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Finite-time consensus of heterogeneous multi-agent systems”
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We investigate the finite-time consensus problem for heterogeneous multi-agent systems composed of first-order and
second-order agents. A novel continuous nonlinear distributed consensus protocol is constructed, and finite-time consensus
criteria are obtained for the heterogeneous multi-agent systems. Compared with the existing results, the stationary and
kinetic consensuses of the heterogeneous multi-agent systems can be achieved in a finite time respectively. Moreover, the
leader can be a first-order or a second-order integrator agent. Finally, some simulation examples are employed to verify the

efficiency of the theoretical results.
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1. Introduction

As one of the most typical collective behaviors of multi-
agent systems, consensus, which means that the outputs of
all spatially distributed agents converge to a common desired
state by implementing appropriate distributed protocols, has
attracted more and more attention from many researchers in
various fields, such as physics, artificial intelligence, and auto-
matic control. Consensus algorithms have broad applications
in the formation control of autonomous vehicles,!] ﬂocking,m
and the rendezvous control of agents.*!

So far, by using the matrix theory,*! the frequency-
domain analysis method,®7! the Lyapunov direct method,
etc.,! consensus problems of multi-agent systems have been
studied in detail, many consensus algorithms have been pro-
posed, and the consensus criteria have been obtained for the
first-order, the second-order, and the high-order multi-agent
systems. However, most of the existing results are mainly
given for the homogeneous multi-agent systems, in which all
the agents have the same dynamics. In real engineering ap-
plications, the dynamics of the agents are always different
due to various restrictions, but little attention has been paid to
the consensus problem of the heterogeneous multi-agent sys-
tems which consist of agents with different dynamics. Lee
and Spong!!¥ studied the consensus of continuous time het-
erogeneous multi agents with non-uniform communication de-
lays, and obtained the delay independent consensus conditions
based on a frequency-domain analysis. Liu et al!'!l studied
discrete-time heterogeneous multi-agent systems, two station-
ary consensus algorithms were constructed, and the sufficient
consensus criteria for the agents with bounded communication
delays were obtained based on the properties of non-negative
matrices.
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Another important topic in the study of the consensus
problem is the convergence rate. In most literature, consen-
sus algorithms for multi-agent systems are asymptotic, which
means that the convergence rate is at best exponential with
an infinite settling time. Besides a faster convergence rate,
the system under a finite-time control usually has better dis-

112,13

turbance rejection propertie I Several kinds of finite-

time consensus protocols have been developed for the first-
order! 14161 and the second-order multi-agent systems.[!7-18]

Inspired by these facts, we find that it is significant and
necessary to study the finite-time consensus algorithms for
heterogeneous multi-agent systems. However, it is worthy
to note that the extension of finite-time consensus algorithms
from the first-order case to the second-order one is nontrivial,
not to mention the difficulty of analyzing the consensus for
the heterogeneous multi-agent systems. Although there are
some results about heterogeneous systems,!'”! to the best of
our knowledge, there are no results about the finite-time con-
sensus of the heterogeneous multi-agent systems.

The finite-time consensus of the heterogeneous multi-
agent systems is studied in this paper. A novel nonlinear con-
sensus protocol is proposed for solving the consensus problem
of the heterogeneous multi-agent systems composed of first-
order and second-order agents. Sufficient consensus criteria
are obtained. Moreover, the leader does not need to be a first-
order integrator agent only as in Ref. [19]. And the stationary
and the kinetic consensuses of the heterogeneous multi-agent
systems can be respectively achieved in finite time with differ-
ent initial states.

The following notations will be used throughout this pa-
per. The R and R stand for the sets of real number and pos-
itive real number, respectively, R” denotes the n-dimensional
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real vector space, R"*" is the set of n x n matrices. and 1, (0,)
is a vector with all its elements being one (zero).

2. Preliminaries and lemmas
2.1. Graph theory

For multi-agent systems, we assume that each agent is
a node, and the information exchange among n agents can
be modeled by a undirected weighted graph G = {V, E, A},
where the node indexes belong to a finite index set I' =
{1,2, ..., n},V={v|i €I} is the set of agents, E CV x V
is the set of edges, and A is the corresponding weighted adja-
cency matrix. The adjacency matrix A = [g;;] € R"" is de-
fined such that a;; > 0 if (v;, v;) € E, a;j = 01if (v}, v;) ¢ E,
and a;; = 0 for all i € I'. The set of neighbors of agent v; is
denoted as N; = {vj : (vj, vi) € E} The degree of agent v;
is defined as deg(v;) = d; = Z;le aij = Yjen, aij- Then the
degree matrix of graph G is D = diag{dy, ..., d,}, and the
Laplacian matrix is L = D — A.

