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In this letter, we have analyzed the diffusive behavior of a Brownian particle subject to both internal Gaussian thermal
and external non-Gaussian noise sources. We discuss two time correlation functions C(¢) of the non-Gaussian stochastic
process, and find that they depend on the parameter ¢, indicating the departure of the non-Gaussian noise from Gaussian
behavior: for g < 1, C(¢) is fitted very well by the first-order exponentially decaying curve and approaches zero in the long-
time limit, whereas for ¢ > 1, C(¢) can be approximated by a second-order exponentially decaying function and converges
to a non-zero constant. Due to the properties of C(¢), the particle exhibits a normal diffusion for g < 1, while for g > 1
the non-Gaussian noise induces a ballistic diffusion, i.e., the long-time mean square displacement of the free particle reads

([x() = Gx(0))7) < 2.
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1. Introduction

In recent years, there is a growing interest in studying
processes that occur in disordered media and other systems
which show anomalous diffusive behaviors.[!! Diffusion is one
of the most fundamental mechanisms for the transport of en-
ergy, mass, and information. Physically, it is the process in
which many systems reach uniformity and equilibrium. Due
to its importance, it has been the focus of extensive research
in many different disciplines of natural science. Diffusive dy-
namics are usually analyzed using the mean square displace-
ment of the particles, which behaves in general as

() = ()P y s o< 1%, (1

where (---) is an ensemble average. The exponent ¢ classifies
different types of diffusion: subdiffusion for 0 < ¢ < 1, nor-
mal diffusion for o = 1, and superdiffusion for 1 < o < 2.
For a = 2, the process is called ballistic diffusion, or fast
superdiffusion, which has been proved to be a nonergodic
process.?] Superdiffusion has been observed in a number of
systems ranging from early discoveries in intermittent chaotic
systems, fluid particles in fully developed turbulence, and mil-
lennial climate changes.!’] Various models and mechanisms
have been proposed to explain the deviation from normal dif-
fusion. For example, Morgado et al/*! modified the spectral
density of the thermal bath by removing the low-frequency
part of the acoustic modes, leading to a strong superdiffusion.
Most of the models of noise-induced superdiffusion, so far,
have dealt with Gaussian white or colored noise sources.>~!1]

In this work, we focus on the variation of diffusive be-
havior of a particle induced by non-Gaussian noise as well
as Gaussian white noise in an over-damped limit. There is
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a growing interest in studying dynamic systems driven by
non-Gaussian noise in recent years. This is motivated by the
fact that non-Gaussian noise with random amplitudes follow-
ing the power-law distribution is quite ubiquitous in natural
phenomena.'?) For example, experimental results for cray-
fish and rat skins offer a strong indication that there could
be non-Gaussian noise in these sensory systems.'3!4] A sim-
ple mechanism has been proposed to generate non-Gaussian
noise.!'>! Studies on the role of non-Gaussian noise on several

[16-25] jike stochastic resonance,

“noise-induced phenomena”,
resonant trapping, and noise-induced transitions, have shown
the existence of strong effects on the system’s response. More-
over, in many physical and biological systems, a deviation of
real statistics of fluctuations from Gaussian law, leading to

d.[1:6:26] These studies moti-

anomalous diffusion, is observe
vated us to analyze the diffusive behavior of a particle driven
by non-Gaussian noise.

This paper is organized as follows. Section 2 considers
a stochastic system driven by an internal Gaussian thermal
noise and an external non-Gaussian noise source 7, in which
7 is generated by the specific function which was proposed by
Borland,''>?7! and has been adopted in several studies.!'3-28-31]
The departure from Gaussian behavior is controlled by param-
eter g: for g = 1 we have a Gaussian distribution, and different
non-Gaussian distributions for ¢ > 1 or ¢ < 1. Then we numer-
ically obtain two time correlation functions of the process 1.
In Section 3, we theoretically analyze the diffusive behavior
of the particle, and then continue discussing numerical simu-
lations that support and extend the theoretical results. Finally,

in Section 4, we draw some general conclusions.
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2. Model and process of )

