Chin. Phys. B Vol. 22, No. 3 (2013) 030512

Propagation of an electromagnetic soliton in an
anisotropic biquadratic ferromagnetic medium”*
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Information storage technology based on anisotropic ferromagnets with sufficiently high magneto-optical effects has
received much attention in recent years. Magneto-optical recording combines the merits of magnetic and optical techniques.
We investigate the magneto-optical effects on a biquadratic ferromagnet and show that the dynamics of the system are
governed by a perturbed nonlinear Schrodinger equation. The evolutions of amplitude and velocity of the soliton are found
to be time independent, thereby admitting the lossless propagation of the electromagnetic soliton in the medium, which
may have potential applications in soliton based optical communication systems. We also exploit the role of perturbation,
which has a significant impact on the propagation of an electromagnetic soliton.
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1. Introduction

The interest in soliton excitations has its own right, and
the perturbed version has been substantially developed in re-
cent years.!'®] The result of this theory is clearly utilized in
all branches of science, especially the soliton propagation per-
taining to the electromagnetic (EM) wave propagation in op-
tical and ferromagnetic media. In optical studies, the soli-
tons can be exploited for signal transmission in optical fibers
which carry all the information as optical or signal pulses.
Stable optical pulses are generated due to the compensation
between the nonlinear Kerr effect and the inherent disper-
sion of the medium, and such a compensation induces a sta-
ble nonlinear pulse called the optical soliton.!”) This optical
soliton can travel a very long distance without changing its
shape and velocity, which was first demonstrated by Hasewaga
and Tappert'®! theoretically and later proved experimentally
by Mollenauer et al!°! In another context, the propagation of
an intense electromagnetic wave through ferromagnetic media
is associated with a wide variety of interesting phenomena,

1.1 gelf-focusing,''*) domain

such as harmonic generation,[
wall propagation,!'3>~131 and EM soliton propagation.['®!7! The
electromagnetic wave propagation in a ferromagnet is of rele-
vance in a number of applications including magneto-optical
recording, ultrafast high density data storage, and magnetic
memory elements. The nonlinear effects arise due to the in-
teraction between the electromagnetic wave and the ferromag-

netic media, the existence and the dynamics of EM solitons
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attract great attention due to their possible applications. The
optical pulses generated in the magnetic media are now used
to read and write data in magnetic storage devices via the in-
teraction between the magnetic field component of the electro-
magnetic field and the magnetization of the magnetic device.
The electromagnetic wave propagates in the ferromagnetic
medium modulated in the form of a soliton and also causes the
spin wave to be excited in the solitonic nature. Many different
physical effects bound to the fundamental spin—spin exchange
interaction play a vital role in the generation of an EM soliton,
including dispersion,!'8! nonlinearities,'”! higher order mag-
netic interactions 220 and so on. Theoretical analyses have
been performed mainly in the framework of one-dimensional
approximation, in which the solitons are solutions of nonlinear
evolution equations, namely, nonlinear Schrédinger (NLS),?7!
sine-Gordon,[?8! and KdVI?! equations. The effect of dissipa-
tion and nonlinearity on the propagation of an electromagnetic
wave in a saturated ferrite has been studied in the presence
of an external magnetic field, and it is found to be governed
by the Burgers equation.[*?! In the perspective of the lossless
propagation of EM signals, the ferromagnetic medium has also
become a useful medium for propagation. This lossless propa-
gation of an electromagnetic wave is mainly due to the nonlin-
ear magnetic interactions present in the medium and the inter-
actions with external magnetic fields, which has been experi-
mentally observed in yttrium iron garnet.3!! McCall et al*]

explained that for a lossless optical pulse in a two-level reso-
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nant medium, it was found that the energy difference between
the two levels of the medium coincides with the optical wave-
length and then coherent absorption takes place, and hence the
medium becomes optically transparent to that particular wave-
length. Since the major part of the existing investigations dedi-
cated to the EM soliton have been performed in ferromagnetic
medium saturated to a high level of magnetization, hence it
is tempting to incorporate the presence of several higher or-
der magnetic interactions into the model in addition to mag-
netic anisotropies and look for the possible existence of the
EM soliton. It is found that the EM soliton undergoes damp-
ing, the velocity of the soliton decreases as time progresses,
and the structural stability is maintained in the antiferromag-
netic medium throughout the propagation.*! However, when
an anisotropy is added to the effective field as a small cor-
rection, the soliton loses its stability and decelerates due to
damping. In this context, we report the breather-like evolu-
tion of an EM wave propagating in a weak antiferromagnetic
medium with a Dzyaloshinskii—-Moriya interaction.**!