2.2. Some lemmas and the Lyapunov theory for finite-time
stability

Lemma 19 Suppose function @: R?> — R satisfies

o (xi, xj;) = —@(xj, x;), i, j € I', i # j. Then for any undi-

rected graph G and a set of numbers yy, y2, ..., yn,
il 1
Y Y aipyio(x;, x) = —3 Y aiivj—yi) e (x), x).
l’=lj€Ni (V,ﬁ, Vj)EE
Lemma 2°!! Forx;eR,i=1, ...,n,0<p<]1,

n p n n I3
Yl <Y mlP<a'?{Y |xl] -
Fy =1 =1

Lemma 3 Suppose function ¢: R?> — RT satisfies
¢ (xi, xj) =@ (xj, x;), i, j€I',i# j, then for any undirected
graph G and a set of numbers y1, y2, ..., YN,

N 1 N
Y ) aijlile(xj, x) > 3 Y Y aijlyi—yil @ (xj, x).

i=1 jeN; i=1 jEN;

Proof From the definition of the undirected graph and
the assumption, we can obtain

N
Z Z aijlyil @ (x;, xi)

i=1jeN;
! 1
=5 L ajbileG )tz Y aijbile g x)
viovi)E vi,vj)€EE
/ J
! 1
- 5 Z aij|yi|(/)(xj, xj)+§ Z aji|yj’(P(xi7 xj)
(Vi-,v.,')GE (Vi-,Vj)GE
! 1
= i Z aij|yi|(P(Xj, xi)‘i‘i Z aijb’j’(l’(xj, -xi)
(vi,Vj)EE (Vi,Vj)EE

1
=5 X aj(bil+il) ety x)
(V,‘,V_/)EE
1 N
> ¥ Y ailyj—yil o), x).

i=1 jEN;

Lemma 4?1 For a connected undirected graph G, the
Laplacian matrix L of G has the property

1 & B 1 )
CCTL.’IIZE Z a,-j(xjfx,') :EZ Za,’j(xjfx,')
i,j=1 i=1jeN;

for any @ = [x1, ..., x| € R", which implies that L is posi-
tive semi-definite. And O is a simple eigenvalue of L with 1,
being the associated eigenvector. Assume that the eigenvalues
of L are denoted by 0, A3, ..., A, satisfying0 <A, <--- <A,
then the second smallest eigenvalue A, > 0. Furthermore, if
1Tz =0, then "Lz > Lz .

It is well-known that a sufficient condition for the exis-
tence of a unique solution of a nonlinear differential equation
@ = f () is that the function f (x) is locally Lipschitz con-
tinuous. The solution of such a nonlinear differential equation
can have at most an asymptotic convergence rate. Since the
finite-time stability guarantees that every system state reaches
the system origin in a finite time, it has a much stronger re-
quirement than the asymptotic stability. The following lemma
presents sufficient conditions for the finite-time stability.

Lemma 523!
linear system @ = f (z), f(0) =0, z (0) = zo, € R", there
exist a positive definite continuous function V (z) : U — R,

For the non-Lipschitz continuous non-

real numbers ¢ > 0 and a € (0, 1), and an open neighbor-
hood Uy C U of the origin such that V (z) +¢(V (z))* <0,
x € Up\{0}. Then V (x) approaches O in a finite time.
In addition, the finite settling time T satisfies T (zp) <

(V (20))'%/e(1-a).

3. Main result

For the simplicity of presentation, we assume that the
states of all agents are in a one-dimensional space. How-
ever, the results of this paper are still valid for multiple high-
dimensional agents by the introduction of the Kronecker prod-
uct and appropriately rewriting the protocol.