To begin with, we consider a Brownian particle of mass

m driven by random forces & (¢) and 1(¢), whose motion can
be described by the following Langevin equation:

o X e+ @)

Mm——s = —my—

dr? Var e,
where x is the coordinate of the particle, y the friction constant,
and & (¢) corresponds to the Gaussian thermal noise of a zero
mean and its two time correlation is given by

(E(n&(t") =2vksT (1 —1'), 3)

where kg is the Boltzmann constant, and T is the tempera-
ture of the heat bath. In what follows, we will use dimension-
less units kg = m = 1. By use of the remaining noise term
n(t) in Eq. (2), we have considered the collective effect of
the non-thermal environment.l*? We assume that its two time
correlation is independent of damping in the thermal bath and
therefore Eq. (2) describes a thermodynamically open system.
However, by the non thermal environment we mean the de-
grees of freedom in the complex system which strongly inter-
act with the tagged particle. It should be noted that the non-
thermal environment is also embedded in the same thermal
environment. Due to non-linear dynamics, the non-thermal
noise may be non-Gaussian and colored in characteristics. We
assume that both the noises &(¢) and 1(z) are stationary and
&(¢) is independent of 1 (z), so that (£()n(¢)) = 0.

The colored non-Gaussian noise can be generated from

the solution of the following Langevin equation: !>

dn(t) 1d V2D

I =—;ﬁVq(n)+7C(t), 4)

where D is related to the the intensity of the noise, T is the
correlation time, {(¢) is a stand Gaussian white noise having
characteristics given by ({ (7)) =0and ({(¢){ (1)) = 6(t —1').
The potential V,(n) is

2

Vq(n)=%ln [1‘#;(61—1)”2} )
For g = 1, the process 1) coincides with a Gaussian colored
noise, namely the Ornstein—Uhlenbeck process (with a corre-
lation time equal to ), while for ¢ # 1 it is a non-Gaussian
process. As shown in Refs. [18] and [20], the probability dis-
tribution function (PDF) of 7 is only well defined for g < 3,
whereas for g > 3 the PDF is not normalizable and cannot be
accepted as a true probability function. The final expression
for the PDF depends on ¢

1

Pim =51+ 51

27-1/(g-1)
> 7’2] . (©)
q

Within the range 1 < g < 3, equation (6) yields a long-tail dis-
tribution and decays in the manner of a power law (slower than
a Gaussian distribution). For ¢ < 1, the sign inside the brackets
is changed, and the PDF has a bounded support with a cutoff
at |n| = n. = \/2D/t(1—q). The Z, is a normalization con-
stant.

The distribution P,(n) is an even function, and therefore
the mean value is (1) = 0. It can be easily verified that the
second moment (n?) is finite for ¢ < 5/3, and diverges for
q € [5/3,3). More precisely, it is!*"’

w S
_ 5-3q)’ 3’
(n?) =4 *5-3) 3 )
oo, q€[§73)

Based on the properties of the noise 17 summarized above,
in our following analysis, we shall keep ¢ < 5/3.

Now in order to determine the diffusive behavior of the
system, we consider two time correlation function of the
stochastic process C(t) = (n(t +¢)n(¢')), in the stationary
regime t' — . In the case g = 1, process 7 is an Ornstein—
Uhlenbeck noise, and the correlation function is easily ob-
tained as’?!

T T

C(t)gor = Dexp<— t). ®)

In the case g # 1, it is not possible to obtain an analytical
expression for C(¢), but it is not a problem to reach the central
result of the present problem since it does not need a specific
form of two time correlation function of the noise used. For
analysis of the diffusive behavior of the particle, one may use
the exact correlation function based on the numerical solution
of Eq. (2).

