
Chin. Phys. B Vol. 22, No. 3 (2013) 037304
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Because of the helicity of electrons in HgTe quantum wells (QWs) with inverted band structures, the electrons cannot
be confined by electric barriers since electrons can tunnel the barriers perfectly without backscattering in the HgTe QWs.
This behavior is similar to Dirac electrons in graphene. In this paper, we propose a scheme to confine carriers in HgTe QWs
using an electric–magnetic barrier. We calculate the transmission of carriers in 2-dimensional HgTe QWs and find that
the wave-vector filtering effect of local magnetic fields can confine the carriers. The confining effect will have a potential
application in nanodevices based on HgTe QWs.
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1. Introduction
In recent years, HgTe quantum wells (QWs) have aroused

a great deal of interest in condensed matter physics due to
their potential application in nanodevices.[1–4] The effective
Hamiltonian of HgTe QWs has a mass parameter which de-
pends on their thickness.[2] When the thickness is greater than
a critical value around 6.3 nm, the mass parameter becomes
negative and a quantum phase transition occurs. This phase
is a topological phase which possesses a non-trivial topologi-
cal number and displays the quantum spin Hall effect.[5,6] The
quantum spin Hall effect is robust to disorder and has weak
electron–electron interaction, as in the quantum Hall effect.
In the quantum spin Hall effect, there is a pair of edge states
with opposite spins propagating in opposite directions at one
edge.[5]

Graphene has also aroused a lot of attention due to its
linear dispersion around Dirac points.[7–9] Dirac-like elec-
trons in graphene can tunnel a potential barrier perfectly at
normal incidence, which is known as Klein tunneling.[7,8]

This unusual behavior is a manifestation of the chirality of
Dirac electrons.[8] The perfect tunneling in graphene has two
sides. On one side, due to the chirality of Dirac electrons
in graphene, the electrons are less affected by disorders and
possess high-mobility, however on the other side, it is hard
to confine electrons in a potential barrier, which is often used
in producing quantum point contacts, quantum dots,[10–12] and
so on. Thus, it causes difficulties in producing quantum point
contacts[11] in graphene, which affects its application.

Many works have studied how to confine electrons in
graphene. To confine Dirac electrons, a magnetic barrier is
often used.[11,12] Magnetic barriers have a great wave-vector

filtering effect on the Dirac electrons in graphene. There
are many kinds of magnetic field configurations in graphene
which show a strong filtering effect. Among these configu-
rations, the delta function approximation of magnetic fields is
very convenient for calculation and possesses the main physics
in confining Dirac electrons.[13]

Carriers in HgTe QWs display a similar behavior[14,15] to
the Dirac electrons in graphene. The electrons in HgTe QWs
can tunnel barriers perfectly for intra-band tunneling at normal
incidence.[14] This behavior may limit its use in nanodevices.
For example, the quantum point contact (QPC) which is often
generated and manipulated by gate voltages[16] can produce
narrow channel width for conventional 2-dimensional elec-
tron gas (2DEG) with parabolic dispersion. However, in HgTe
QWs, this effective channel width may be broadened because
of the tunneling process near the edges of the potential wall.
In this paper, we propose a scheme using electric-magnetic
barriers to confine electrons in HgTe QWs and calculate the
transmission of carriers in two dimensional HgTe QWs. This
wave-vector filtering effect makes manipulation of carriers in
HgTe QWs more convenient and effective and have potential
applications in nanodevices based on HgTe QWs. The rest of
our paper is organized as follows. In Section 2, we propose
our model and give details of calculation. In Section 3, we
discuss our results. At the end, we give a brief summary.