In this paper, we demonstrate the existence of localized
EM soliton modes in an anisotropic ferromagnetic medium
with biquadratic interaction. We employ a multi-scale pertur-
bation method to study the problem, and most of the explicit
parameters appearing in the equations are redefined to obtain
a perturbed nonlinear Schrédinger equation. Furthermore, we
use the the multiple scale perturbation technique to solve the
resultant NLS equation and explore the existence of the EM
soliton.

This paper is organized as follows. The governing equa-
tions are introduced in Section 2. In Section 3, a reductive
perturbation technique is employed yielding a perturbed non-
linear Schrédinger equation. In Section 4, we construct the
spin components of the EM soliton. The results are summa-
rized in Section 5.

2. Model and dynamical equations

Let us consider a one-dimensional classical Heisenberg
ferromagnetic spin system having a biquadratic exchange in-
teraction in addition to the fundamental bilinear anisotropic
Zeeman energy. Its Hamiltonian reads

H = XI5, 8,00+ (S, 8,00 - A(S)
n

2
+ﬁ(5n-3)}7 ey

u

where S, denotes the classical spin vector at lattice site n, and
|S,,|> = const. The parameters J and K are the bilinear and the
biquadratic exchange integrals between the nearest neighbors.
The strength of the crystal field anisotropy along the easy axis
of magnetization is characterized by parameter A, and the ex-
ternal magnetic field is the magnetic field component of the

propagating EM wave along the x direction with B = gug,
where g is the gyromagnetic ratio, ug represents the Bohr
magneton, and U is the magnetic permeability of the medium.
In the general sense, the equation of motion for Eq. (1) can
be derived using the spin Poisson bracket. In such a case, the
spin S, (t) may be replaced by S(x,t), where x = na is con-
tinuous with a being the lattice parameter. We use the series
expansion S,., | = S +aS, + (a*>/2!)S, + -+ in the discrete
equation for the magnetic lattice and an appropriate rescaling
of ¢, the equation of motion can be written to order a* in the
form

a—S = S/\{]Sxx"‘}/lsxxxx"_w |:(S'SXX)SXX

ot
255,08 asas (2)a). e

where 1 = a*/12, » = Ka*/(1+2K), and i = (1,0,0). We
consider the propagation of electromagnetic waves in a mag-

netic medium in the presence of an external magnetic field.
The governing Maxwell’s equations are!>>!

0B
VA E==50
oD
VXH:W, (3)

where E, D, H, and B are the electric field, the electric in-
duction, the magnetic field, and the magnetic induction, re-
spectively. The constitutive equation for E and D is

D =¢E, “

where € is the scalar permeability of the magnetic medium.
Whereas the constitutive equation for H and B is

B=u(H+S), (5)

where [ is the magnetic permeability of the medium, and S is
the magnetization density in the magnetic medium of propa-
gation. Eliminating E, D, and H from Egs. (3)—(5), we have
0’B 882B 2’8 J*§* ©)
= —UE—=— = -— —N—= |.
o Hon 2 o
The above set of coupled equations (Egs. (2)—(6)) completely

describe the propagation of an EM wave in an anisotropic fer-
romagnetic medium with a biquadratic interaction.