By using the Monte Carlo method, we have observed that
first-order exponential decay of the correlations is still valid
for g < 1. Namely, it can be written as

D, t
C(t = S8ex <), ©)]

( )q<1 Tng p Tog

where
4D
D= — 10
ng (5 _3q)2; ( )
27

Tng = 5-3g° (11)

where Dy, is the associated effective multiplicative noise in-
tensity, and T, the effective noise correlation time. It is ob-
vious that 7,, — 7 and Dy — D when ¢ — 1, T, < 7, and
Dy < D for g < 1. It should be noted here that the above ap-
proximation is consistent with the prediction which was based
on the Path Integral approach.['®]

In Fig. 1, C(¢) for different values ¢ when ¢ < 1 is plotted
(the dotted curve corresponds to the numerical result and the
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solid curve shows the fitted function). It can be seen that C(r)
fits with the first-order exponentially decaying curve very well.
Figure 1 also shows that the pre-exponential factor increases
with increasing ¢, and is much greater for Gaussian noise than
for non-Gaussian noise, which implies that the noise strength
of non-Gaussian noise for ¢ < 1 is smaller than that of Gaus-
sian noise.

0 2 4 6 8 10

Fig. 1. (color online) Plot of numerically calculated C(z) for different
values ¢ when g < 1. The parameters used are D = 1.0 and 7 = 1.0.

First-order exponential decay of the correlations fails for
g > 1. On the other hand, C(¢) can be approximated by a
second-order exponentially decaying function. Namely,

t t
C(l)q>1 =Ap —l—Alexp(— Tl) —i—Azexp(— Tz), (12)

where

3
Ay = (5q31q) 6%, (13)
A1, Az, 71, and 7, are constants depending on parameters g, D,
and 7. The 71 and 7, denotes correlation times, respectively.
In Fig. 2, we plot C(¢) for different values of ¢ when
q > 1. The numerical curve is fitted well by the second-order
exponentially decaying function. Taking ¢ = 1.5 for example,
in the given parameter, its correlation function converges to a
constant Ay = 1.33333 and has a correlation time of 25.27893
and 3.561922, respectively. As the noise tends to exhibit Gaus-
sian behavior, the numerical curve corresponds to a first-order
exponentially decaying function.!>]

241

Fig. 2. (color online) Plot of numerically calculated C(¢) for different
values of ¢ when g > 1. The parameters used are D = 8.0 and 7 = 1.0.
Simulations are indicated by dots and the fitted function by a full line.

It is exciting to find that the correlation function of the
process 1 for ¢ > 1 tends to a non-zero constant in the long
time limit. To the best of our knowledge, although C(¢) has
been studied,!'83%331 it is the first time that this property has
been found.

3. Diffusive behavior of the system

Using the Laplace analysis, we obtain the solution of
Eq. (2) as follows:

x(1) = x0+/0tH(tfs)§(s)ds+voH(t)

t
+/ H(t —s)n(s)ds, (14)
0
where the response function H(¢) is given by
H() = =~ Lexp(— ) (15)
Y or '

Then the mean square displacement of the particle can be ob-
tained as

([x(r) — ()]
= [ Ha=9)as [ Hu=5)EGE)

0
+/OtH(t—s)ds/otH(t—s/)<n(s)n(s')>ds/. (16)

Substituting Egs. (8) and (9) into Eq. (16), we obtain that for
g<1

_2y+ 2Dngt

{Bx(t) = ()50 = 7zt a7

where

_ Dyl 1 2Dy 342DyTy
Tng '}/3 '}/"‘ 1/Tng ’}’3 2 ’

It is seen from Eq. (17) that ([x() — (x(t))]?); e o< t. There-
fore, for g < 1 the particle exhibits a normal diffusion. This
is due to the fact that the correlation function (n(r)n(¢')) in
Eq. (16) is equal to zero in the long-time limit for g < 1.
Substituting Eq. (12) into Eq. (16), we can obtain

(18)

([x(0) = (x(O) 2 = %ﬂ GG (19)

for g > 1, where
240 2A17T1+2A1)