2. Model
As shown in Fig. 1, the system under consideration is a

HgTe QW and the electrons are confined in the x–y plane. In
the middle region, there is a ferromagnetic strip which will in-
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duce a local magnetic field perpendicular to the 2DEG in HgTe
QWs.[12] We assume that the magnetic field at the fringe of the
strip is homogeneous along the y direction, and its magnitude
can be tuned by an external magnetic field. Since the typical
Fermi wavelength of the 2DEG under consideration is much
larger than the range of the magnetic field, we can approxi-
mate the magnetic field as δ functions,[17,18] i.e.,

Bz(x) = BlB0(δ (x)−δ (x−L)),

where lB0 is the typical magnetic length for a typical mag-
netic strength.[13] When B0 = 0.1 T, lB0 ' 80 nm. This mag-
netic field is related to a vector potential in Landau gauge
𝐴(x) = [0,Ay(x),0], where Ay(x) = BlB0(Θ(x)−Θ(x− L)),
and Θ(x) is the Heaviside step function. A voltage barrier
can also be induced in the 2DEG if a gate voltage is imposed
on the ferromagnetic strip. We assume that the gate voltage
Vg(x) = Vg[Θ(x)−Θ(x− L)] has a rectangular shape in the
middle region.
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Fig. 1. (color online) (a) Schematic illustration of the HgTe QWs with a
ferromagnetic strip. (b) The strip induces a local magnetic field Bz and
a voltage barrier Vg. The magnetic fields are localized at x = 0 and x = b
and Ay is the vector potential of the magnetic fields. (c) The incident
electrons are injected from the left leads (region I) with angle θ to the
right region (region III) through the barrier (region II). The Fermi wave
vector of incident electrons is kI

F of which the y-component is ky.

We start from the effective Hamiltonian,[2]

H = 𝜖k


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



+


M(𝑘) Ak− iαk− 0
Ak+ −M(𝑘) 0 0
−iαk+ 0 +M(𝑘) −Ak+

0 0 −Ak− −M(𝑘)

 , (1)

where 𝑘 = [kx,πy], 𝜖k =C−D(k2
x +π2

y ), M(𝑘) = M−B(k2
x +

π2
y ), k± = kx± iπy with πy = ky +eAy/h̄ in the presence of Ay,

A, B, C, and D are structural parameters, M is a mass parame-

ter related to the thickness of HgTe QWs, and α is the Rashba

spin–orbit interaction (RSOI) strength. The RSOI can be in-

duced by an external electric field, which causes structural

asymmetry. In our calculation,[2] we take A = 364.5 meV·nm,

B = −686 meV·nm2, C = 0, D = −512 meV·nm2, and M =

−10 meV. HgTe QWs are topological insulators with helical

edge states when M < 0. In the case of α = 0, the Hamilto-

nian is block diagonal. The upper block of Hamiltonian (1) is

a time-reversal of the lower block. If the RSOI is absent, we

need only to concentrate on the upper block of the Hamilto-

nian.

In the two-dimensional case, the eigenvalues and eigen-

states of the Hamiltonian are

𝜖± = 𝜖k±
√

M2(k)+A2k2, (2)

χ± = N±(Ak e iθ ,±
√

M2(k)+A2k2−M(k))T, (3)

respectively, where N± are normalization constants, and θ is
defined as tanθ = ky/kx (see Fig. 1(c)) and k =

