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High-intensity molecular harmonic generation without ionization∗
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We theoretically investigate high-order harmonic generation from H+
2 in an infrared laser field. Our numerical sim-

ulations show that a highly efficient plateau structure exists in the molecular harmonic spectrum. Under the action of the
infrared laser pulse, the bound electronic wave packet in a potential well has enough time to tunnel through the effective
potential barrier, which is formed by the molecular potential and the infrared laser field, and then recombine with the
neighboring nucleus emitting a harmonic photon. During the entire dynamic process, because the wave packet is mainly
located in the effective potential, the diffusion effect is of no significance, and thus a highly efficient harmonic plateau can
be achieved. Specifically, the cut-off frequency of the plateau is linearly scaled with the peak amplitude of the infrared laser
electric field, which may open another route to examine the internuclear distance of the molecule. Furthermore, one may
detect the molecular bond lengths using the harmonic plateau.
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1. Introduction
The interaction of an intense laser pulse with atomic and

molecular systems results in high-order harmonic generation
(HHG). Because the HHG spectrum owns an apparent plateau
structure, i.e., with the increase of the harmonic order, many
harmonics have nearly the same intensity. Therefore, HHG be-
comes a potential tunable coherent light source ranging from
XVU to soft X-ray, and an important scheme to generate an
isolated attosecond pulse.[1–5]

When atoms are irradiated by a linearly polarized laser
pulse, the HHG mechanism can be well understood in terms of
the semi-classical three-step model.[6,7] The electron first tun-
nels through the effective potential barrier formed by the atom
and the laser field, then oscillates in the field, and finally may
recombine with the ground state and emit a harmonic photon
with energy equal to the ionization potential plus the kinetic
energy of the recombining electron. The maximal photon en-
ergy can be predicted by the cut-off rule, Ip + 3.17Up, where
Ip is the atomic ionization energy, and Up = E0/4ω2 is the
ponderomotive energy of the laser field, with E0 and ω being
the peak amplitude and frequency of the incident laser field,
respectively.

For the molecular HHG spectrum, due to the multicenter
structure of the molecule, an evident interference structure ex-
ists, and the vibration and rotation of the molecule also have
an effect on the HHG. Furthermore, the orbital energy of the
molecule is closer than that of the atomic gas medium. Thus,

the molecular HHG can be applied to reconstruct molecular
orbits, detect the dynamics of molecular vibration and rota-
tion, and probe the electronic dynamics of the molecules on
an ultrashort time scale.[8–16]

However, the conversion efficiency of the HHG is usually
low because of the small ionization probability and the diffu-
sion effect of the ionized electronic wave packet in the laser
pulse. Therefore, researchers are interested in enhancing the
HHG intensity. [17–19] The improvement of harmonic conver-
sion efficiency has been studied by preparing the initial state as
a coherent superposition of two bound states and using com-
bined pulses.[20–23] Owing to the multi-atomic center structure
in the molecule, the bound electron driven by an intense laser
field can move from an atomic center to another one without
ionization. In this way, one can achieve HHG with a higher
efficiency. Significantly, it is found that a HHG with higher
efficiency is generated as the potential energy difference be-
tween the two nuclei is equal to 𝐸(t) ·𝑅. It can be applied
to detect the molecular bond lengths. In this paper, we ex-
plore this mechanism to generate highly efficient harmonics
of the molecule exposed in the infrared laser pulse. Atomic
unit (a.u.) is adopted in this paper, unless specially stated.

2. Theory

In this paper, we pay no attention to the molecular align-
ment and orientation effect. Therefore, the molecular HHG
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can be logically investigated by a one-dimensional (1D) or
two-dimensional (2D) model.[24–28] The molecular axis is re-
stricted along the polarization direction of the linearly polar-
ized laser pulse. In the dipole approximation and length gauge,
the 2D time-dependent Schrödinger equation is given by

i
∂ψ(x,y, t)

∂ t
= H(x,y,R, t)ψ(x,y, t), (1)

where

H(x,y,R, t) =−1
2

∂ 2

∂x2 −
1
2

∂ 2

∂y2 +Vc(x,y,R)− xE(t), (2)

with R being the internuclear distance of the molecule. In our
calculation, the soft Coulomb potential is adopted

VC(x,y,R) = −Z/
√
(x−R/2)2 + y2 +a

− Z/
√
(x+R/2)2 + y2 +a, (3)

where a is the soft-core parameter. We set a = 0.61 and R = 7,
so that the energy of the ground electronic state of the 2D
model (−0.519 a.u., including the 1/R nuclear repulsion) and
we can reproduce the value for the actual H+

2 in 3D space. The
E(t) is the electric field of the linearly polarized laser pulse,

