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Impacts of higher-order dispersions and saturable nonlinearities on
modulation instability in negative-refractive metamaterials∗
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On the basis of the standard linear stability analysis and Drude electromagnetic model, the impacts of higher-order
dispersions and three kinds of typical saturable nonlinearities on modulation instability (MI) have been analyzed and cal-
culated for negative-refractive metamaterials (MMs). Our results show that the MI gain spectra consist of only one spectral
region instead of one or two regions in ordinary materials, which may be close to or far from the zero point. Particularly, the
spectrum far from the zero point has a high cut-off frequency but a narrow spectral width, which is obviously beneficial to
the generation of high-repetition-rate pulse trains. Moreover, MI characteristics here will vary with the normalized angular
frequency which can be modified by adjusting the structures of negative-refractive MMs, signifying the controllability of
bistable solitons and MI based applications. The effects of saturable nonlinearities are similar to those in ordinary materials.
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1. Introduction

In recent years, as important artificial synthetic materi-
als, metamaterials (MMs) have aroused special interests for
their extensive potential applications in many fields such as
communications, stealth, super resolution imaging, etc. Com-
pared with ordinary materials, MMs are essentially magnetic
and structurally adjustable. Thus, the refractive indices of
the MMs depend not only on their electric permittivity but
also on their magnetic permeability. Correspondingly, accord-
ing to many previous reports, by adjusting the structure of
MMs, one can realize a positive or negative electric response
as well as a positive or negative magnetic response. That is
to say, one can obtain positive-refractive, negative-refractive,
or single-negative (epsilon-negative or mu-negative) materials.
It is well-known that they are all very attractive electromag-
netic complex materials nowadays. In this work, we are only
concerned about the negative-refractive MMs. Current studies
on MMs mainly include the realization of negative-refractive
materials at different electromagnetic frequency ranges, espe-
cially at the optical frequency range, various singular linear
and nonlinear physical characteristics, and the exploration of
potential applications in a variety of fields.

So far, in the optical frequency range, researchers have
investigated nonlinear MMs in terms of the optical propaga-
tion of ultra-short optical pulses,[1] second- or third-order har-
monic generations, modulation instability (MI),[2–5] and so on.
Among them, MI is actually a universal physical phenomenon
which can be observed in many nonlinear systems and has all

along been an important research topic for its great theoreti-
cal and wide-spread practical significance. Theoretically, MI
is an important content of nonlinear physics. In particular, it
is closely physically related to the soliton generation. Thus,
different kinds of MI are generally regarded as precursors of
the formation of the corresponding kinds of solitons. Practi-
cally, even only in the optics field, MI has already found ex-
tensive applications in optical communication systems and the
design of all-optical devices, etc. For instance, MI can be typ-
ically utilized to generate super-continuum spectra,[6] gener-
ate a high repetition rate of ultra-short soliton chains,[7] design
optical switching, and so on. However, MI may sometimes
be harmful to optical communication systems and high-power
laser systems.[8]

Up to now, MI characteristics in optics and its
wide-spread applications in ordinary optical materials es-
pecially in optical fibers have been extensively investi-
gated theoretically,[9,10] numerically,[7] and experimentally.[11]

Besides the lower-order dispersion and nonlinear effects,
a variety of higher-order effects such as higher-order
dispersion,[12–14] saturable nonlinearity,[13–16] and quintic
nonlinearity,[11] have been taken into consideration.

For the reason that the occurrence of MI in new circum-
stances means new methods to generate and control optical
solitons and other new potential applications, MI has been
gradually extended to artificial synthetic materials such as
photonic crystals and MMs in recent years.[2–5,17–19] Previous
studies have revealed that, MI in MMs can occur in the nor-
mal dispersion region, without group velocity dispersion, or
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even in the case of anomalous group velocity dispersion and
defocusing nonlinearity. For example, Kourakis et al.[18] in-
vestigated the nonlinear instability in negative-refractive MMs
and obtained the MI picture of the coupled plane wave solu-
tion. While Wen et al. investigated the influence of the self-
steepening effect, second-order nonlinear dispersion and fake
quintic nonlinearity on MI.[5,19] Malukov et al. investigated
MI in saturable nonlinear negative-refractive MMs.[3] Xiang
et al. analytically studied MI in MMs with higher-order lin-
ear dispersion and second-order nonlinear dispersion.[20] How-
ever, they actually have neglected the effects of higher-order
dispersions during calculations. Recently, starting from the
normalized propagation equation, Xiang et al. further deduced
the expressions for the dispersion relation, gain spectra, and
the peak gain of MI in negative-refractive MMs and calcu-
lated the effects of the saturable nonlinearity, the first- and the
second-order nonlinear dispersions on MI.[2] We also inves-
tigated effects of exponential saturable nonlinearity and first-
order nonlinear dispersion on MI in MMs.[21] However, so far,
there are no reports on MI in negative-refractive MMs with
both higher-order dispersions and different kinds of saturable
nonlinearities.

