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The dynamics of one-dimensional random quantum 𝑋𝑌 system with
Dzyaloshinskii–Moriya interaction∗
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In this paper, the effects of random variables on the dynamics of the s = 1/2 XY model with the Dzyaloshinskii–
Moriya interaction are studied. By means of the recurrence relation method in the high-temperature limit, we calculate
the spin autocorrelation functions as well as the corresponding spectral densities for the cases that the exchange couplings
between spins or external magnetic fields satisfy the double-Gaussian distribution. It is found that when the standard
deviation of random exchange coupling δJ (or the standard deviation of random external field δB) is small, the dynamics
of the system undergoes a crossover from a collective-mode behavior to a central-peak one. However, when δJ (or δB) is
large, the crossover vanishes, and the system shows a central-peak behavior or the most disordered one. We also analyze
the cases in which the exchange couplings or the external fields satisfy the bimodal and the Gaussian distributions. Our
results show that for all the cases considered, the dynamics of the above system is similar to that of the one-dimensional
random XY model.
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1. Introduction

Recently, much attention has been paid to the study of
random quantum systems.[1–3] We study qualitatively the be-
haviors of both the time-dependent spin-correlation function
and the corresponding spectral density function in the present
of disorder.

One of the typical examples of quantum spin systems is
the spin-1/2 XY model, which has been successfully related to
some quasi-one-dimensional compounds, such as Cs2CoCl4
and PrCl3.[4,5] Lieb et al. have shown that the XY model
can be transformed into a set of noninteracting fermions and
made a detailed study of its ground-state (T = 0) properties.[6]

Florencio and Lee have investigated the dynamics of the one
dimensional (1D) transverse Ising (TI) model and the spin-
1/2 isotropic XY model in infinite temperature by using the
method of recurrence relations, and found that the realized dy-
namical Hilbert spaces of the two models have the same struc-
ture, which leads to a similar dynamical behavior apart from
the time scale, and obtained the transverse spin correlation
functions for both systems with B = J,

〈
Sx

j (t)Sx
j

〉
= e−∆ t2

/4,
where J and B are the nearest-neighbor spin exchange cou-
pling and the external field, respectively, and ∆ = J2/2 for the
TI model, J2 for the XY model.[7] Regarding the dynamics of
the XY model, Niemeijer has found that the time-dependent
longitudinal spin correlation function at any temperature can
be expressed as the square of the Bessel function, (J0(2Jt))2,

where J0 is the 0-fold Bessel function.[8] McCoy and Barouch
have made a detailed investigation of various space-dependent
spin-correlation functions at different temperatures.[9,10]

On the other hand, there are some studies on the ran-
dom quantum spin system, which can be used for describ-
ing more real materials such as ferroelectric crystals[11–14] and
spin glasses.[15] For the random isotropic XY chain, the dy-
namics of the system at long time is governed by the stronger
couplings even if only a very small amount of disorder is
present. In the long-time limit, the correlation functions os-
cillate at the cutoff frequency of the disorder-less stronger-
coupling case, with the spectral densities displaying tails that
end at the stronger-coupling cutoff frequency.[16] Furthermore,
a series of spin systems, such as the TI model, the transverse
XY model with Gaussian or double-Gaussian distribution, and
the two-dimensional TI model, have also been studied.[3,17–20]

In recent years, some other magnetic properties have been
discovered in a variety of quasi-one-dimensional materials that
are known to belong to the class of the Dzyaloshinskii–Moriya
(DM) magnet. The form of the interaction is 𝐷 · (𝑆i×𝑆 j),
where 𝑆i are the spin operators. Jafari et al. have studied the
phase diagram and the entanglement of a 1D Ising model with
the DM interaction and found that the DM interaction drives
the quantum fluctuation resulting in a phase transition in the
model.[21] The Heisenberg chain with the DM interaction has
also been extensively studied.[22,23]

In this work, we investigate the effects of random vari-
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ables (magnetic field or exchange coupling) in the 1D s = 1/2
quantum XY model with the DM interaction in the high-
temperature limit by using the recurrence relation method. The
paper is organized as follows. In Section 2, we give a simple
introduction to the 1D quantum XY model with the DM inter-
action and the recurrence relation method. In Section 3, we
discuss the results. A summary is given in Section 4.

