
Chin. Phys. B Vol. 22, No. 3 (2013) 030511

Novel loop-like solitons for the generalized Vakhnenko equation∗
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A non-traveling wave solution of a generalized Vakhnenko equation arising from the high-frequent wave motion in
a relaxing medium is derived via the extended Riccati mapping method. The solution includes an arbitrary function of
an independent variable. Based on the solution, two hyperbolic functions are chosen to construct new solitons. Novel
single-loop-like and double-loop-like solitons are found for the equation.
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1. Introduction
In this paper, we study the following generalized

Vakhnenko equation (GVE):
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where p is an arbitrary non-zero constant.
The GVE (1) can be traced to the celebrated Vakhnenko

equation (VE)
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)
u+u = 0, (2)

which was initially presented by Vakhnenko in Ref. [1] to
model the high-frequent wave motion in a relaxing medium.[2]

In Refs. [1] and [3], the traveling wave solutions of the VE
were derived. The most remarkable feature of VE (2) is that it
possesses a single-loop soliton solution. In Refs. [4] and [5],
a two-loop soltion solution was found for the VE (2) by using
the Hirota’s bilinear method and the inverse scattering trans-
form method, respectively. The N-loop soliton solution to VE
(2) was obtained by employing Hirota’s method.[6] Some dy-
namic behaviors of the loop soliton solution for VE (2) were
investigated in Ref. [7]. Some traveling wave solutions of VE
(2) were obtained by using the (ω/g) method.[8] The homo-
topy analysis method was applied to obtain a one-loop soliton
solution expressed by a series of exponential functions for VE
(2).[9] Recently, Ma and Li derived the nontraveling wave so-
lutions of VE (2) by using the (G′/G)-expansion method, and
interesting periodic and soliton solutions were found.[10]

Besides VE (2), the traveling wave solutions were also
studied for its extended forms, such as the (2+1)-dimensional

Vakhnenko equation, GVE (1), the extended GVE, and the
modified GVE.[11–19]

Due to parameter p involved in GVE (1), it can de-
scribe a type of propagating high-frequent wave in a relaxing
medium.[11,12] However, it is more difficult to obtain the non-
traveling wave solutions of the GVE (1) than those of the VE
(2).

The Riccati mapping method is a concise and efficient
symbolic computation tool to find exact solutions for nonlinear
evolution equations, which was initially proposed by Fan as a
class of the auxiliary equation method.[20] After that, the ex-
tended Riccati mapping method has been widely used to con-
struct non-traveling wave solutions, generally in the variable
separation form.[21–26] Since those solutions include arbitrary
functions of independent variables, it is convenient to excite
various soliton structures which can simulate nonlinear physi-
cal phenomena.[27–32]

The main purpose of this paper is to apply the extended
Riccati mapping method to construct the nontraveling wave
solution of the GVE (1), and then to explore some interesting
loop-like solitons.

The paper is arranged as follows. In Section 2, a non-
traveling wave solution involving an arbitrary function f (X)

is calculated for GVE (1). Two novel loop-like solitons are
studied in Section 3. Some conclusions are then drawn in Sec-
tion 4.

2. Nontraveling wave solution of GVE (1)
We now start to look for a non-traveling wave solution of

the GVE (1) by using the extended Riccati mapping method.
Firstly, following Vakhnenko et al. in Refs. [4] and [5],
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we introduce two new independent variables X and T as

x = T +
∫ X

−∞

U(X ′,T )dX ′+ x0, t = X , (3)

where u(x, t) =U(X ,T ), and x0 is a constant. Then we intro-
duce a new function W defined as

W (X ,T ) =
∫ X

−∞

U(X ′,T )dX ′. (4)

From Eqs. (3) and (4), we have

WX (X ,T ) =U(X ,T ), WT =
∫ X

−∞

UT (X ′,T )dX ′, (5)

∂
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+u
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∂
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Thus, the GVE (1) can be transformed to a new nonlinear evo-
lution equation (NEE)

WXXXT + pWXWXT + pWXX + pWXXWT = 0. (7)

Integrating once for variable X in Eq. (7) and letting the inte-
gration constant be zero yields

WXXT + pWXWT + pWX = 0. (8)

We suppose that the non-traveling wave solution of
Eq. (8) can be expressed as

W (X ,T ) =
n

∑
i=0

ai(X ,T )φ i(q), (9)

where ai(X ,T ) (i= 0,1,2, . . . ,n) are functions of the indicated
variables to be determined, where an 6= 0, q = q(X ,T ) is an ar-
bitrary function of X and T , and φ(q) satisfies the following
Riccati ordinary differential equation:

φ
′ = σ +φ

2, (10)

with σ being an arbitrary constant.
Remark 1 When nonlinear function q = q(X ,T ) in

Eq. (9) is simplified to the linear traveling wave transformation
q = kX +V T (k,V are constants), ai(X ,T ) (i = 0,1,2, . . . ,n)
are also simplified to constants to be determined. As a result,
the non-traveling wave solution can degenerate to the traveling
wave solution.