It is worth mentioning that many previous studies have
demonstrated that negative-refractive MMs can be constructed
by periodic arrays of split-ring resonators (SRRs) and metal-
lic wires made of copper or gold. If the SRRs are embedded
in a nonlinear dielectric, one can construct nonlinear negative-
refractive MMs. Furthermore, if the nonlinear dielectric in-
volved has an extremely high nonlinear refractive index and
is liable to exhibit the saturable nonlinear effect even for a
moderate incident light intensity, the MMs may become the
saturable nonlinear ones. On the other hand, the local field
enhancements in the SRR arrays can be very intense, which
allows for enhanced nonlinear effects, and then makes MMs
exhibit saturable nonlinear effects more readily. The typical
saturable nonlinear dielectrics include the nonlinear photore-
fractive material,[3] the semiconductor CdS1−xSex-doped glass
material,[16] and so on. That is to say, embedding the copper or
gold SRRs in a certain saturable nonlinear dielectric (the semi-
conductor CdS1−xSex-doped glass material, for instance), one
can construct a saturable nonlinear negative-refractive MM.
Thus, in this work, after taking into account both the higher-
order dispersions and three kinds of saturable nonlinearities in
negative-refractive MMs, we analytically study and then cal-
culate the MI characteristics by a standard linear stability anal-
ysis and the Drude electromagnetic model. Moreover, a com-
parison of MI characteristics among three kinds of saturable
nonlinearities and with those in naturally occurring materials
are made in detail.

2. The propagation equation and its coefficients
After taking into account the higher-order dispersions

and three kinds of saturable nonlinearity,[16] and referring to
the method of the establishment of the nonlinear propagation
equation in MMs,[2,5] one can obtain the following extended
nonlinear propagation equation

∂A
∂ z

= − i
2

β2
∂ 2A
∂T 2 +

1
6

δ3
∂ 3A
∂T 3

+
i

24
δ4

∂ 4A
∂T 4 + iγ0 A f ( |A |2) , (1)

where the function f ( |A |2) stands for a certain kind of sat-
urable nonlinearity. As Ref. [11] has pointed out, three kinds
of saturable nonlinearities exist. For convenience, we will call
them conventional saturable nonlinearity (CSN), exponential
saturable nonlinearity (ESN), and another kind of saturable
nonlinearity (ASN), respectively. Their corresponding func-
tions f ( |A |2) in Eq. (1) can be, respectively, expressed as

f ( |A |2) =


|A |2/(1+Γ |A |2 ),
[1− exp(−Γ |A |2 )]/Γ ,

|A |2 (2+Γ |A |2/2)/[2(1+Γ |A |2 /2)2].

(2)

The parameters β 2, δ j ( j = 3,4), γ0, Γ = 1/Psat, Psat, A, T ,
and z in Eq. (1) or Eq. (2) are the second-order group-velocity
dispersion, the jth-order group-velocity dispersion, the non-
linear coefficient, the saturable parameter, the saturable opti-
cal power, the slowly varying amplitude of the optical field,
the pulse time coordinate, and the propagation distance, re-
spectively. It is necessary to mention that, although the prop-
agation equation (1) is the same as that in naturally occurring
materials in the aspect of its mathematical form, the defini-
tions of the equation coefficients in MMs are quite different
from those in naturally occurring materials, and can be found
in Ref. [2]. Moreover, the electromagnetic characteristics of
MMs are also special and should be described by the Drude
electromagnetic model.[22]

Thus, according to the definitions of the propagation
equation coefficients and the Drude electromagnetic model,
we can deduce the refractive index n(ω0) at the carrier angular
frequency ω0and the other equation coefficients as follows:
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where ε0, µ0, c, χ(3), ωpe, and ωpm are the vacuum permittiv-
ity, vacuum magnetic permeability, the light speed in a vac-
uum, the third-order electric susceptibility, the electric and
magnetic plasmas angular frequencies, respectively. The sus-
ceptibility χ(3) > 0 and χ(3) < 0 represent the self-focusing
and self-defocusing nonlinearity, respectively. We can see
from Eqs. (3)–(5) that these parameters are related to the nor-
malized angular frequency ω0/ωpe and cannot vary indepen-
dently. Thus, the variation of the refractive index n with
the normalized angular frequency ω0/ωpe is shown in Fig. 1.
Furthermore, in order to measure these coefficients in MMs
in future experiments conveniently, variations of the coeffi-
cients of Eq. (1) in real units with the normalized angular
frequency ω0/ωpe for ωpe = 600, 800, and 1000 THz are
shown in Figs. 2–5. The common parameters have been set as
ωpm/ωpe = 0.8 and χ(3) = 10−10 esu. during calculations.[23]
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Fig. 1. Variation of the refractive index n with the normalized angular
frequency ω0/ωpe.
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Fig. 2. Variation of the equation coefficient γ0 with the normalized angular
frequency ω0/ωpe for ωpm/ωpe = 0.8 and ωpe = 600, 800, and 1000 THz,
in the (a) negative and (b) positive refractive region, respectively.