2. Model and method
The 1D quantum spin-1/2 XY model with the DM inter-

action has been of considerable theoretical interest in recent
years as a many-body system. The Hamiltonian of this system
under an external field Bi can be written as

H = −1
2 ∑

i
[Jiσ

x
i σ

x
i+1 +Kiσ

y
i σ

y
i+1 +Biσ

z
i

+ Di
(
σ

x
i σ

y
i+1−σ

y
i σ

x
i+1
)
], (1)

where σα
i (α = x,y,z) are the Pauli spin operators, Ji and

Ki are the x and the y direction exchange couplings between
nearest-neighbor spins, respectively, and Di indicates the z di-
rection of 𝐷. We introduce the exchange couplings or the
external fields as independent random variables, which satisfy
the double-Gaussian distribution

P(βi) = pP1 (βi)+(1− p)P2 (βi) , (2)

where

P1 (βi) =
1√

2πδβ

exp

[
− (βi−βa)

2

2δ 2
β

]
,

P2 (βi) =
1√

2πδβ

exp

[
− (βi−βb)

2

2δ 2
β

]
(3)

are the Gaussian distributions, βa and βb are the corresponding
mean values of the random variables βi, δβ is the standard de-
viation that denotes the deviation of random variables βi from
the mean values βa or βb, and p represents the probability of
the variable satisfying the Gaussian distribution P1(βi), with
0 ≤ p ≤ 1. The P(βi) means that βi satisfies the Gaussian
distribution P1(βi) or P2(βi) with the fraction of p or 1− p,
respectively.

Typically, when the standard deviation δβ → 0, the Gaus-
sian parts in Eq. (2) become δ functions, so the double-
Gaussian distribution becomes a bimodal distribution

P(βi) = pδ(βi−βa)+(1− p)δ(βi−βb) . (4)

When p= 0 or p= 1, equation (2) becomes the standard Gaus-
sian distribution.

The spin autocorrelation function plays an important role
in the study of the dynamics of quantum spin systems. In this

paper, we are mainly interested in the average of the spin auto-
correlation function in the high-temperature limit. It is defined
as

C (t) = 〈σ x
i (t)σ x

i (0)〉, (5)

where 〈...〉 denotes an ensemble average followed by an av-
erage over the disorder variables. The corresponding spectral
density Φ (ω), which is the Fourier transformation of C (t) and
can be measured directly in experiments, is defined as

Φ (ω) =
∫ +∞

−∞

e iωtC (t) dt. (6)

For the mathematical simplicity, Φ (ω) can be obtained as

Φ (ω) = lim
ε→0

[
Re
∫

∞

0
dtC (t) e−zt

]
, (7)

where z = ε + iω, and ε > 0.
The recurrence relation method has been proved to

be very powerful in the calculation of dynamic correlation
function.[2,24–29] Next we will give a brief introduction to this
method. The Kubo inner product in the Hilbert space is de-
fined as

(X ,Y ) = β
−1
∫

∞

0
dλ
〈
X (λ )Y+

〉
−〈X〉

〈
Y+
〉
, (8)

where X (λ ) = eλHX e−λH , 〈XY 〉 =Tr
(

e−βHXY
)
/Tre−βH ,

β = (kBT )−1, and H is the Hamiltonian of the system. Con-
sidering Hermitian operator σ x

i (t) as a dynamical variable and
then expanding it with an orthogonal set in the Hilbert space,
we have

σ
x
i (t) =

∞

∑
ν=0

aν (t) fν , (9)

where aν (t) are the time-dependent coefficients, and { fν} is
a complete set of orthogonalized basis vectors that spans the
Hilbert space, that is

(
fν , fµ

)
= 0 if ν 6= µ . There exists the

following set of recurrence relations for the basis vectors fν :

fν+1 = iL fν +∆ν fν−1, ν ≥ 0, (10)

∆ν =
( fν , fν)

( fν−1, fν−1)
, ν ≥ 1, (11)

where L is the quantum Liouvillian operator LA ≡ [H,A] =
HA−AH, and f−1 ≡ 0, ∆0 ≡ 1.