Remark 2 The solution obtained under the nonlinear
transformation q = q(X ,T ) is called the non-traveling wave
solution.

Applying the homogeneous balance principle[32] for
Eq. (8), we get n+3 = 2(n+1)⇒ n = 1. Thus the solution of
Eq. (8) can be rewritten as

W (X ,T ) = a0 +a1φ(q), (11)

where a0 = a0(X ,T ), a1 = a1(X ,T ) 6= 0, and q = q(X ,T ).

Hereafter we adopt the following notations: aiX = ∂ai(X ,T )
∂X ,

aiT = ∂ai(X ,T )
∂T , qX = ∂q(X ,T )

∂X , qT = ∂q(X ,T )
∂T , i = 0,1.

From Eq. (11), WX ,WXXT ,WXWT can be calculated. Sub-
stituting WX ,WXXT ,WXWT into Eq. (8), collecting the terms of
φ with the same power, then letting each coefficient be zero,
we derive a set of over-determined partial differential equa-
tions about a0,a1

φ
4 : 6a1q2

X qT + pa2
1qX qT = 0, (12)

φ
3 : p(a1a1X qT +a1a1T qX )+2(a1q2

X )T

+2qT [(a1qX )X +a1X qX ] = 0, (13)

φ
2 : (a1qX )XT +(a1X qX )T +qT (a1XX +2σa1q2

X )

+6σa1q2
X qT + p[a1X a1T +a1qT (a0X +σa1qX )

+a1qX (a0T +σa1qT )]+ pa1qX = 0, (14)

φ : a1XXT +2σ(a1q2
X )T +2σqT [(a1qX )X +a1X qX ]

+ p[a1T (a0X +σa1qX )+a1X (a0T +σa1qT )]

+ pa1X = 0, (15)

φ
0 : a0XXT +σ(a1qX )XT +σ(a1X qX )T +σqT (a1XX

+2σa1q2
X )+ p(a0X +σa1qX )

×(a0T +σa1qT )+ p(a0X +σa1qX ) = 0. (16)

In this paper, we consider q in the following variable sep-
aration form:

q(X ,T ) = f (X)+V T, (17)

where V is a constant.
After solving Eqs. (12)–(16), we can obtain a solution

with respect to a0, a1 as follows:

a0(X ,T ) = −T +
∫ [4σ

p
f ′2(X)− 1

p
f ′′′(X)

f ′(X)

]
dX ,

a1(X ,T ) = − 6
p

f ′(X). (18)

Thus, a class of hyperbolic function solution can be obtained
for the GVE (1)

x =
∫ (
− f ′′′(X)

p f ′(X)
+

4σ

p
f ′2(X)

)
dX− 6

p
f ′(X)φ(q)+ x0,

t = X ,

u(x, t) =− f ′′′(X)

p f ′(X)
− 2σ

p
f ′2(X)

− 6
p

f ′′(X)φ(q)− 6
p

f ′2(X)φ 2(q),

(19)

where x0 is a constant, and φ(q) satisfies

φ(q) =
{
−
√
−σ tanh(

√
−σq), σ < 0,√

σ tanh(
√

σq), σ > 0, (20)

with q = f (X)+V T .
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3. Loop-like soliton of GVE (1)

Thanks to the arbitrary function f (X) in solution (19), it
is convenient to explore new soliton solutions. In this section,
we try two hyperbolic functions to excite new solitons for the
GVE (1).

3.1. Single-loop-like soliton

We take f (X) in solution (19) as follows:

f (X) = a tanh(kX), (21)

where a and k are real constants.
Substituting Eq. (21) into Eq. (19), we have

x =−4k2

p
X +

2k
p
(3+2σa2) tanh(kX)

− 4σa2k
3p

tanh3(kX)− 6ak
p

sech2(kX)φ(q),

t = X ,

u(x, t) =−4k2

p
+

6k2

p
sech2(kX)− 2σa2k2

p
sech4(kX)

+
12ak2

p
tanh(kX)sech2(kX)φ(q)