3. The reductive perturbation method

After deriving the equations of motion, the task now lies
in solving them to understand the underlying spin excitations.
We find Eqgs. (2)—(6) as a set of highly nontrivial nonlinear cou-
pled partial differential equations, which are not amenable to
exact analysis in general. In this section, we attempt to solve
the coupled Landau—Lifshitz equations for magnetization and
the Maxwell’s equations for an electromagnetic field within
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the framework of he reductive perturbation method along the
lines of Taniuti, Yajima, and Leblond.3%371 This technique
adopts the small but finite nonlinear modulation of the slowly
varying envelopes of the EM plane waves in the antiferromag-
netic medium. In order to carry out this perturbation, the mag-
netization of the medium and the magnetic induction of the
EM field have to be expanded nonuniformly in the anisotropic
weak antiferromagnetic medium. Since the easy axis of mag-
netization of the anisotropic medium lies parallel to the direc-
tion of propagation (x direction), we assume that at the low-
est order of expansion, the magnetization of the medium and
the magnetic induction lie parallel to the propagation axis and
turn around to the y—z plane at higher orders. Therefore writ-
(§,8”,8%) and B = (B*,B”,B%) and expressing the
Fourier components of S and B in powers of a small parame-

ing S =
ter €, we have

S =Sy +eST+eXSy 4,
S = Ve (s +est 4 ),
B =Bo+eB+€By+- -+,
B“:\/E<B?+£B‘2"+-~), %)

where o0 =y, z. Thus the magnetization and the magnetic field
intensity have been expanded around uniform values Sy and By
respectively along the direction of propagation. We now intro-
duce the stretching variables & = €(z— vt) and T = ¢, which
characterize the shape of the pulse propagating at speed v and
the time variable accounting for the evolution of the propa-
gating pulse, respectively. As the medium is ferromagnetic in
nature, it is reasonable to treat the dielectric constant of the
medium as small and hence rescale € as € — £2£. We assume
that the bilinear and the biquadratic exchange interactions are
stronger than the anisotropic interaction and the Zeeman en-
ergy by rescaling J — €7 'J, 1 — €737, 1 — €7 *p, and
B — €B. We now substitute the expansions for S and B given
in Eq. (7) in the component form of Egs. (2)-(6). After col-
lecting and solving the coefficients at different orders of €, we
get the following results. At the order .

By =0, By =uS|, B} =us;. ®)

At the order €':

Bi =0, By=uS), BS=us;, ©)
S| 85)‘
ot &é
9%8% 9%s) PARY AR
= J(Si 9E2 _S? 9&2)"’?’1 (S¥ Q& _Si a§4>
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“’2[( Vg +SigE S18€2>
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Y 7
(51962 Si a&Zﬂ* e ( Pl
A8 S\ (95 .98
+518§3+S1853 Slag Slag
os) as>
ot U 9E
9283 CANY 928t [ I’SF 0%,
:—]Soaé YISO<9§4 —}/QSoaéz Soaz,g, +Sl8§2
LIS\ 2 98 [ ST S | 97
#5555 5 (S g+ g +8i gt
IA(S3S0 4 SiS]) — i’f(soBi),
os; asz
a7 85

82 y 45) 2 )’ 82sx yaZSy
JSO 8&2 +ylSOa§4 +Y2$08§2 (Soazg S)l aéz

*E\ 29S| [, sy IS PANY
48— |4+ = ’}/ So +S +SZ

agr) Tamoe (ag Thiga o
, 2 )
2SS0+ SIS) + f(son. (10)

Without loss of generality, we assume a new complex field u
in order to identify Eq. (10) with a more standard nonlinear
evolution equation

u= (S —i85), |ul*=—28,S. a1

Using the above new complex field and after some lengthy cal-
culations, we obtain

iur +uge +2u|*u
= 2{ugeze +e[3(1ul) zeuge +2(uP)ezcue
—6\u5|2u§5—3uéu2§]}, (12)

where A = —y/J and ¢ = 9 /3%. In Eq. (12), suffices T and
& represent the partial derivatives with respect to T and &, re-
spectively.