We insert Eq. (9) into equation dσ x
i (t)/dt =

i [H,σ x
i (t)] = iLσ x

i (t) , the differential operator acts on aν (t) ,
and the Liouvillian operator acts on fν with the result given by
Eqs. (10) and (11). A term-by-term comparison of the coeffi-
cients of each vector fν in the equation of motion then yields
the coefficients aν (t) satisfying the relation

∆ν+1aν+1 (t) =−ȧν (t)+aν−1 (t) , ν ≥ 0, (12)

with ȧν (t) = daν (t)/dt, a−1 (t)≡ 0, and ak (0) = δk,0.
Taking the inner product of σ x

j (t) and σ x
j (0), from

Eq. (9), we find that the inner product can be expressed as
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σ x

j (t) ,σ
x
j (0)

)
= 〈σ x

j (t)σ x
j (0)〉 when considering the aver-

age over the disorder variables in the high-temperature limit.
We then find that a0 (t) =

(
σ x

j (t) ,σ
x
j (0)

)
is the spin autocor-

relation function

a0 (t) = 〈σ x
j (t)σ x

j (0)〉=C (t) .

By applying the Laplace transform aν(z) =
∫

∞

0 e−ztaν(t)dt to
Eq. (12), a0 (z) in the continued-fraction representation can be
obtained as

a0 (z) =
1

z+
∆1

z+
∆2

z+ · · ·

. (13)

The spin autocorrelation function C (t) can be expressed
in the form of moment expansion

C(t) =
∞

∑
ν=0

(−1)ν

(2ν)!
M2ν t2ν , (14)

with

M2ν =
1
Z

Trσ x
i [H, [H, · · · [H,σ x

i ] · · · ]], (15)

where M2ν is the 2ν-th moment of C(t).
For a given set of ∆ν = M(ν)

2ν
, M(−1)

2ν
= 0, and ∆−1 = ∆0 =

1, the moments M(0)
2ν

= M2ν result from the relation

M(ν−1)
2ν

= ∆ν−1M(ν)
2ν

+
∆ν−1

∆ν−2
M(ν−2)

2ν−2 . (16)

These simple transformation relations establish the link
between the recursion method and the various techniques in
use of the analysis of moment expansions. The computational
effort for calculating the moments (Eq. (15)) is similar to that
for calculating the same number of ∆k’s by using the recur-
sion method.[24] Supposing that the first eight recurrants and
the corresponding sixteen moments have been calculated by
Eqs. (10) and (16), we can obtain C (t) by constructing the
padé approximate. Due to the mathematical complexity, a fi-
nite number of moments can be obtained, thus we can just
discuss the short time behavior of C(t).

However, we will see that working with continued-
fraction coefficients ∆k’s are more suitable for the direct re-
construction of the spectral density Φ (ω). Because we can
only get a finite number of recurrants, it is necessary to ter-
minate it with some schemes. Here, we use the Gaussian
terminator,[24,30] which is consistent with the property that the
∆ν sequence has an approximate linear growth rate. With the
help of the Padé approximate and the Gaussian terminator, we
can obtain the spin autocorrelation function C (t) and the cor-
responding spectral density Φ (ω) of the system, respectively.

3. Results and discussion
In order to investigate the spin autocorrelation function

C (t), we choose the zeroth basis vector f0 = σ x
i . With the re-

currence relation Eq. (10), the first basis vector can be obtained

as

f1 = Biσ
y
i −Di−1σ

x
i−1σ

z
i +Diσ

x
i+1σ

z
i −Ki−1σ

y
i−1σ

z
i

− Kiσ
y
i+1σ

z
i .

The norms of the above vectors are obtained as follows:

( f0, f0) = 1,

( f1, f1) = B2
i +D2

i−1 +D2
i +K2

i−1 +K2
i .