Suppose that the heterogeneous multi-agent system con-
sists of first-order and second-order integrator agents. The
number of agents is n, and the number of the second-order
integrator agents is m, (m <n). Without loss of generality,
we assume that the second-order integrator agents are labeled
from 1 to m, and the dynamics are given by

(12w 0

vi(t)=u;(t), i €Iy,
where x; € R, v; € R, and u; € R are the position, the velocity,
and the control input of agent i (i € I, I;, = {1, 2, ..., m}),
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respectively. The first-order agent dynamics is given as fol-
lows:

% () =ui(t), i € Lim, (2)

where x; € R and u; € R are the position and the control input
of agenti (i € Iy, Ii—w = {m+1, m+2, ..., n}), respec-
tively.

The dynamics of the leader indexed by 0 is described as
follows. If the leader is a second-order integrator agent,

Xo =vgp, X0 €R,
Vo = up, vo € R,

if the leader is a first-order integrator agent,
Xo = up, xo € R.

Remark 1 Compared with Ref. [11], in which the het-
erogeneous multi-agent system asymptotically converges to a
stationary consensus, we consider a leader—follower heteroge-
neous multi-agent system, and the leader can be a kinetic agent
or a stationary one. Moreover, all the followers can reach a
consensus with the leader in a finite time. This means that the
situation in this paper is more closed to the engineering reality.

Remark 2 Compared with Ref. [19], in which the leader
needs to be a first-order integrator agent, the leader in this pa-
per can be a first-order integrator agent or a second-order one.
This will be shown in the simulation results in Section 4.

In this paper, for simplicity, we assume that the pinned
gain of agent i is denoted by B and C, where

B = diag{bl, bz, N bm}7 C :diag{c,n+1, Cm42y « -+ Cn},
with
b — 1, if agent i is connected to the leader, icr
7] 0, otherwise, m
o — 1, if agent i is connected to the leader, icr
"7 10, otherwise, e

We design the nonlinear consensus protocol for the het-
erogeneous multi-agent system (1), (2) as follows:

—( T aw (| =) [ x|
JEN;
|O£71

+ X aiy ([vi—vil) [v; —vi
JEN;

+bi\v,'fv0|)sign (xi —x0+vi— o) 3)

ui(t) =
+vo — (V,’—Vo), iel,,
-1
L aiy (g —x) [ x|
JEN;
+xXo—ci(xi—x0), i€l p,

where N; = NfUN?, Nf and N® are the first-order and the
second-order neighboring agents of agent i, respectively. And
the interaction function satisfies the following assumption.
Assumption 1 Function y(y) satisfies y- y(y) > 0,
Yy € R\ {0}, w(0) =0. And y(y) > B -7, Vy € R, where
B>0,9=q1/q2 < 1, and ¢; and ¢, are positive odd integers.

Remark 3 To achieve the goal of consensus to the
leader’s state, only a small fraction of agents (at least one
agent) are required to know the leader’s state. However, the
consensus protocols in Ref. [19] indicate that each agent needs
to know the state information of all the other agents.

Remark 4 For the simplicity of presentation, we assume
that the leader is a second-order integrator agent in nonlinear
consensus protocol (3). Certainly, the results are still valid for
the case that the leader is a first-order integrator agent (letting
vo be zero in Eq. (3)).

Theorem 1 Suppose that the graph G is undirected and
connected, and max {1, —¢g} < o¢ < 2 — g, then the heteroge-
neous multi-agent system (1), (2) can achieve a consensus in a
finite time with the nonlinear consensus protocol (3).

Proof Define the error vector

X; = X; — Xg, (iEF), Vi = Vv; —Vp, (iGEn). “4)
According to Egs. (1)—(4), we have

17,'(1‘), iel,,

Radl
Py
=
=
I

i(1) = — (,Z aiy (|5 —5i|) |5 — |
JEN;

Ly aijw(|vjai¢)|vjvi|“‘1+bi|vi|> 5)
JEN;
X sign()fi+\7i)—\7i, iel,,

- -1 _ .
%) = %7 — e, i€ Lo

J

Y ayy (5 —5) |5 -5
eN;
Take the following Lyapunov function for Eq. (5):

2
Z Sis

i€ly—m

lme Ty 1w, 1
VZESSZEZleEZSl—'_E

iel’ icl,,

where S = (s1, s2, ...,s,,)T, si=X+v, i€, and v; =

0, (i €I,—m), thatis
il’ + ‘71" l € 1—;117
§;i = — .
xia [AS 1—}:17111'
Now consider the time derivative of V along the trajectory of
the heterogeneous system, we have