4. Perturbed soliton spin excitations

The generalized perturbed nonlinear Schrodinger (pNLS)
equation takes the following form:

ig; +qx+2lq1*q = pla,q"], (13)

which occurs in several contexts in nonlinear physics.3%3]

The perturbation p[g,¢*] in general is small and depends on
function ¢ and its complex conjugate ¢*, and sometimes also
depends on the derivatives of g. The unperturbed problem,
i.e., plg,q*] = 0, is well known to be solvable!*’! by inverse
scattering transform, and finite energy soliton solutions exist
that are dynamically stable and robust with respect to collision.
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The unperturbed NLS equation describes the evolution of two
novel solitons, namely, temporal and spatial solitons, in the
literature of modern optics.[*!l Temporal solitons are termed
as the propagation of light wave packets for high speed com-
munication along the optical fiber reported by Hasegawa and
Tappert.[*?) Secondly, spatial solitons occupy the propagation
of a stationary envelope of monochromatic light waves in the
planar wave guide under the paraxial approximation. This fact
along with the integrability afforded by excluding the pertur-
bative term makes the unperturbed NLS equation one of the
most important models in modern optics. In the present case,
the perturbed NLS equation (12) obtained in the previous sec-
tion describes the propagation of an electromagnetic soliton in
a biquadratic ferromagnetic medium. The term proportional to
A can be treated as a weak perturbation, and the entire equa-
tion can be solved without any approximation by using the
multiple scale perturbation method laid down by Kodama and
Ablowitz*3] The basic idea of this approach is summarized as
follows. We consider a nonlinear partial differential equation

of the form
Q(C]» qh ‘]m C]xx»al):07 O<)’<<]a (14)
where Q is a nonlinear function of ¢, g/, ¢y,..., and A is an

external parameter. Let the unperturbed equation (for A = 0)
be given by

Q(q07 qort, qoxw”) = 07 (15)

where ¢ is the exact solution to Eq. (15). In the present case,
we will consider gg to be the soliton solution to Eq. (15). Now
we introduce the so-called fast variables 6; (i =1, 2,..., m),
a slow variable T = At, and parameters P, (I =1, 2,...,N)
depending on the slow variable. We then rewrite g¢ in terms
of these newly defined variables as

go=40(01, 62,...,60,, T; P, P»,...,Py). (16)

It may be noted that in the case of one-soliton solution, we
need only one fast variable. Now we assume an expansion for
q in the form

oo

q=Go+Aq1+--= Y A4, (17)
n=0

Using Eq. (17) in the perturbed equation (14) and collecting
the coefficients of various powers of A, we obtain a system of
differential equations with variable coefficients. Solving this
system of equations recursively and taking care of the secu-
larity problem appropriately, we can in principle obtain the re-
quired perturbed solution. After obtaining such a perturbed so-
lution, it is essential that we check the validity of the solution
in all regions of the fast variable space and adequately mod-
ify the perturbative expressions. We make use of the above

technique to solve the perturbed nonlinear Schrodinger equa-
tion (12). Considering Eq. (12) and treating A as a small pa-
rameter, we find that as A — 0, it admits the following enve-
lope soliton solution:

1o = nsech (6 — 6p) exp [ig(e —0)+i(o— co)}, (18)

where
a0 a0
o % &l
d6 5, . dO
W_n +°, g—o. (19)

Now under the assumption of quasi stationarity, we assume
that the parameters £, 1, 6y, and oy in Egs. (18) and (19) are
functions of T = Ar. Specifically, the quasi-stationarity solu-
tion of Eq. (15) is assumed to take the form

u=10(0, T; A)exp |i{(0 —6y)+i(c—0p)|- (20)

The above assumption seems to be a conceptually simple gen-
eralization of the unperturbed form and is appropriate for ex-
plicit calculations. We assume the Poincare-type asymptotic
expansion for # in Eq. (20)