We have exactly calculated the basis vectors up to f6.
Then the continued fraction coefficients can be obtained from
Eq. (11). It is observed that the ∆ν sequence has an ap-
proximate linear growth rate, we obtain ∆7 and ∆8 by ∆ν =

(∆N/N)ν for ν > N.
Next, we discuss the numerical results of the spin auto-

correlation function C (t) and the spectral density Φ (ω) when
the exchange couplings or the external fields satisfy three types
of distributions: double-Gaussian, bimodal, and Gaussian dis-
tributions with the special values of the isotropy (Ji = Ki) XY
system. The DM interaction takes Di = Ji/2. The effects of
the randomness on the dynamics of the given system are in-
vestigated as follows.

3.1. Gaussian distribution

First we consider the case that the exchange coupling sat-
isfies the Gaussian distribution (3). For simplicity, we choose
the external fields Bi = B = 1.0, which sets the energy scale.
When the mean exchange couplings in the distribution take the
value J = 0.00,0.50,1.00,1.50,2.00, the spin autocorrelation
functions C (t) and the corresponding spectral densities Φ (ω)

for two cases in which the standard deviation δJ takes a small
value (0.3) and a larger one (3.0) respectively are shown in
Fig. 1. The continued-fraction coefficients are presented in the
insets of Figs. 1(b) and 1(d).

When the exchange coupling satisfies the Gaussian dis-
tribution, the standard deviation δJ is small (δJ = 0.3), and J
equals to 0.00, the dynamics of the system shows a collective-
mode behavior that is increasingly dominated by the external
fields. At the same time, the spin autocorrelation function
shows a damped oscillation behavior. With the increase of
the mean exchange coupling

(
J = 2.00

)
, the system shows

a central-peak behavior instead of the collective-mode one
when the values of the exchange couplings are much larger
than those of the external fields. The peak of Φ (ω) shown in
Fig. 1(b) moves from ω = 1 to 0 as J increases further, while
the amplitude of Φ (ω) decreases rapidly (2.17→ 0.38). Due
to the increase of the exchange coupling, the spin interactions
are stronger and prevailing gradually, dominating the dynam-
ics properties of the system, so that the collective-mode behav-
ior disappears, and is replaced by the central-peak behavior.
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Fig. 1. (color online) Spin autocorrelation functions and corresponding spectral densities when the bonds satisfy the Gaussian distribution, and
Bi = B = 1. The standard deviation is (a), (b) δJ = 0.3; and (c), (d) δJ = 3.0. The continued-fraction coefficients are presented in the insets.

On the other hand, for the case of a large standard de-
viation δJ (δJ = 3.0), the system only presents a central-peak
behavior regardless of the exchange couplings.

3.2. Bimodal distribution

Now we consider the cases that the external fields Bi or
the exchange couplings Ji satisfy the bimodal distribution (4).
Two cases are considered. In one case, the exchange couplings
are uniform (Ji = J = 1.0), while the mean external fields
in the distribution are Ba = 1.8 (q = 1) to Bb = 0.2(q = 0)
where 0 ≤ q ≤ 1, (Figs. 2(a) and 2(b)). In the other case,
the external fields are constants (Bi = B = 1.0) , whereas the
exchange couplings satisfy the bimodal distribution and vary
from Jb = 0.4 (p = 0) to Ja = 1.0 (p = 1) (Figs. 2(c) and
2(d)).

To summarize, the system has a crossover from a
collective-mode behavior to a central-peak one as J/B in-
creases in both cases. Generally, when J < B, the system is
dominated by the collective-mode behavior. However, when
J > B, the main mode shows the central-peak behavior. So the
dynamics of the system changes with B and J.