√
k2

x +π2
y . In

the presence of RSOI, i.e., α 6= 0, the spin-up and spin-down

carriers are coupled together, we omit the lengthy expressions

for the eigenvalues and eigenvectors here. When the Fermi

energy and incident angle θ are fixed, the tunneling process

in the presence of vector potential Ay can be viewed as a one-

dimensional tunneling process with a one-dimensional effec-

tive potential Veff(x) dependent on Ay.[18] If the Fermi energy

is far below the effective potential, the transmission is sup-

pressed. The transmission in the two-dimensional case can

be calculated by matching the wave functions and currents at

the boundary where x = 0 and x = L (see Fig. 1(c)). We as-

sume the wave functions of incident electrons from the left

with Fermi wave vector kI
n = kF and incident angle θ I

n are

χ I
neikI

n cos(θ I
n)xeikI

n sin(θ I
n)y. Then, the wave function in the three

regions are

ψI(x,y) =
[
χ

I
n e ikI

m cos(θ I
n)x +

4

∑
m=1

rmχ
I
m e−ikI

m cos(θ I
m)x

]
×e ikI

n sin(θ I
n)y,

ψII(x,y) =
4

∑
m=1

cmχ
II
m e ikII

m cos(θ II
m )x e ikI

n sin(θ L
n )y

+
4

∑
m=1

dmχ
II
m e−ikII

m cos(θ II
m )x e ikI

n sin(θ L
n )y,

ψIII(x,y) =
4

∑
m=1

tIII
m e ikIII

m cos(θ III
m )x e ikI

n sin(θ I
n)y. (4)
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By matching the wave functions and currents at x = 0 and
x = L, it follows

ψI(0,y) = ψII(0,y),
𝜐xψI(0,y) = 𝜐xψII(0,y),
ψII(L,y) = ψIII(L,y),
𝜐xψII(L,y) = 𝜐xψIII(L,y),

(5)

where 𝜐x is the x-direction velocity operator given by

𝜐x =


−2D+kx A iα 0

A −2D−kx 0 0
−iα 0 −2D+kx −A

0 0 −A −2D−kx

 , (6)

where B+ = B + D, and B− = B−D. At fixed Fermi en-
ergy EF and incident angle θ , the transmission T (EF,θ) can
be obtained from Eqs. (4) and (5) using the scattering ma-
trix method.[19] The conductance of the system is G(EF) =

(e2/h̄)
∫

T (EF,θ)cosθdθ .[17]

3. Numerical results
At the beginning, we investigate the transmission proper-

ties in two-dimensional HgTe QWs without RSOI. As shown
in Fig. 2, we first plot the transmission T (EF,θ) as a func-
tion of EF with θ = 0 and Vg =−10 meV. When the magnetic
field is absent (solid line in Fig. 2(a)), the transmission is al-
most 2 when the Fermi energy does not lie in energy gaps,
i.e., EF > 10 meV or EF < −20 meV. Note that the perfect
transmission is 2 because of the degeneracy of spin-up and
spin-down states. The transmission is almost zero between
EF = −20 meV and EF = 10 meV because the Fermi energy
is in the gap either in the left and right regions or in the mid-
dle region.[15] When the magnetic field is present, the gap in
which carriers cannot tunnel grows with the strength of the
magnetic fields (see Fig. 2). This suppression is due to the
wave-vector filtering effect of the magnetic field.[10,17] We fo-
cus on the Fermi energy at which the transmission jumps from
nearly zero to almost 2 in the range EF > 0 meV. The jump
point shifts to higher Fermi energy when the magnetic fields
are tuned up (see the dashed, dotted, and dash-dotted lines
with B = 0.3 T, B = 0.6 T, and B = 0.9 T, respectively). The
jump point shifts with increasing magnetic fields because the
effective one-dimensional potential grows with the increasing
magnetic fields. If the Fermi energy is below the effective po-
tential, the transmission is almost zero. If the Fermi energy
is above the effective potential, the transmission increases sig-
nificantly. The peaks caused by the constructive interference
of propagating modes in the barrier can also be understood in
connection with the one-dimensional tunneling process. The
peaks have a narrower width in the lower Fermi energy region.
The width of the transmission is associated with the lifetime of
carriers in the barrier. If the carrier has a lower Fermi energy,
then it has lower group velocity and a longer time spent in the
barrier, so the transmission peaks at lower Fermi energy have