V = Zsiii+ Z SiSi

i€y i€lh—m

= Y sim+v)+ Y

icly icly m

=) Isil (Z aigy (1% —x]) |5 5[

icly JEN;

+ Z Cl,‘jl,U(‘Vj—ﬁiD ’171' —17,"0671 +bi\7i|>

JEN;
— — N\ |= _ja—1 —
+Y & <Z aijy (X; — i) ’xj—x,-’a —c,-x,<>.
iEFn,m jENi

From Assumption 1 and Lemma 1, we have
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1% < —ﬁ Z |Si| (Z aij |)fj—)fi|a71+q+ Z aij|17j—\7i|al+q> —g Z Z aij ‘)fj—fi‘aJrq Z b; \s,||v,\— Z c,x

icl JEN; JEN;

<0

)

i€ly—m JEN; i€, i€y

which means that V is decreasing. Since N; = N'UN?, from Lemma 2, we have

V< —B Z |si] Z aij ‘xj xt‘a 1+‘1+ Z aij ‘x] xl‘a e + Z al]|0_"t|a 1+q+ Z alJ|VJ Vl|a e

i€l GNf

JjENS JEN}

— Zb|s,Hv,|—— Z Za,]‘xj—x,‘qu—i— Za,]|x1—x,|a+q — Z ciiiz

BY sl | ¥ a5 -5+ Y alo—wl® ) =B Y sl | L aylt -5+ Y ay |5 —wl

i€l JEN? JEN}

ZGE, mjng

icly leEﬁm ]ENI ]GN'S icly m
<
i€y JjeNS jEN!
- g Y Y oalm-u" =228 Y Y a4 —mT =22 Y Y ag |-t
i€lh_m jgNif i€ly—m JEN} i€lh—m jEN}
— Z b,‘|Si‘ ‘\7,'| — Z CiX;
icly i€l,—m
< =B Y Il Xy (|5 —5[ 10— =B Y fsil ¥ ay (|5 —5|+ [ —n))
i€l jEN i€l JEN?
—g Y Y al—m"-2% 28 Y Y aylw+v -5
l'el—r‘z—mjeNif i€l JEN,S
<-B Z |si] Z ajj ’fj_fi+0_‘7i‘a71+q_ﬁ Z [si Z aij ’fj—fi+‘7]_‘7i|ail+q
i€hn  jeN! i€l,  jEN}
oy Yl -s T2 Y Y agls e
i€ly—m jeN,-f i€lp—m jEN?
S —ﬂ Z |S,'| Z a,‘j|Sj—S,‘}a_1+q—ﬁ Z ‘Si| Z a,‘j|Sj—Si{a_1+q = Z Z aijj |S] l,oc—&-q
i€ly jGNif i€ly JEN?
2m‘2ﬁ Z Z aijj ’Sj—Si|a+q.
i€lp—m jEN?

Using Lemmas 2 and 3, we have

V<-BY Isl Y aylsj—s]*"

i€ly jEN'
2%t B Z Za,] |s] ,‘aJrq
i€ly—m JEN;
< - Z Y aijlsi— l|a+q
ZGEnJEN
257 VY ails s
i€ly—m JEN;
= —27’2[3 Z Z a;j ’sj—s,‘ o+
iel” jeN;
D(T-Fq
— _2772!} |: (X+q 2:|
L Lo )
a+q
<

iel” jeN;

2t [zz -]

‘tI'lX of graph G (A), A5 (L 4) is the second smallest eigenvalue

of L 5,and A = A, (L;). From Lemma 4, we have
aig
V< 2928 (2STL4S) *

—ZT*ZIS (422 (L5)V) 2"
3(a+q)/2— 2ﬁ)~a+q %te

I/\ IN

Then, we obtain
V+2’§a+q/2 2ﬁla+q quo

Consequently, the consensus of the heterogeneous multi-agent
system can be achieved in a finite time according to Lemma 5.
Moreover, we can obtain that the finite settling time satisfies
the inequality

V(0) 2"

23(a+q)/2— 213;La*q (1 O‘Tﬂ)

T <

Let A = [q; 2/ (a+q>] nxn € R™", L gz is the Laplacian ma-  The proof is completed.
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4. Simulation examples

In this section, we provide simulation examples to illus-
trate the effectiveness of our theoretical results.