From the above discussion, we obtain that the dynamical
properties of the system are affected by the relative strength
between the spin–spin interactions and the external fields, not
by the different disordered distributions. The physical inter-
pretation of these behaviors can be obtained by analyzing the
root-mean square internal field associated with the exchange
coupling and the transverse frequency. The field due to the

exchange coupling in the infinite temperature limit is

G2
i j = ∑

j,k
Ji jJ jk

〈
σ

x
i σ

x
j
〉
= ∑

j
J2

i j

〈
(σ x

i )
2
〉
= J2,

so the root-mean-square goes as J. Roughly speaking, for a
large B (B > J), the system behaves as independent spins pre-
cessing about the field B. The fluctuating internal field causes
the damping of the precessing spins and gives the spectral line
its width. The resonant structure (collective-mode) disappears
when the transverse field is smaller than the root-mean-square
internal field (B < J). For the disordered situations, the gen-
eral dynamic behavior of the system is neither central-peak-
like nor collective-mode-like, but something in between.[2]

It is easy to find that the dynamics of the system is similar
to that of the 1D quantum XY model when the DM interaction
is small Di = Ji/2. We have studied the case in which the DM
interaction is smaller Di = Ji/5 and find that the results are the
same as those of the XY model.

3.3. Double-Gaussian distribution

The double-Gaussian distribution is a common form of
bimodal distribution and Gaussian distribution, which can be
used to describe both the discrete distribution and the contin-
uous one. For a small standard deviation (δJ = 0.1), the dy-
namics of the system (see Figs. 3(a) and 3(b)) is analogous to
that for the case in which the exchange couplings satisfy the
bimodal distribution. To the contrary, when the standard devi-
ation δJ is large (δJ = 2.0), the dynamics of the system (see
Figs. 3(a) and 3(b)) is similar to that for the case in which the
exchange couplings satisfy the Gaussian distribution.
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Fig. 2. (color online) Autocorrelation functions and spectral densities for the cases that (a), (b) the external fields satisfy the bimodal distribution;
and (c), (d) the exchange couplings satisfy the bimodal distribution. The continued-fraction coefficients are presented in the insets.
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Fig. 3. (color online) Spin autocorrelation functions and spectral densities for the case that the exchange couplings satisfy the double-Gaussian
distribution, the mean values are Ja = 1.0 and Jb = 0.4 with probabilities p and (1− p), respectively. The standard deviation is (δJ = 0.1) in
panels (a) and (b); (δJ = 2.0) in panels (c) and (d). The continued-fraction coefficients are presented in the insets.

We also analyze the case of the random field and uniform

bond. It is not difficult to find that for the three disorders, the

dynamics of the XY chain with the DM interaction is similar

to that of the 1D transverse XY model.[31] This behavior can be

understood from the work of Schotte et al.[32–35] In some ma-

terials, such as CsCuCl3, copper benzoate, and quantum dot

of GaAs, they estimated that the DM coupling constants are

|D|/J = 0.18, 0.11, and 0.01, respectively. The DM interac-
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tion is very small, so it cannot influence the dynamic behavior
of the XY system.

4. Summary
We have studied the dynamics of the 1D spin-1/2 quan-

tum XY model with random disorder at the high-temperature
limit by using the recurrence relation method. We find that the
dynamics of the system with three types of random distribu-
tions are affected by the mean values of the external field B, the
exchange coupling J, and the standard deviation δB or δJ . For
the cases of Gaussian disorder and double-Gaussian distribu-
tion, when δJ (δB) is small (e.g., δJ = 0.3 or δB = 0.1), the dy-
namics of the system undergoes a crossover from a collective-
mode behavior to a central-peak one. In contrary, when the
standard deviation δJ (δB) becomes large, the dynamics of the
system changes to a central-peak behavior or only a most dis-
ordered behavior which is intervenient between a central-peak
one and a collective-mode one. In the case of bimodal dis-
order, the dynamics of the system changes according to the
strength of B or J, when J < B, the system is dominated by a
collective-mode behavior. However, for J > B, the main mode
shows the central-peak behavior.