narrower widths. The transmission behavior at EF < 0 can be
understood in the same way as the carriers treated as holes.
The interference between the forward-moving and backward-
moving modes in the barrier behaves like Fabry–Pérot (FP) in-
terference in optics. To see the FP interferences more clearly,
we plot T (EF,θ) with EF = 20 meV and θ = 0 as a function
of the barrier length L. When B = 0 T and B = 0.3 T, the
transmission oscillates with L, which is a manifestation of the
interferences of FP modes in the barrier. The transmission as
a function of barrier length L at B = 0 is similar to graphene in
the potential barrier, while the transmission at B = 0.3 T has
the same oscillation behavior as in ordinary 2DEG.[8] When
B = 0.6 T and B = 0.9 T, the transmission is exponentially
suppressed because the propagating modes in the barrier are
becoming evanescent due to a larger magnetic field. The larger
magnetic fields induce an effective one-dimensional potential
barrier which is larger than the energy of the incident carriers.
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Fig. 2. (color online) (a) Transmission T (EF,θ) as a function of the
incident Fermi energy EF at fixed gate voltage Vg = −10 meV, bar-
rier length L = 100 nm, and incident angle θ = 0. (b) Transmission
T (EF,θ) as a function of the barrier length L with fixed Fermi energy
EF = 20 meV, incident angle θ = 0, and gate voltage Vg =−10 meV.

We next plot T (EF,θ) as a function of θ with fixed EF.
The transmission is almost perfect at B = 0 T (black solid
line in Fig. 3(a)) around θ = 0. This is due to the helicity
of electrons in HgTe QWs, which prevents backscattering[14]

at θ = 0 and is similar to the Klein tunneling in graphene.[8]

In graphene, there is no reflection at θ = 0 if there is no inter-
valley scattering due to the preservation of chirality of Dirac
electrons.[8] In HgTe QWs, the perfect tunneling around θ = 0
is due to the helicity of electrons.[15] When the magnetic fields
are tuned up, the transmission is suppressed and the resonant
tunneling emerges. The transmission is completely suppressed
(dash-dotted line in Fig. 3(a)) when the magnetic field is be-
yond some critical value about B = 0.81 T. The transmission
behavior as a function of θ can be explained as follows: the
effective one-dimensional potential is symmetric with θ = 0
in the absence of magnetic fields and becomes asymmetric
when the magnetic fields are included. It can be seen from
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Fig. 3(a) that the dashed line has a jump. The angle at which
the jump occurs means that the energy of carriers is less than
the effective one-dimensional potential at the right side of the
jump point and larger than the potential at the left side of the
jump point. In Fig. 3(b), we plot the transmission T (EF,θ) as
a function of gate voltage Vg at θ = 0 and fixed Fermi energy
EF = 20 meV. The oscillation emerges when the magnetic field
increases and the oscillations show different peak-to-valley ra-
tios between Vg < 0 meV and Vg > 30 meV. It can be explained
as follows. When Vg < 0 meV, the states available in the barrier
are in the conduction bands and intra-band tunneling occurs;
when Vg > 30 meV, the available modes in the barrier lie in the
valence bands and inter-band tunneling occurs. The valence
bands have different dispersions than the conductance bands,
so the inter-band tunneling is smaller compared with the intra-
band tunneling. The peaks in Fig. 3(b) shift and have different
widths at different Vg. The reason for the shift of peaks is re-
lated to the shift of levels of quasi-bound states. The gate volt-
age can shift the position of the levels of quasi-bound states in
the barrier, resulting in the shifting of peaks. The width of the
tunneling peaks, which become narrower when Ay increases,
is due to the wave-vector filtering effect of Ay. We can see that
the wave-vector filtering effect shares a similar characteristic
with graphene.[10] However, there is a difference in the trans-
mission properties between graphene and HgTe QWs. The
graphene has particle–hole symmetry, while in HgTe QWs the
particle–hole symmetry is broken. When the barrier is tuned
into the hole regime, the transmission is strongly suppressed
(see Fig. 3(b)).
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Fig. 3. (color online) (a) Transmission T (EF,θ) as a function of the
incident angle θ at fixed gate voltage Vg = −5 meV, barrier length
L = 100 nm, and EF = 20 meV. (b) Transmission T (EF,θ) as a func-
tion of gate voltage Vg with incident angle θ = 0, fixed Fermi energy
EF = 20 meV, and barrier length L = 100 nm.