E(t) = E0 f (t)sin(ω0t), (4)

where E0 and ω0 are the peak amplitude and frequency of the
laser electric field, respectively. The envelope function pulse is
Gaussian-type: f (t) = exp[−4ln2(t/σ)2]. The TDSE can be
efficiently solved by means of the well-known split-operator
method.[29] Once the wave function at any moment ψ(x,y, t) is
obtained, the time-dependent induced dipole acceleration can
be given by means of Ehrenfest’s theorem as follows:

a(t) =−
〈

ψ(x,y, t)
∣∣∣∣ dVc(x,y,R)

dx
−E(t)

∣∣∣∣ψ(x,y, t)
〉
. (5)

The HHG power spectrum is proportional to the modulus
squared of the Fourier transform of a(t). It is given by

P(ω) =

∣∣∣∣ 1√
2π

∫ t

0
a(t)e−iωt dt

∣∣∣∣2 . (6)

In order to study the detailed spectral and temporal struc-
tures of HHG, we perform time-frequency analysis by means
of the wavelet transform

Aω(t0,ω0) =
∫ tf

ti
a(t)Wt0,ω(t)dt. (7)

For the harmonic emission, a natural choice of the mother
wavelet is given by the Morlet wavelet

W (x) =
1√
τ

e ix e−x2/2τ2
. (8)

In order to investigate the mechanism of the high efficient
harmonic generation, we separate the time-dependent-induced
dipole acceleration into two parts in space,

a(t) = ax>0(t)+ax<0(t). (9)

3. Results and discussion

We first investigate the high-order harmonic generation
process from H+

2 driven by an infrared laser pulse with a wave-
length of 3200 nm. The inset in Fig. 1 shows the HHG spec-
trum from H+

2 in the infrared laser pulse. Here, the peak elec-
tric amplitude of the infrared laser pulse is E0 = 0.03, and the
duration is 3 optical cycles. Note that an available few-cycle
intense laser pulse with a wavelength from 1 µm to 5 µm can
be achieved by the optical parametric amplification technol-
ogy. The harmonic spectrum shows a plateau structure and
ends up at around the 295th order, which agrees well with the
prediction of the semi-classical three-step model. It is worth
noting that there is an additional plateau with high intensity in
the low order part of the harmonic spectrum, as presented in
Fig. 1. In comparison with the plateau in the high order part
of the HHG, its conversion efficiency is enhanced by about 9
orders of magnitude.
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Fig. 1. Highly efficient harmonic spectrum generated from the
laser field with a peak amplitude of E0 = 0.03 and a wavelength of
3200 nm. The whole harmonic spectrum is shown in the inset.

In order to study the mechanism of highly efficient har-
monic generation, we changed the intensity of the incident
laser field. Figures 2(a)–2(c) show harmonic spectra with dif-
ferent peak amplitudes E0 = 0.01, 0.02, and 0.03, and cut-
off orders of the highly efficient harmonic spectra are the 5th,
10th, and 15th, respectively. It can be seen that the cut-
off frequency of the high efficient plateau increases gradu-
ally with the peak amplitude of the laser field. In particular,
the cut-off energy of the highly efficient harmonic is in pro-
portion to the peak amplitude of the electric field. This does
not obey the cut-off law of high-energy harmonic generation:
Ecut−off = Ip + 3.2Up, which clearly states that the cut-off en-
ergy increases with the peak intensity of the laser field. In the
same peak intensity, by changing the frequency of the laser
field, we found that the cutoff energy will not change with the
variation of frequency in a certain frequency range.
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Fig. 2. High-order harmonic spectra from H+
2 subject to the laser field

with different peak amplitudes (a) E0 = 0.01, (b) E0 = 0.02, and (c)
E0 = 0.03.

Figure 3 shows the dependence of the cut-off order of the
highly efficient plateau on the peak electric amplitude E0 of
the incident laser pulse, which ranges from 0.01 to 0.04. This
figure also presents the E0 dependence of the function E0R.
One can see that the two curves are almost the same. This
result further demonstrates that the cut-off frequency of the
highly efficient plateau is proportional to the peak electric am-
plitude E0, and the scale factor is the internuclear distance of
the molecule. To verify the relationship between the molecu-
lar potential function and the highly efficient plateau, we also
changed the internuclear distance R, and found that the cut-off
frequency of the highly efficient plateau has a direct ratio with
R.
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Fig. 3. (color online) Relationship between the cut-off order of highly
efficient harmonics and the peak amplitude of the incident laser field.