References
[1] Honarasa G R, Tavassoly M K and Hatami M 2012 Chin. Phys. B 21

054208
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Florencio J 2001 J. Phys. Soc. Jpn. 70 829
[21] Jafari R, Kargarian M, Langari A and Siahatgar M 2008 Phys. Rev. B

78 214414
[22] Kargarian M, Jafari R and Langari A 2009 Phys. Rev. A 79 042319
[23] Zhang X P, Ren Z Z, Zheng Q and Zhi Q J 2009 Chin. Phys. B 18 3210
[24] Viswanath V S and Müller G, 1994 The Recursion Method-

Applications to Many-Body Dynamics (Berlin: Springer)
[25] Mori H 1965 Prog. Theor. Phys. 34 399
[26] Lee M H 1982 Phys. Rev. Lett. 49 1072
[27] Lee M H 1982 Phys. Rev. B 26 2547
[28] Lee M H 1983 J. Math. Phys. 24 2512
[29] Lee M H, Hong J and Florencio J 1987 Phys. Scr. 1987 498
[30] Stolze J, Viswanath V S and Müller G 1992 Z. Phys. B 89 45
[31] Xu Z B, Kong X M and Liu Z Q 2008 Phys. Rev. B 77 184414
[32] Schotte U, Hoser A and Stüβer N 2000 Solid State Commun. 113 523
[33] Zhao J Z, Wang X Q, Xiang T, Su Z B and Yu L 2003 Phys. Rev. Lett.

90 207204
[34] Kavokin K V 2001 Phys. Rev. B 64 075305
[35] Kavokin K V 2004 Phys.Rev. B 69 075302

037502-6

http://dx.doi.org/10.1088/1674-1056/21/5/054208
http://dx.doi.org/10.1088/1674-1056/21/5/054208
http://dx.doi.org/10.1103/PhysRevB.60.9555
http://dx.doi.org/10.1103/PhysRevB.61.14327
http://dx.doi.org/10.1103/PhysRevB.40.4627
http://dx.doi.org/10.1103/PhysRevLett.52.1649
http://dx.doi.org/10.1103/PhysRevLett.52.1649
http://dx.doi.org/10.1016/0003-4916(61)90115-4
http://dx.doi.org/10.1103/PhysRevB.35.1835
http://dx.doi.org/10.1016/0031-8914(67)90235-2
http://dx.doi.org/10.1103/PhysRev.173.531
http://dx.doi.org/10.1103/PhysRevA.3.786
http://dx.doi.org/10.1016/0038-1098(82)90274-5
http://dx.doi.org/10.1016/0038-1098(82)90274-5
http://dx.doi.org/10.1088/0022-3719/16/1/009
http://dx.doi.org/10.1088/0022-3719/16/1/009
http://dx.doi.org/10.1143/JPSJ.53.3648
http://dx.doi.org/10.1080/00150198608245013
http://dx.doi.org/10.1080/00150198608245013
http://dx.doi.org/10.1103/PhysRevLett.67.2076
http://dx.doi.org/10.1103/PhysRevLett.67.2076
http://dx.doi.org/10.1103/PhysRevB.68.014406
http://dx.doi.org/10.1590/S0103-97332000000400010
http://dx.doi.org/10.1143/JPSJ.70.829
http://dx.doi.org/10.1103/PhysRevB.78.214414
http://dx.doi.org/10.1103/PhysRevB.78.214414
http://dx.doi.org/10.1103/PhysRevA.79.042319
http://dx.doi.org/10.1088/1674-1056/18/8/019
http://dx.doi.org/10.1143/PTP.34.399
http://dx.doi.org/10.1103/PhysRevLett.49.1072
http://dx.doi.org/10.1103/PhysRevB.26.2547
http://dx.doi.org/10.1063/1.525628
http://dx.doi.org/10.1007/BF01320828
http://dx.doi.org/10.1103/PhysRevB.77.184414
http://dx.doi.org/10.1016/S0038-1098(99)00519-0
http://dx.doi.org/10.1103/PhysRevLett.90.207204
http://dx.doi.org/10.1103/PhysRevLett.90.207204
http://dx.doi.org/10.1103/PhysRevB.64.075305
http://dx.doi.org/10.1103/PhysRevB.69.075302

	1. Introduction
	2. Model and method
	3. Results and discussion
	3.1. Gaussian distribution
	3.2. Bimodal distribution
	3.3. Double-Gaussian distribution

	4. Summary
	References