Now we turn to study the case where RSOI is present in
the middle region. In this case, the degenerate bands of spin-
up and spin-down electrons are split into four bands with dif-
ferent dispersions. The RSOI causes different behaviors in the

transmission. As shown in Fig. 4(a), the transmission T (EF,θ)

at θ = 0 still oscillates with EF, but the peaks are smaller than
2 and are far from perfect tunneling. In Fig. 4(b), we plot the
transmission T (EF,θ) as a function of barrier length L. There
are still FP modes (see Fig. 2(b)), but there is a difference if
we focus on the dashed line in Fig. 4(b) and the dotted line in
Fig. 2(b). The evanescent behavior for T (EF,θ) at B = 0.6 T
without RSOI is different from the oscillating behavior in the
presence of RSOI. In Fig. 4(c), we plot T (EF,θ) as a function
of θ . The transmission peak in Fig. 3(a) (dotted line) splits
into two peaks in Fig. 4(c). In Fig. 4(d), the transmission also
shows splits compared to Fig. 3(b). These different behaviors
with RSOI in the middle region can be understood as follows.
The RSOI induces a splitting in the degenerate bands of spin-
up and spin-down carriers with two different Fermi wave vec-
tors kσ

F (σ =↑, ↓). This implies that the two conduction or
valence bands have two different kσ

x (σ =↑, ↓) since ky is the
same. Thus, the resonant condition relevant to kσ

x cannot be
satisfied with the same parameters (EF, L, θ , or Vg) for the two
bands. It means that when k↑x (k↓x ) meets the resonant condition
kxL = nπ (n = 1,2, ...),[8] k↓x (k↑x ) cannot satisfy this condition
because they are always different. This induces splits in the
peaks and departures of peaks from perfect tunneling. The
evanescent modes (the dotted line in Fig. 2(b)) in the barrier
can become propagating modes (the dashed line in Fig. 4(b))
due to the shift of energy bands. The side peaks are appar-
ent when the peaks are narrow, the lifetime of carriers is long,
and the broadened width of quasi-bound energy levels does
not cover the side peaks. As shown in Figs. 4(c) and 4(d), the
appearance of side peaks is due to the RSOI and wave-vector
filtering of magnetic fields. The apparent sub-peaks may sug-
gest an efficient way to detect RSOI in HgTe QWs.
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Fig. 4. (color online) Transmission of two-dimensional HgTe QWs with
RSOI α = 50 meV·nm as a function of (a)EF, (b) L, (c) θ , and (d) Vg,
respectively. The parameters are (a) L= 100 nm, Vg =−10 meV, θ = 0;
(b) EF = 20 meV, Vg =−10 meV, θ = 0; (c) EF = 20 meV, L = 100 nm,
Vg =−5 meV; (d) L = 100 nm, Vg =−10 meV, EF = 20 meV.
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4. Conclusion
In summary, we have explored the transmission proper-

ties in two-dimensional HgTe QWs with a magnetic–electric
barrier. In the absence of magnetic fields, the transmission is
perfect around θ = 0 for intra-band tunneling. This is a man-
ifestation of the helicity of electrons in HgTe QWs, which is
similar to Klein tunneling in graphene. When the magnetic
field is included, the transmission shows a strong wave-vector
filtering behavior. The transmission is suppressed and the res-
onant tunneling behavior emerges. These resonant tunnelings
are caused by the quasi-bound states in the electric–magnetic
barrier. The positions of these peaks vary with the voltage
barrier, the magnetic field, and the barrier length. This wave-
vector filtering effect will have potential application in nan-
odevices based on HgTe QWs. In the presence of RSOI, the
peaks in the transmission split and depart from perfect tunnel-
ing because of the different wave vectors induced by RSOI.
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