Obviously, we can see from Fig. 1 that, the frequency re-
gions 0 < ω0/ωpe < 0.8, 0.8 < ω0/ωpe < 1, and ω0/ωpe > 1
are the negative refractive region, the forbidden band region,
and the positive refractive region, respectively. In the for-
bidden band region, the refractive index becomes a purely

imaginary number, which indicates that, according to Eqs. (4)
and (5), all of the equation coefficients γ0, β2, δ3, and δ4

will correspondingly become complex and physically mean-
ingless. For this reason, in Figs. 2–5, we only show the cases
in the negative and positive refractive regions. These figures
indicated that, in the negative refractive region, with the in-
crease of ω0/ωpe, the parameters n and δ4 increase mono-
tonically and tend to be zero, γ0 first increases and then in-
creases, β2 first increases from negative to zero slowly and
then increases rapidly near the forbidden band region, and
δ3 decreases monotonically and tends to be zero. When the
other parameters are the same, the larger parameter ωpe is, the
larger parameters γ0, δ4, and β2 (far from the forbidden band
region) are, and the smaller parameter δ3 is. While in the posi-
tive refractive region, with the increase of ω0/ωpe, n increases
monotonically, β2 and δ3 increase monotonically and tend to
be zero, δ4 decreases monotonically and tends to be zero, and
γ0 first decreases and then increases. When the other param-
eters are the same, the larger parameter ωpe is, the larger the
parameters γ0, β2, and δ3 are, and the smaller parameter δ4 is.
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3. Linear stability analysis
It is easy to obtain the linearized nonlinear propagation

equation of Eq. (1) by perturbing its steady-state solution
through adding a perturbation a (z, T ) with angular frequency
Ω and utilizing the standard linear stability analysis. This lin-
earized equation can be written as

∂ a
∂ z

= iγ P0 (a+a∗)− i
β2

2
∂ 2a
∂ T 2 +

δ3

6
∂ 3 a
∂ T 3

+ i
δ4

24
∂ 4a
∂ T 4 , (6)

where parameter P0 is the incident optical power density, and
γ is defined as

γ =

 γ0/(1+Γ P0)
2, (CSN)

γ0 exp (−Γ P0 ) , (ESN)

γ0/(1+0.5Γ P0)
3 , (ASN) .

(7)

According to Eq. (6), one can deduce the following power gain
spectrum of MI by utilizing the standard steps of linear stabil-
ity analysis
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where the angular frequency of perturbation is Ω = 2πν ,
and ν is the frequency. The corresponding instable condition
should be (
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where the parameter Ω j = 2πν j ( j = 1,2,3) is defined as

Ω
2
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Ω
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where the signs ‘+’ and ‘–’ correspond to Ω 2
2 and Ω 2

3 , respec-
tively. Parameter Ω 2

1 does not vary with the optical power
density P0.

Obviously, the propagation equation, dispersion relation-
ship, the instable condition, the power gain spectrum, and MI
spectral regions are mathematically the same as those in ordi-
nary optical materials with higher-order dispersions.[12] How-
ever, due to the different definitions and characteristics of the
parameters β2, δ3, δ4, and γ0, some new features will appear
for negative-refractive MMs, which will be demonstrated in
the following part, where the MI characteristics will be calcu-
lated and discussed.

4. Calculations and discussion
Taking ASN as an example, we have calculated the varia-

tions of gain spectra of MI with the parameters Γ P0 for differ-
ent normalized angular frequency ω0/ωpe as shown in Fig. 6.
The common parameter is set as ωpe = 600 THz so that MMs
will operate in the infrared region and can exhibit negative-
refractive effects more easily. We can see that all of the gain
spectra consists of only one spectral region. However, the
spectrum may be close to or far from the zero point, as shown
in Figs. 6(a) and 6(b), respectively, which is easy to be inter-
preted. Actually, we can see from Figs. 4 and 5 that there are
two sign combinations of β2 and δ4 in the negative-refractive
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MMs. They are β2 < 0 and δ4 < 0 for small values of ω0/ωpe,
and β2 > 0 and δ4 < 0 for large values of ω0/ωpe, respectively.
According to Eqs. (9) and (10), the corresponding spectral re-
gions should be 0 < Ω 2 < Ω 2

2 and Ω 2
1 < Ω 2 < Ω 2

2 , respec-
tively. With the increase of ω0/ωpe, the gain spectrum trans-
fers from 0 < Ω 2 < Ω 2

2 to Ω 2
1 < Ω 2 < Ω 2

2 , and shifts toward
the high frequency region, where Ω 2

1 does not vary with Γ P0.