In order to explore the mechanism of highly efficient har-
monic generation, the time-dependent dipole acceleration is
divided into the positive ax>0(t) and the negative ax<0(t) parts,
as shown in Eq. (8). Because the harmonic emission is a lo-
cal profile center around the potential center, we can indepen-
dently analyze the contribution of the two atomic nuclei by us-
ing the two time-dependent dipole accelerations. Figure 4(a)
shows the electric field of the driving laser pulse. Figure 4(b)
presents the positive and negative time-dependent dipole ac-
celerations. One can observe that the time-dependent change
of the behavior of ax<0(t) is very similar to that of ax>0(t),
but a difference still exists in two cases: the quick oscillations

appear at the moments of about 564 and 758 (corresponding
to the first and second peak of the laser field) for the two cases
of ax>0(t) and ax<0(t), respectively. Figures 4(c) and 4(d) de-
pict the time frequency analysis of the positive and negative
dipole acceleration, respectively. One can see that the main
emission region of the highly efficient harmonics is near the
peak of the electric field, which is different from the case of
the harmonics generated by tunneling ionization. The main re-
gions of the harmonic emission occur at the moments 564 and
758 for ax>0(t) and ax<0(t), respectively. These results from
the time-frequency analysis are consistent with those shown
by the positive and negative dipole.
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Fig. 4. (color online) (a) Laser field of the driving pulse; (b)
time-dependent dipole acceleration ax<0(t) (dotted green curve) and
ax>0(t) (dashed red curve); (c) and (d) shows the time-frequency anal-
ysis of ax<0(t) and ax>0(t), respectively.

From the emission time profile analysis, we noticed that
the highly efficient harmonic generation cannot be interpreted
by the three-step model. In addition, these harmonics can-
not be generated by the transition between the bound states,
because the cut-off frequency of the highly efficient plateau
changes with the peak amplitude of the laser electric field. On
the other hand, we cannot observe a similar high efficient har-
monic from atoms irradiated by the same laser pulse. Thus
harmonic generation should be generated by the scattering of
the bound electron with another nucleus of the molecule.

The mechanism can be illustrated using the sketch map of
Fig. 5. The dashed red and solid black curves in Fig. 5 denote
the probability density of the initial state and the molecular po-
tential function, respectively. The two centers of the molecular
potential well are labeled as A and B. When the laser electric
field is applied, the potential is strongly distorted, as shown by
the dash-dotted blue curve in Fig. 5. Here, we would like to
point out that the incident laser pulse we used is a mid-infrared
one, which keeps almost the same potential barrier in a certain
time regime, and the bound electronic wave packet in potential
well A has enough time to tunnel the potential barrier between
the two wells and scatter with nuclear B, as shown by the dot-
ted green curve in Fig. 5. In this dynamic process, there is no
obvious diffusion effect of the electronic wave packet, which
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is mainly located in the distorted potential. Therefore, high
efficient harmonics can be produced.
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Fig. 5. (color online) Sketch map of the mechanism of highly in-
tense harmonic generation. Solid black curve: the potential barrier;
dash-dotted blue curve: the effective potential barrier formed by the
molecule and the laser field; dashed red curve: the square of the initial
wave function; dotted green curve: the square of the wave function of
the system for the maximum electric field intensity.

When the wave packet tunnels through the effective po-
tential barrier from A to B, it can be accelerated by the electric
field, and the kinetic energy with 𝐸(t) ·𝑅 can be obtained.
From the aspect of the quantum transition, the electron origi-
nally stays in the ground-state of potential well A and B. The
laser field depresses the potential barrier B, and raises the po-
tential barrier A, resulting in the split of the initial energy level
to the upper and lower levels, and the energy difference of
which is 𝐸(t) ·𝑅. When the wave packet moves from A to B
scattering with the B, and the electron transits from the upper
level to the lower one induced by the field accompanying the
emission of the photon, the energy of which is 𝐸(t) ·𝑅.

It should be pointed out that the mechanism is more ob-
vious to the mid-infrared laser field, because the electron has
enough time to penetrate the potential barrier in the middle of
the two potential wells, thus the high efficient harmonic emis-
sion can be generated. In the experiments, the molecule can
first be aligned and dissociated by an appropriate pre-pulse.
By controlling the time delay between the pump pulse and the
driving laser, the aligned molecule with a suitable distance be-
tween the two nuclei can be obtained, and then the highly ef-
ficient harmonics can be generated by an intense mid-infrared
laser pulse. As a result, based on this HHG, isolated attosec-
ond pulses with a high intensity can be generated. Moreover,
one can detect the internuclear distance of the molecule be-
cause the cut-off order of the high efficient plateau equals
𝐸(t) ·𝑅. Specifically, due to the multiple centers in the crys-
tal, it can act as a reference for the HHG research in the crystal.

4. Conclusion
In conclusion, high-order harmonic generation from the

molecule irradiated by the mid-infrared laser pulse is investi-

gated, and we find a highly efficient plateau in the leading part
of the harmonic spectrum (the conversion efficiency of which
can be improved by 9 orders of magnitude compared to that
of the harmonic generated by the ionized electron recombin-
ing with the ground state). The cut-off energy of the highly
efficient harmonic generation is in proportion to the peak am-
plitude of the incident laser field and the internuclear distance
of the molecule. This plateau can be used as a tool to detect
the instant bound length of molecules in the strong laser field.
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