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Based on the fact that the real inductor and the real capacitor are fractional order in nature and the fractional calculus,
the transfer function modeling and analysis of the open-loop Buck converter in a continuous conduction mode (CCM)
operation are carried out in this paper. The fractional order small signal model and the corresponding equivalent circuit
of the open-loop Buck converter in a CCM operation are presented. The transfer functions from the input voltage to the
output voltage, from the input voltage to the inductor current, from the duty cycle to the output voltage, from the duty
cycle to the inductor current, and the output impedance of the open-loop Buck converter in CCM operation are derived, and
their bode diagrams and step responses are calculated, respectively. It is found that all the derived fractional order transfer
functions of the system are influenced by the fractional orders of the inductor and the capacitor. Finally, the realization of
the fractional order inductor and the fractional order capacitor is designed, and the corresponding PSIM circuit simulation
results of the open-loop Buck converter in CCM operation are given to confirm the correctness of the derivations and the

theoretical analysis.
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1. Introduction

As a basic topology of the DC-DC converter, the Buck
converter, whose characteristics are very different from the
Boost converter since it serves to convert a direct-current (DC)
input voltage to a lower DC output voltage, has been widely
used in engineering applications, such as computer engineer-
ing and aerospace engineering.'! As is well known, the mod-
eling and analysis of the Buck converter is an important step
for designing this converter to satisfy the real requirements,
i.e., the model’s precision has a vital influence on the perfor-
mance of the final design. Therefore many researchers have
made an effort to establish an appropriate model and explore
the corresponding analysis method. Up to now, a few good
models have been proposed to describe the Buck converter,
and a few good analysis methods have been explored to in-
vestigate the dynamic behavior.!'-8! For example, under the
assumption that the switching frequency is much higher than
its characteristic frequency, the averaged model, which is used
to derive the small signal model, can be obtained by averaging
the circuit variable within each switching cycle to describe the
dynamic behavior of the Buck converter in the low frequency
region.!™* Additionally, since the dynamic behavior of the
Buck converter in the high frequency region can not be ana-
lyzed using its averaged model, the discrete model, which can
be used to analyze the whole dynamic behavior of the Buck
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converter, has been proposed. The main idea of this model
is that it solves the differential equations in each operational
state of the Buck converter and then samples and collects the
circuit variables at a certain instant. The discrete model is usu-
ally used to identify the nonlinear phenomenon or to simulate
the Buck converter precisely.>-81 All the above research re-
sults are good guidance to allow engineers to design a Buck
converter for use in engineering applications. Unfortunately,
all the above research results are obtained by assuming that
both the real inductor and the real capacitor are integer order
in nature and are described by their integer order models.['-8]
In recent years, with the development in the integer cal-

9-11 the fractional calculus and its

culus and its applications,
applications have also attracted much attention, and many im-
portant and valuable works have been obtained.!'>>* In par-
ticular, the studies on the mathematical models of the real
inductor and the real capacitor show that both of them are
fractional order in nature and should be modeled by using

15-22] For example, Westerlund pointed

the fractional calculus.!
out that the real inductor is fractional order in nature and
established its fractional order model to describe electricity
characteristics.!'>! Westerlund et al. also measured the order
of the fractional order capacitor under different dielectrics in
experiments.l'%! Jonscher pointed out that the integer order
capacitor cannot exist in nature because its impedance form

would violate the causality!!”! Petra§ adopted the fractional
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order inductor and the fractional order capacitor to design a
circuit to realize the fractional Chua’s circuit successfully, and
the circuit experimental results were in good agreement with

the simulation results.'®

I Particularly, Jesus et al. developed
fractional order capacitors of different orders by choosing dif-
ferent fractal structures.”!! Tenreiro Machado and Galhano
pointed out that the different order of fractional order induc-
tor can be produced based on the skin effect.[*?! Therefore, the
real inductor and the real capacitor should be modeled by us-
ing the fractional calculus to describe their real electric charac-
teristics. Here, a question naturally arises: why can the results
from the integer order model agree with the circuit simulations
or experiments? The main reason is that the fractional orders
of the inductor and the capacitor in the market are very close
to one, and accordingly one can use the integer order model
to approximately describe their dynamic behavior. This ap-
proximate will bring the wrong results if the fractional orders
of the inductor and the capacitor are a little away from one,
such as 0.59 and 0.42 of the capacitor in Ref. [21] and the
different order of the inductor in Ref. [22]. Thus, the open-
loop Buck converter should be modeled by using fractional
calculus. In this paper, based on fractional calculus, the trans-
fer functions of the open-loop Buck converter, which are the
basis for analyzing and designing the converter in engineer-
ing applications, are established and analyzed. The averaged
model can be obtained by using the state-space averaging!?! or
the circuit averaging technique.[*! Since the state-space aver-
aging is tedious due to matrix algebra manipulations, the cir-
cuit averaging technique, whose advantages are its simplicity
and clearer insight into the converter behavior, is applied to
derive the transfer functions of the open-loop Buck converter
operating in the continuous conduction mode (CCM) opera-
tion here.