− 6
p

a2k2sech4(kX)φ 2(q),

(22)

where φ(q) is determined by Eq. (20).
Solution (22) describes a novel single-loop-like soliton,

which is illustrated in Figs. 1–3. Figure 1 shows the plots of
the soliton in the x–t–u coordinate system. Figures 2 and 3
show the soliton of solution (19) in the x–u plane by setting
different parameters T and a, respectively. The single-loop-
like soliton is obviously different from the well-known single-
loop-like one studied in Refs. [15], [17], and [18], as the soli-
ton shapes in Figs. 2(b)–2(d) are unsymmetrical.
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Fig. 1. (color online) Plots of solution (22) at different coordinate views
((a), (b)), where V = 1, k = 1, p = 0.5, σ =−3, a = 0.8.
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Fig. 2. Plots of solution (22) for (a) T = 0, (b) T = 0.3, (c) T = 0.6, (d)
T = 0.9, where V = 1, k = 1, p = 0.5, σ =−3, a = 0.8.
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Fig. 3. Plots of solution (22) for (a) a = 0.1, (b) a = 0.6, (c) a = 1.1,
(d) a = 1.6, where V = 1, k = 1, p = 0.5, σ =−3, T = 0.

3.2. Double-loop-like soliton

The f (X) in solution (19) can be chosen as follows:

f (X) = asech(kX). (23)

Proceeding as before, we can observe a new double-loop-like
soliton, as demonstrated in Figs. 4 and 5. The soliton is shown
from different views in Fig. 4. The soliton plots in Fig. 5 ap-
pear to be interesting.

It is easily seen that the single-loop-like soliton in the
previous subsection is mathematically a two-valued function,
while the double-loop-like one is a four-valued function.
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Fig. 4. (color online) Plots of solution (19) with Eq. (23) at different co-
ordinate views ((a), (b)), where V = 1, k = 1, p = 0.5, σ =−3, a = 0.8.
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Fig. 5. Plots of solution (19) with Eq. (23) for (a) T = 0, (b) T = 0.9,
(c) T = 1.035, (d) T = 1.15, (e) T = 1.18, (f) T = 1.3, (g) T = 1.42, (h)
T = 2, where V = 1, k = 1, p = 1, σ =−3, a =−1.6.

The parameter a in f (X) given by Eqs. (21) and (23) can
also determine the shape of the soliton. However, the shape is
still loop-like whatever the changes.

Remark 3 Due to the difficulty of the computation of the
indefinite integration in Eq. (19), it is hard to find proper f (X).
However, with the help of Maple, we find that the trigonomet-
ric function sine and cosine are also suitable.

4. Conclusion
There have been many papers for constructing exact non-

traveling wave solutions for (2+1)-dimensional and (3+1)-
dimensional NEEs. Loop-like and folded solitons were of-
ten observed in high-dimensional systems.[33,35] However, it is
extremely difficult to look for non-traveling wave solutions in
(1+1)-dimensional NEEs (see also Ref. [36]). We construct a
non-traveling wave solution of a generalized Vakhnenko equa-
tion by using the extended Riccati mapping method. Based on
the solution and choosing two hyperbolic functions, new soli-
tons are found for the GVE (1).

There are only a small number of the (1+1)-dimensional
NEEs possessing loop-like solitons.[7,33,37,38] Fortunately, the

VE and its extended or modified versions (such as GVE (1))
have loop-like solitons. In this paper, two types of loop-like
solitons for GVE (1), namely, single-loop-like and double-
loop-like solitons, are successful found. We believe that the
work here is valuable and may be helpful in nonlinear acous-
tics.

References
[1] Vakhnenko V O 1992 J. Math. Phys. A 25 4181
[2] Vakhnenko V O 1999 J. Math. Phys. 40 2011
[3] Parkes E J 1993 J. Phys. A 26 6469
[4] Vakhnenko V O and Parkes E J 1998 Nonlinearity 11 1457
[5] Vakhnenko V O, Parkes E J and Michtchenko A V 2000 Int. J. Differ-

ential Equations Appl. 1 429
[6] Morrison A J, Parkes E J and Vakhnenko V O 1999 Nonlinearity 12

1427
[7] Li J B 2007 Science in China Series A: Math. 50 773
[8] Li W A, Chen H and Zhang G C 2009 Chin. Phys. B 18 400
[9] Wu Y Y, Wang C and Liao S J 2005 Chaos Soliton. Fract. 23 1733

[10] Ma Y L and Li B Q 2010 J. Math. Phys. 51 063512
[11] Morrison A J and Parkes E J 2003 Chaos Soliton. Fract. 16 13
[12] Vakhnenko V O, Parkes E J and Morrison A J 2003 Chaos Soliton.

