construct delay-embedding vectors with length 4 using
the embedded time comb as the continuous natural number.
figure 4 shows the causality indices CL,R with different time
lags d. Our results are qualitatively consistent with the results
reported in Ref. [33], where the synchronization level rank (iv)
> (v) > (ii) > (i) > (iii) was indicated. Usually epilepsy is
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Fig. 2. (color online) Causality results of coupled Lorenz systems. (a) Directional SMI IS
1→2 versus delayed time lag d, with coupling strength c1 varying

from 0.1 to 0.4 while c2 = 0.2; (b) directional SMI IS
2→1 as in panel (a); (c) causality index C1,2 versus c1 (c2 = 0.2), with time lag d = 5,12; (d) causality

index C1,2 (d = 5) versus c1 (c2 = 0.2) when both coupled time delays are 5 s (line with circle), and the line with square denotes {IS
1→2(12)− IS

2→1(5)}
versus c1 (c2 = 0.2).
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Fig. 3. The results of sensitivity for causality change. The window
size is 5000 samples and the time labeled corresponds the center of a
data window. (a) The directional SMI IS

1→2 and IS
2→1; (b) the corre-

sponding evolution of C1,2. The change can be detected accurately by
the smooth transition.

related to an abnormal synchronization in the brain. A local-
ized appearance of spikes can delimit a zone with abnormal
discharges. On the contrary, if the spikes are observed over
the whole set of electrodes, the abnormal synchronization is
said to be global. For cases (ii) and (iii), spikes at the left and
the right electrodes can be easily seen, which points towards
a global synchronization behavior. However, in case (ii) they
are well synchronized, but they are not in case (iii). For cases
(iv) and (v), significant synchronizations can be observed, and
our approach also reaches the results. A similar result with
the same data analyzed using the nonlinear Granger causality

method was reported in Ref. [34].

For comparison, the mutual information with different

time lags is calculated, and the values of STE at different τ

are obtained. The mutual information is estimated using the

k-nearest neighbor method.[35] From Fig. 5(a), the difference

of mutual information presents the information flow, but fails

to reveal the coupling strength. The results of STE showed in

Fig. 5(b) are similar to those in Fig. 4. However, for data sets

(i), (ii), and (iii), the order of coupling strength is blurry owing

to the bias. In our test with these data sets, the STE shows a

slightly unstable numerical estimation.
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Fig. 4. Results of causality of the five pairs of rats’ EEG data: CIs
obtained by IS

L→R(d)− IS
R→L(d) as a function of time lag d, positive

values indicate causality L→ R.
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Fig. 5. Mutual information and STE for the rats’ EEG data. (a) Mu-
tual information denoted by IL,R(d), the plot shows the difference of
IL,R(d)− IR,L(d); (b) calculated symbolic transfer entropy T S

L,R and
the direction index DS

L,R = T S
L→R − T S

R→L. The dimensions of used
rank vectors are Mx = My = 4.

4. Conclusion
In summary, we suggested a new method for causality

quantification. Through Bandt and Pompe’s permutation in-
formation approach, the directional symbolic mutual informa-
tion was proposed to measure the time ordering information
flow. From this conception, a causality index was derived,
which can also be normalized into [−1,1]. Furthermore, for
coupling systems with time delays, it can unveil the delay time.
All the properties were illustrated by a stochastic multivariate
coupled system, time delay coupled Lorenz systems, and real
EEG data. These examples illustrated that the mutual infor-
mation using Bandt and Pompe’s method show different infor-

mation from the proper mutual information. It is conceptional
intuitive, robust, and fast, which is convenient for field data.
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