Furthermore, the larger the value of ω0/ωpe is, the higher the

cut-off angular frequencies Ω2 are, and the wider the gain band

widths Ω2 or Ω
−
2 Ω1 will be. These characteristics can be seen

more clearly in Figs. 7(a), 8, and 9(a), which is undoubtedly

beneficial to generate high-repetition-rate optical pulse chains

useful for high-speed optical communication systems.
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In addition, Figure 7 also shows that, when ω0/ωpe is
fixed, with the increase of Γ P0, the cut-off angular frequen-
cies Ω2, the gain band widths Ω2 or Ω2−Ω1, and the peak
gain gm will all increase and then decrease. The ESN (CSN)
has the largest (smallest) values of cut-off angular frequencies
Ω2, the gain band widths Ω2 or Ω2−Ω1, and the peak gain
gm. However, when Γ P0 is fixed, with the increase of ω0/ωpe,
the peak gain will first increase, and then decrease, as shown
in Fig. 9(b).In addition , depending on different values of Γ P0,
the size relationship and differences of the cut-off angular fre-
quencies Ω2, the gain band widths Ω2 or Ω2−Ω1, and the

peak gain gm among the three kinds of nonlinearities are also

different, which can also be seen from Fig. 9. Here, it is nec-

essary to mention that, according to Figs. 2–5 and Eqs. (3)–

(5), we can make sure that the coefficients of the propagation

equation (1) are all closely related to the normalized angular

frequency ω0/ωpe and cannot vary independently. Thus, vari-

ations of MI gain spectra, cut-off frequencies, and peak gains,

with the normalized angular frequencies instead of each inde-

pendent coefficient of Eq. (1) are calculated above, as shown

in Figs. 8 and 9.
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By comparison, the effects of saturable nonlinearity on
MI in negative-refractive MMs are similar to those in ordi-
nary saturable nonlinear optical materials.[14,15] However, the
gain spectra here consist of only one spectral region instead of
one or two spectral regions in ordinary optical materials with
higher-order dispersions.[12] Moreover, MI characteristics in
saturable nonlinear negative-refractive MMs will vary with the

normalized angular frequency ω0/ωpe and can be modified ef-

fectively by adjusting their structures.

It is worth mentioning that we have also calculated the

MI characteristics when the value of ωpe is set to be larger or

smaller than 600 THz and found that the overall law of MI

remains unchanged.
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Fig. 9. Variations of (a) cut-off frequencies υ2 and (b) peak gains gm with ω0/ωp for different Γ P0 for ESN (dash-dotted line), CSN
(solid line), and ASN (dashed line).

5. Conclusions

In summary, based on the standard linear stability analy-
sis and the extended nonlinear propagation equation including
the higher-order dispersions and three kinds of saturable non-
linearities, MI characteristics have been analyzed and calcu-
lated in detail. Our results show that, the propagation equation,
dispersion relationship, instable condition, power gain spec-
trum, and MI spectral regions in saturable nonlinear negative-
refractive MMs are revealed to be mathematically the same

as those in ordinary materials. However, due to its special
electromagnetic characteristics described by the Drude model,
the propagation equation coefficients, gain spectra, the cor-
responding cut-off frequencies, gain band widths, and peak
gains, are all closely related to the normalized angular frequen-
cies. Thus, MI characteristics in saturable nonlinear negative-
refractive MMs and their corresponding applications can be
modified effectively by adjusting the structures of MMs to
modify their electric and magnetic plasmas angular frequen-

034205-7



Chin. Phys. B Vol. 22, No. 3 (2013) 034205

cies and then their normalized angular frequencies. The ad-
justability of MI also means the controllability of solitons,
even the bistable ones and other corresponding applications
of MI. Furthermore, in comparison with that in ordinary mate-
rials with a higher-order dispersion, the MI gain spectra here
consist of only one spectral region instead of one or two spec-
tral regions. The spectral regions which are far away from
the zero point have much higher perturbation frequencies but
narrow spectral widths, which is of great importance for gen-
erating high-repetition-rate soliton pulse chains utilized for
high-speed communication systems. Moreover, the soliton
pulse chains with adjustable repetition rate here can thus be
applied for communication systems with different speed de-
mands. However, the effects of saturable nonlinearity on MI
are similar to those in ordinary saturable materials. In addi-
tion, when the other parameters are the same, ESN (CSN) has
a larger (smaller) gain band width and peak gain, and then it
is more beneficial (detrimental) to generate MI. Thus, one can
select negative-refractive MMs with ESN to improve corre-
sponding applications such as the generation of soliton pulse
chains, the supercontinuum, optical switches, and so on.
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