The rest of the paper is organized as follows. In Section
2, the circuit operation and the fractional order small signal
model of the open-loop Buck converter are presented. Then
the transfer functions from the input voltage to the output volt-
age, from the input voltage to the inductor current, from the
duty cycle to the output voltage, from the duty cycle to the
inductor current, and the output impedance of the open-loop
Buck converter in CCM operation are established and inves-
tigated respectively. In Section 6, the effectiveness of the es-
tablished transfer functions and the corresponding theoretical
analysis are confirmed by the PSIM circuit simulations. Fi-

nally, some concluding remarks are given in Section 7.

2. Circuit operation and its fractional order
small signal model

The circuit schematic diagram of the open-loop Buck

converter is shown in Fig. 1(a). It is obvious that it includes the

fractional order inductor Ly and fractional order capacitor Cg.
Subscript a denotes the order of the fractional order inductor,
and subscript B denotes the order of the fractional order ca-
pacitor. According to Ref. [18] and the Laplace transform of
the fractional calculus,?3! it is found that the fractional order
inductor should be described by the fractional calculus, and
the expressions about the relationship between its voltage vy,
and current iz in time and complex frequency domains are
o
g ()

vi(s) = Los%iL(s).

The fractional order capacitor should be described by the frac-
tional calculus, the expressions concerning the relationship be-
tween its voltage v and its current ic in time and complex

frequency domains are

dﬁVO
)
€Ty B ?)

ic(s) = Cﬁsﬁvo(s).

The circuit of the open-loop Buck converter operates as
follows. When there is a high level of P, which is the period
signal to drive switch S, switch S is closed, and the diode does
not conduct, this mode will go on within the time interval (0,
dT), where d is the duty cycle, and T is the switching period.
Then when there is a low level of P, switch S is open, and the
diode is conducting, and this mode will go on within the time
interval (dT, T). Since the CCM operation of the open-loop
Buck converter is considered here, accordingly only the above
two modes appear and the typical time domain waveforms are
shown in Fig. 1(b).

18 S iL Ln
———— +
T + + vL — ('d)
P\’V
Vin—/— vp #: D Cd - R § Vo

P g
(b)
0 T T Tt
i
SR
ol dT T Tt

Fig. 1. Open-loop Buck converter and its typical waveform in CCM:
(a) the circuit, (b) inductor current.

According to the circuit averaging technique,*! switch

S can be modeled as a current-dependent current source and

030506-2



Chin. Phys. B  Vol. 22, No. 3 (2013) 030506

diode D can be modeled as a voltage-dependent voltage source
in the CCM operation, i.e.,

(i) = d(ic),
{ (v} = ), ®

where (ir), (is), {(vo), (vp), and (vy,) are the averaged values
of ir, is, vo, vp, and vj,, respectively. Thus, the circuit aver-

aged model of the Buck converter can be obtained and shown

in Fig. 2.

(is) (ir) Lq
< . + (vg) — +

(vp) Cp=— R § (vo)

d ~‘— (Vin) =

Fig. 2. Circuit averaged model of the open-loop Buck converter.

Assume that I, Vg, Vi, and D are the DC values of (i),
(v0)s {vin), and d, respectively, ir, 9o, Pin, and d are the small
AC variations of (iL), (vo), (vin), and d, respectively. Then
(iL), {(vo), (vin), and d can be represented by the correspond-
ing DC values plus the superimposed small AC variations with
the assumption that the AC variations are small in magnitude

compared to the steady state values, i.e.,

(ir) = 1o +ir,
(vo) = Vo + Vo,
<Vin> = Vin + Vin,
d=D+d,

“)

with

ip < I,
Vo < Vo,
Vlin < Vina
d < D.
By taking Eq. (4) into Eq. (3) and omitting high order
small signal terms, i.e., fLJ ~ (0 and ﬁocf =~ 0, the resulting
switch and diode models become

{ <is> = DI -‘rdAIL —|—DfL,

< 5
<VD> = DVin +dVin + DViy. ©)

Using Egs. (4) and (5) in Fig. 2 and then detaching the DC part
and the small variation part, we can obtain the DC equivalent
circuit model and the small-signal equivalent circuit model in
Figs. 3 and 4, respectively.