Cl=-——F+—75—"", (20)
Y e
c A 1 1 1 1
2 = Al Q73— 2 2 1
Y1+ Pr++
- @ + 24171+ 24,10 " 2A1T12 +2A2’L'22 @n
i a e '

From Eq. (19) we can see that ([x(t) — (x(¢))]?) is proportional
to #2 in the long time limit. Namely, the ballistic diffusion is
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observed for g > 1. The reason why one can expect the ballis-
tic behavior to emerge for g > 1 is that C(¢) for ¢ > 1 converges
to a non-zero constant Ag. Furthermore, the pre-factor of the
ballistic diffusion depends on Ag/7>.

In order to test our theoretical predictions and to compare
the diffusive behavior of ¢ > 1 with that of ¢ < 1, we resort to
numerical simulations of the system indicated by Eq. (2). In
Figs. 3 and 4, we present some numerical examples. As shown
by Egs. (17) and (19), for g < 1 the system exhibits a normal
diffusion, while for ¢ > 1 the non-Gaussian noise induces a
ballistic diffusion. Furthermore, one can see from Fig. 4 that
for g > 1 the opening of the parabola decreases with increasing
values of ¢, indicating that the higher the degree of departure
from the Gaussian behavior is, the bigger the pre-factor of the

ballistic diffusion is.

100

80

60

40F

([ (t) = (x(2))]?)

20

Fig. 3. (color online) The mean square displacement of the particle for
g < 1. Simulations are indicated by dots and theory by a full line. The
parameters are D =1,7=1,and y= 1.
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(lz(t)—(=(t))]*)

Fig. 4. (color online) The mean square displacement of the particle for
g > 1. The parameters are the same as those in Fig. 3.

Figures 5 and 6 depict the mean square displacement of
the system at ¢ = 1.5 for different 7 and D, respectively. It can
be seen that the pre-factor of the ballistic diffusion strongly
depends on the parameters T and D: decreases with increasing
7 and increases with increasing D. This is because fluctuation
of ) becomes more intense with increasing D/ .

In Fig. 7, we plot the second moment of velocity of the
particle. It can be seen that the process we studied is asymp-

totic stationary.
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Fig. 5. (color online) The mean square displacement of the particle for
different 7 at a fixed ¢. The parameters are ¢ = 1.5, D =1,and y= 1.
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Fig. 6. (color online) The mean square displacement of the particle for
different D at ¢ = 1.5. The parameters are T=1and y = 1.
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Fig. 7. (color online) The second moment of velocity of the particle for
different g. The parametersare D=1,7=1, y=1, and {v(z)} =0.0.

4. Summary

To summarize, we have analyzed the diffusive behavior
of a system subject to both internal thermal and external non-
thermal noises. For the internal noise, we have considered the
usual Gaussian distribution but the external noise exhibits non-
Gaussian characteristics. We have observed two time correla-
tion functions of the stochastic process C(¢) = (n(t+1)n(t'))
in the stationary regime #' — oo, and found that for g < 1,
C(t) is fitted very well by the first-order exponentially decay-
ing curve, in which the pre-exponential factor increases with
g, while for g > 1, it can be approximated by a second-order
exponentially decaying function. Moreover, it is exciting to
find that C(z) for ¢ < 1 is equal to zero in the long-time limit,
whereas for g > 1 it converges to a non-zero constant. Due
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to the properties of C(¢), the diffusive behavior of the system
depends on parameter ¢ indicating the departure of the non-
Gaussian noise from the Gaussian behavior: the system ex-
hibits a normal diffusion for g < 1, while for g > 1 ballistic
diffusion is observed. The pre factor of the ballistic diffusion
has a strong dependence on parameters ¢, T and D.

We believe that the mechanisms found in this study have
a broad application. It is expected that ballistic diffusion might
become a useful operational mechanism to achieve a high effi-
ciency for the molecular motors and other systems in addition
to what have been discussed in Ref. [34].
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