a6, T, A)=Y A"in(0, T). 1)
m=0

We restrict ourselves in the present paper to calculations of
O(A) and therefore

a0, T; A)=1d9(0, T)+A0,(0, T). (22)
The leading order solution #y taken from Eq. (18) is given by
g =M sechn(6 — 6). (23)
Using Egs. (20)—(22) in Eq. (12), at order A, we have
— 20y + iyge + 20507 + 40501 = F (o), (24)
where
F(io) = [£r(6 — 60) — £ 6or — Sor |ilo + foesss
— 68200 + C il + ¢ (4diopeetivp il + Iilgelivpe
+ 6dggilo — 9 ooy — 9 iGe o — 36107
+ i [4Cﬁ0666 — digr — 48 1og + c (48 G t0g0e
+ 18 dgn0onio + 1083 — 128 00 3) |
Separating the complex equation (24) into a set of equations in
real variables by putting ii; = ¢; + iy, where ¢; and V; are
real, we obtain
Li§1 = —1°1 + re0 + 6561 = RF (1),
LYy = —n*Pn + P + 20501 = SF (),  (25)
where L; and L are the self-adjoint operators. Considering
the homogeneous part of Eq. (25), we can check directly that
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flge and g are solutions to it respectively, and hence the secu-
larity conditions yield

/ fppRFdO = 0, /QOSFdG:O. (26)

Now making use of dog, fo, RF (dp), and SF (ilp) in the secu-

larity condition (21) and evaluating the integrals, we get
&r=0, nr=0. 27

From Eq. (27), it is evident that the velocity and the ampli-
tude of the soliton remain unaffected during the propagation.
Thus the electromagnetic spin soliton moving with constant
velocity and amplitude signifies that the lossless propagation
of electromagnetic signals along a ferromagnetic medium is
possible.

4.1. Perturbed solitons

The perturbed soliton solutions can be constructed by
solving Eq. (25) for ¢; and ¥ using {7 and n7. The ho-
mogeneous part of the first equation in Eq. (25) admits two
particular solutions (ﬁn and (1312, which are of the form

¢11 = sechn (6 — ) tanhn (6 — 6p), (28)

1 3 A
¢12 = _E sechn(@—(-)o)—in(e—eo)qbn
— %tanhn(@ —6p)sinhn (6 — 90)] . (29)

Knowing the two particular solutions, we can obtain the gen-
eral solution for ¢; through the formula

~ ~ ~ ~ .9 ~
0 = 51<P11+52¢12—¢11/7 0 RFAO’
~ .e A
+ o / $URFAO, (30)

where 8; and &, are arbitrary constants. Using Egs. (28) and
(29) and RF in Eq. (30) and after evaluating the integrals, we
obtain the general solution for ¢;. However, the solution con-
tains the secular term, which makes the solution unbounded
unless

8 =0. (31)
Further, using the boundary conditions
$1(0)|gy=0 =0, $16(0)|g,—0 =0, (32)
we obtain
6 =0. (33)

Using Eqgs. (31) and (33), the explicit form of (731 is constructed

as
ro (19 4 63 6 Mg 39,5 5 79
o = SN+ +8C+4Cn il

35

1 7
+ E(CGOT +Gor)} ®tanhn® sechn® [3113 =5

+4nC + ZC 71+2n(€90T+0'0T)+ 7N

21 1 4
- —c§2n3——5c§4n sechn® + —7113—14115
2 4 6
3 3 B s 27 s
56 n+4né o 5l

13 7 11
6 4 h3 O—|(= 3 P - 5
+ ch>sec n <3n +2Tl +6ocn
+9¢¢%n3 +3c§4n> sech’no, (34)
where ® = 0 — 6y. In a similar fashion, the solution for y;

can be evaluated by solving the second equation in Eq. (25),
and the homogeneous part admits two particular solutions

and 1,
W11 = sechn (6 — 6p), (35)
. 1 .
= 51-[1(6 — Gt (0 —6) -+ sinhy (6 — &) 36

Knowing the two particular solutions, we can obtain the gen-
eral solution for {; through the formula

0
U = 53‘7’114-541/712—%1/ U1,3Fde’
0
+1i/12/ U1 1SFde, (37)

where &3 and 04 are arbitrary constants. By substituting
Egs. (35) and (36) in Eq. (37) and after evaluating the inte-
grals, we obtain the general solution for ;. In order to remove
the secularity terms which make the solution unbounded, we
choose

04 =0. (38)
By using the boundary conditions
V1(0)]g,=0 =0, ¥16(0)]g,=0 =0, (39)
we get
63 =0. (40)