Fract. 17 683
[13] Victor K K, Thomas B B and Kofane T C 2008 Chin. Phys. Lett. 25

425
[14] Mo J Q 2009 Chin. Phys. B 18 4608
[15] Liu Y P, Li Z B and Wang K C 2007 Chaos Soliton. Fract. 31 117
[16] Ma Y L, Li B Q and Wang C 2009 Appl. Math. Comput. 211 102
[17] Ma Y L and Li B Q 2010 Appl. Math. Comput. 216 2137
[18] Li B Q, Ma Y L and Sun J Z 2010 Appl. Math. Comput. 216 3522
[19] Ma Y L and Li B Q 2012 Appl. Math. Comput. 219 2212
[20] Fan E G 2002 Phys. Lett. A 300 243
[21] Zheng C L, Fang J P and Chen L Q 2005 Acta Phys. Sin. 54 676 (in

Chinese)
[22] Fei J X and Zheng C L 2012 Chin. Phys. B 21 070304
[23] Zheng C L and Li Y 2012 Chin. Phys. B 21 070305
[24] Chen Y, Li B and Zhang H Q 2003 Chin. Phys. 12 940
[25] Yang Z, Ma S H and Fang J P 2011 Chin. Phys. B 20 040301
[26] Ma S H, Fang J P, Ren Q B and Yang Z 2012 Chin. Phys. B 21 050511
[27] Ma S H, Lei Y and Fang J P 2012 Acta Phys. Sin. 61 180505 (in Chi-

nese)
[28] Zeng W L, Ma S H and Ren Q B 2012 Acta Phys. Sin. 61 110508 (in

Chinese)
[29] Li B Q, Ma Y L and Xu M P 2010 Acta Phys. Sin. 59 1409 (in Chinese)
[30] Li B Q and Ma Y L 2010 Z. Naturforsch A 65a 518
[31] Li B Q and Ma Y L 2011 Commun. Nonlinear Sci. Numer. Simul. 16

144
[32] Wang M L Zhou Y B and Li Z B 1996 Phys. Lett. A 216 67
[33] Parkes E J 2007 Chaos Soliton. Fract. 31 602
[34] Li B Q, Ma Y L, Wang C, Xu M P and Li Y 2011 Acta Phys. Sin. 60

060203 (in Chinese)
[35] Yang P, Chen Y and Li Z B 2010 Commun. Theor. Phys. 53 1027
[36] Shen S F 2006 Acta Phys. Sin. 55 1016 (in Chinese)
[37] Sakovich A and Sakovich S 2006 J. Phys. A: Math. Gen. 39 L361
[38] Ma Y L and Li B Q 2012 J. Appl. Math. Comput. 40 683

030511-4

http://dx.doi.org/10.1088/0305-4470/25/15/025
http://dx.doi.org/10.1063/1.532847
http://dx.doi.org/10.1088/0305-4470/26/22/040
http://dx.doi.org/10.1088/0951-7715/11/6/001
http://dx.doi.org/10.1088/0951-7715/12/5/314
http://dx.doi.org/10.1088/0951-7715/12/5/314
http://dx.doi.org/10.1007/s11425-007-0039-y
http://dx.doi.org/10.1088/1674-1056/18/2/004
http://dx.doi.org/10.1016/j.chaos.2004.06.081
http://dx.doi.org/10.1063/1.3431034
http://dx.doi.org/10.1016/S0960-0779(02)00314-4
http://dx.doi.org/10.1016/S0960-0779(02)00483-6
http://dx.doi.org/10.1016/S0960-0779(02)00483-6
http://dx.doi.org/10.1088/0256-307X/25/2/020
http://dx.doi.org/10.1088/0256-307X/25/2/020
http://dx.doi.org/10.1088/1674-1056/18/11/002
http://dx.doi.org/10.1016/j.chaos.2005.09.055
http://dx.doi.org/10.1016/j.amc.2009.01.036
http://dx.doi.org/10.1016/j.amc.2010.03.048
http://dx.doi.org/10.1016/j.amc.2010.04.072
http://dx.doi.org/10.1016/j.amc.2012.08.068
http://dx.doi.org/10.1016/S0375-9601(02)00776-4
http://dx.doi.org/10.1088/1674-1056/21/7/070304
http://dx.doi.org/10.1088/1674-1056/21/7/070305
http://dx.doi.org/10.1088/1009-1963/12/9/303
http://dx.doi.org/10.1088/1674-1056/20/4/040301
http://dx.doi.org/10.1088/1674-1056/21/5/050511
http://dx.doi.org/10.1016/j.cnsns.2010.02.011
http://dx.doi.org/10.1016/j.cnsns.2010.02.011
http://dx.doi.org/10.1016/0375-9601(96)00283-6
http://dx.doi.org/10.1016/j.chaos.2005.10.028
http://dx.doi.org/10.1088/0253-6102/53/6/06
http://dx.doi.org/10.1088/0305-4470/39/22/L03
http://dx.doi.org/10.1007/s12190-012-0565-9

	1. Introduction
	2. Nontraveling wave solution of GVE (1)
	3. Loop-like soliton of GVE (1) 
	3.1. Single-loop-like soliton 
	3.2. Double-loop-like soliton

	4. Conclusion
	References