Here we consider heterogeneous multi-agent systems
with one leader indexed by 0 and six followers indexed from 1
to 6. Suppose that vertices 1-3 are the second-order integrator
agents and vertices 4—6 are the first-order integrator agents.

Example 1 The communication topology is given in
Fig. 1. The leader is a second-order agent whose dynamics

is described by
Xo =vp, X0 €R, 6)
vo = ug, vo € R.
We assume that the initial state is x(0) =
(0,1,3,15, —1,2)" with v(0) = (1,0, 1)".  Suppose
that y (y) = e”sign(y) and @ = 1.5.
3 @
2t
3 b/
/
L/ - - —agent 1
/ agent 2
0F - -—agent3 |
——agent 4
- - agent5
——agent 6
—1 . . ‘ .
0 2 4 6 8 10
t
2t ®) ---agent1 |
"\ agent 2
,|\ ——agent3 |
|
1 { " ]
— i TN
Ra) il
~ |
| Tlme
0 T e
—1
0 2 4 6 8 10

t

Fig. 2. (color online) Simulation results of (a) agent positions and (b)
agent velocities with consensus protocol (3) and xp = 2, vo = 0.

Figures 2 and 3 show the finite-time consensuses of the
heterogeneous multi-agent system (1), (2) with the nonlinear
consensus protocol (3) for xg =2, vop = 0 and x¢ = sin0.1¢,
vo = 0.1cos0.1¢, respectively.

Example 2 The communication topology is given in
Fig. 4. The leader is a first-order agent whose dynamics is
described by

Xo =up, xo € R. 7)

The same assumption of example 1 is used. Figures 5 and 6
show the finite-time consensuses of the heterogeneous multi-
agent system (1), (2) with the nonlinear consensus protocol (3)
for xo = 2.5 and xp = sin0.1¢, respectively.

- - -agent |
agent 2
3t - - -agent3
1 --— agent 4
I - - -agent 5
b §| ——agent 6

|

x(7)

(=)

_2 ---agentl -
agent 2
——agent3 |
) 2 4 6 8 10

t
Fig. 3. (color online) Simulation results of (a) agent positions and
(b) agent velocities with consensus protocol (3) and xp = sin0.1z,
vo = 0.1cos0.1z.

Fig. 4. Communication topology with a first-order leader.
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a
Sl ¢ )
T o
2 J’ / /// i
-~/
= /
= 1 // )
/ - - —agent 1
/ agent 2 |
J —— agent 3
0 --—-agent4 -
- - - agent5
—— agent 6
-1 . . ‘ ‘
0 2 4 6 8 10

t

4 -
\
i (a - - - agent |
. @ agent 2
31! -.- agent 3
¥ - --agent4
f agent 5
2 —— agent 6

x(?)

v(?)

w(?)

A ®) - - -agent ]
211\ agent 2
\ —— agent 3
1p
0 = ™ -
0 2 4 6 8 10

t

- - -agent |
agent 2
——agent 3

0 2 4 6 8 10
t

Fig. 6. (color online) Simulation results of (a) agent positions and (b) agent velocities with consensus protocol (3) and xyp = sin0.1z.

From these two examples, we know that the finite-time
consensus problem of the heterogeneous multi-agent system
(1), (2) with the nonlinear consensus protocol (3) can be solved
no matter whether the leader is a second-order agent or a first-
order one. Figures 2 and 5 respectively show that the sta-
tionary consensuses of the heterogeneous multi- agent sys-
tems with a second-order leader and a first-order leader can be
solved in a finite time. From Figs. 3 and 6, we know that the
heterogeneous multi-agent system can converge to its leader
when the leader is a kinetic second-order agent or a kinetic
first-order agent.

5. Conclusion

In this paper, we discuss the finite-time consensus prob-
lem of the heterogeneous multi-agent systems that are com-
posed of first-order and second-order integrator agents. By us-
ing a novel nonlinear protocol, sufficient criteria are obtained,
which ensure the heterogeneous multi-agent systems to reach
consensuses with their leaders in a finite time. The leader in
this paper can be a first-order agent or a second-order agent,
and the leader can also be a stationary one or a kinetic one.
Simulation results are given to illustrate the effectiveness of

our theoretical results.
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