Using Eqgs. (38) and (40), we write the final form of solution
for y as

¥ = (2(7]3 — 31—706&15 - ;n®T> Osechn® + (469c§n4

—20n*+ gccn“ - 3cc3n2> tanhn® sechn®

35
— 5CCH4 tanhn® sech’n®

+§Cn4tanhn® sech’n@. (41)
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After obtaining the explicit forms of ¢; and ¥, the first or-
der perturbed soliton solution #; can be constructed using the

formula @1; = ¢; +iy; and is given by

|19 4 63 o+ 4 2.2 9 o
U = {2 n+n C +2 C
1 7 4 35
+ §(C60T+Gor)}®tanhn@ sechn® — [5173 -2 5
354 15, 1 31
+4nc +2Cn+2n(c90T+O'0T)+4cn
ﬂcgzm _ ECC477] sechn® + (‘%7113 —14n°
3 4 27 5 3
ZC C n + = 5 C n

7 511
NP4 5n’+ e’

37¢
(%n o —n’

+ 6cC4n>sech3n@ - (

+9¢8*n3 + 3c§4n) sech®n® +i

1 4 7
_ En(*DT) Bsechn® + <€9€CTI4 —ZCTIZ + §ch4
+3c&*n?) tanhn® sechn® — %cé’n“tanh ne

x sech®n® + gé’n4tanhn@ sech’n@|. (42)

Fig. 1. (color online) Real (a) and imaginary (b) parts of the perturbed
one soliton solution with 1 = 1.5, { = 0.5, and A = 0.5.

We have plotted the real and the imaginary parts of the
perturbed soliton with the parameters n = 1.5, { = 0.5, and
A =0.5. From the figures, it is inferred that the nonlinear spin
excitations in the biquadratic ferromagnet are excited in the
form of a soliton. Figure 1(a) depicts the profile of a soliton
with a wing-like structure for the real part, the kink-like struc-
ture for the imaginary part of the perturbed soliton is shown in
Fig. 1(b), where it is acted upon by the electromagnetic wave.
Using the complex variable u = §] —iS$ with |u|> = 25°S7, the
component of the spin density .S can be constructed. The one
soliton solution takes the form

1
1= —E(qurZMo(Pl),
S| = (fig+ A1) cos ot — Ay sinct,
§% = —(iflg+ A1) sina — A cos (43)

where @ = £(0 — 6y) + (0 — 0p) and iy = nsechn (6 — ).
Figure 2 shows the lossless propagation of x, y, and z compo-
nents of the magnetization of the medium under the influence

(@)

5 4

0
—5
T 10 5 0
c
60 (©)
40
201
o 07
—20
—40
—60
_ZWIO
0 -5
0
T 10 5

Fig. 2. (color online) Evolution of spin components (a) 5%, (b) S, and
(c) S5 of the spin density function S with parameters 1 = 1.2, { = 0.5,
and A =0.5.
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of electromagnetic wave in the form of soliton. This soliton
travels without loss of energy and keeps its shape intact dur-
ing its evolution along the spin lattice. Since the soliton is
not bell-like, its structure is distorted at the tail (Figs. 2(a) and
2(c)) and the central localized region (Fig. 2(b)), it ensures
that the participation of spins in the lattice are more due to the
perturbation. From Eq. (43), we find that it is also possible
to construct the magnetic field components of the EM wave
through the relationships B} = uS| and B{ = uS%. Thus the
EM-spin soliton and the EM-soliton travel without change in
shape, indicating the possibility of lossless communication.

5. Conclusion

We have investigated the nature of nonlinear spin excita-
tions in an anisotropic biquadratic ferromagnetic system when
acted upon by an EM field. Using the reductive perturbation
method, both the space and the time variables are stretched,
and the magnetization of the medium and the magnetic field
component of the EM field are expanded suitably and admit
the higher order nonlinear Schrddinger equation that governs
the nonlinear spin excitations in the medium. The nonlinear
spin excitations under the influence of an EM wave is under-
stood through a multi-scale perturbation analysis. The results
of the perturbation analysis show that the soliton travels with
constant velocity and amplitude along the spin lattice. The per-
turbation analysis also confirms the existence of a perturbed
soliton. In addition, we present some simple localized (soli-
ton) excitations of the components of the spin density func-
tion.
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