From Fig. 3, the DC value of the open-loop Buck con-
verter can be easily calculated, i.e., Vo = V;yD and I, = Vi, D/R.
It is obvious that there is no difference between the results of
the DC value from the integer order model and the fractional

order model.

DIy,
o

y S

+

R§W)

‘/in - D‘/in

Fig. 3. The DC equivalent circuit model of the open-loop Buck con-
verter.

From Fig. 4, the transfer functions from the input voltage
to the output voltage, from the input voltage to the inductor
current, from the duty cycle to the output voltage, from the
duty cycle to the inductor current, and the output impedance
of the open-loop Buck converter can be obtained, which are
given in the following sections. The circuit parameters used in
this paper are vi, =24V, Cp = 100 uF, L, =3 mH, D = 0.6,
R=20Q,T=40ps,0<o<1,0<B <1

(Z(S)IL ;L(S) LQS”
<> —rm, +
(s Din(s) 1
) i) G T R3O
d(s)Vin

Fig. 4. The small-signal equivalent circuit model of the open-loop Buck
converter.

3. Input voltage to output voltage transfer func-
tion and input voltage to inductor current
transfer function

The transfer function from the input voltage to the output
voltage of the open-loop Buck converter in CCM operation, or
its open-loop audio susceptibility, is essential in determining
the close-loop audio susceptibility in both current and voltage
mode controls. The transfer function from the input voltage to
the inductor current is important for determining the closed-
All the
above transfer functions can be derived from the correspond-

loop audio-susceptibility in current model control.

ing small-signal equivalent circuit model in Fig. 5, which is
obtained by taking the perturbation of the duty cycle equal to
zero in Fig. 4.

Dip(s)

Z?L(S) L,s®

1 >

’l}in(s) D{}in(s) Sﬁc’d -

Fig. 5. The small-signal equivalent circuit model used to determine the
input voltage to the output voltage transfer function and the input volt-
age to the inductor current transfer function.
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Based on Kirchhoff’s current and voltage laws, the fol-

lowing equations can be obtained from Fig. 5:

5 6
CpsPio(s) = ii(s) — Pols) ©

Since the transfer function from the input voltage to the
output voltage expresses the effect of the input voltage changes
on the output voltage when only the input voltage works,
which implies that the perturbation of the duty cycle is equal
to zero. Therefore,

~ Yols) _ D
(=0 LaCps®™P +Los®/R+1°

)

=
5
—

“
z
=,

The transfer function from the input voltage to the induc-
tor current expresses the effect of the input voltage changes on
the inductor current when only the input voltage works, which
implies that the perturbation of the duty cycle is equal to zero.
Thus,

iL(s) _ DCg(sP +1/(CpR))

= = . (8
Din(s) d(s)=0 LozCﬁSO‘ﬂ3 +Lgs*/R+1 ®)

Obviously, compared with the transfer functions derived
from the integer calculus,[?! these two transfer functions even
cover the fractional orders of the inductor and the capacitor,
and these two parameters will have an important influence on
the dynamic behavior of these two transfer functions in both
the frequency-domain and time-domain responses. For exam-
ple, based on the definition and calculation of the bode di-
agram and step response for the fractional order system,/>*]
when o, = 0.8 and a, B = 1, the theoretical calculation of
the bode diagram and the corresponding step response about
the above two transfer functions are shown in Figs. 6 and 7,
respectively.

From Figs. 6 and 7, it is easy to observe that the results for
o, B = 0.8 are very different from those for ¢, B = 1. For ex-
ample, based on the step response of Gy, (s), which is shown in
Fig. 6(b), the rise time, the peak time, the settling time, and the
percent overshoot in the case of a, B = 0.8 are much smaller
than those in the case of &, B = 1. In other words, the dynamic
performance of the Buck converter with the fractional order
inductor and the fractional order capacitor are better than that
with the integer order inductor and the integer order capaci-
tor. This important point may be good guidance for designing
the Buck converter for use in engineering applications in the

future.
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Fig. 6. (a) Bode diagram and (b) step response of Gy, (s).
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Fig. 7. (a) Bode diagram and (b) step response of Gy, (s).
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4. Duty cycle to output voltage transfer function
and duty cycle to inductor current transfer
function

The transfer function from the duty cycle to the output
voltage of the open-loop Buck converter in CCM operation is
essential in voltage mode control and vital for describing the
voltage loop for current mode control. The transfer function
from the duty cycle to the inductor current of the system is
also important for describing the current loop for current mode
control. These two transfer functions can be obtained from the
small-signal equivalent circuit model under the condition that
the perturbation of the input voltage is equal to zero in Fig. 4,
which is shown in Fig. 8. Accordingly, based on the Kirch-
hoff’s current and voltage laws, the following equations can

be obtained:

2 Vo (S) (9)

Thus, the transfer function from the duty cycle to the output
voltage, which reflects the effect of the duty cycle change on
the output voltage when the perturbation of input voltage is

equal to zero, is

(s _ Vi
(9) =0 LaCps®*P +Las®/R+1

~

>
(=)

(10)

Gvd (S) =

=

The transfer function from the duty cycle to the inductor cur-
rent, which reflects the effect of the duty cycle change on
the inductor current when the perturbation of input voltage is

equal to zero, is

 ViGCp(sP +1/(CpR))
o LaCps®P +Lys®/R+1

)

AAA
\AAJ
<>
S
—~
vl
s

Fig. 8. The small-signal equivalent circuit model used to determine the
duty cycle to the output voltage transfer function and the duty cycle to
the inductor current transfer function.

Obviously, compared with the transfer functions from the
duty cycle to the output voltage and the duty cycle to the induc-
tor current of the open-loop Buck converter in CCM operation
using the integer calculus, these two transfer functions also
cover the fractional orders of the inductor and the capacitor.

Moreover, from the bode diagram and the step response
of these two transfer functions, which are shown in Figs. 9
and 10, respectively, the same results as in Section 3 can be

obtained.
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Fig. 9. (a) Bode diagram and (b) step response of G4 (s).
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5. Output impedance

The small signal equivalent circuit model for the output
impedance is shown in Fig. 11, which is obtained taking both
the perturbations of the duty cycle and the input voltage equal
to zero and deriving the transfer functions from i(s) to ¥(s).

DzL(S) ZAL(S) L,s® 'Z(s)
> m +
1 L .
S‘ﬁcﬁ:: R g U(S)

Fig. 11. The small-signal equivalent circuit model used to determine
the output impedance.

From Fig. 11, based on Kirchhoff’s current and voltage
laws, the following equations can be obtained:

Los%iy (s) = —(s),
. . b 12)
CpsPo(s) =i (s)+i(s) — %
Accordingly, the output impedance can be derived as
D(s) Lgs®
Z S :,.\7‘7‘ §)— = . (13)
)= ) i T LGy B+ L R4 1

Obviously, results like those in Sections 3 and 4 can also be ob-
tained from the bode diagram and the step response of Zoy(s),
which are shown in Figs. 12(a) and 12(b), respectively.
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)
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Fig. 12. (a) Bode diagram and (b) step response of Zoy(s).

6. PSIM simulation

The power electronics simulator software PSIM, which
is made to simulate power electronic converters and mo-
tor drives, has been widely used to simulate the power

25261 Here, this software is applied to simulate the

converter.
Buck converter with the fractional order inductor and the frac-
tional order capacitor to confirm the theoretical analysis in the
previous sections. Note that the fractional order inductor and
the fractional order capacitor could not be bought in the mar-
ket until now. Also, the simulation elements of the fractional
order inductor and the fractional order capacitor can not be
found in the PSIM software. Fortunately, based on the ap-
proximate method to calculate the fractional calculus, such as
the chain fractance/?! and Oustaloup’s approximation,>”) the
dynamic behavior of the fractional order inductor and the frac-
tional order capacitor can be approximately described.

80
933 L (b-1) —+—PSIM simulation
> —theoretical calculation
El
b
g
3]
<
=
90
< 60} (s o ™
> (b-2)
s
= 30t
[a W}
0 \ .
10! 102 103 10*

Frequency/Hz

Fig. 13. (a) Fractional order inductor and its approximated model, (b)
bode diagram of Ly gs*®. Here, R1; = 7.16 kQ, Rj» = 340.84 Q, Rj3 =
34.25 Q, R14 =3.54 Q, R15 = 367 mQ, Rl6 =38 mQ, R17 =4 mQ7
ng =04 IIIQ, ng =42 HQ, R110 =5 }LQ, L“ =95 }LH, L12 =177 p.H,
L3 =131.6 pH, Lj4 = 231.6 pH, L5 =408 puH, Lig = 719.4 pH,
L17 =1.268 mH, ng =2.235 mH, L19 = 3.934 mH.

For example, when Ly = 3 mH, o = 0.8, the approxi-
mate model of the fractional order inductor can be obtained
by using the chain fractance, which is shown in Fig. 13. The
PSIM simulation results about the bode diagram of the approx-
imated model are in good agreement with the corresponding
theoretical calculation results. For Cﬁ =100 uF, a = 0.8, the
chain fractance is shown in Fig. 14, the PSIM simulation re-
sults concerning the bode diagram of the approximated model
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are also in good agreement with the corresponding theoreti- 20 . ;
A ] . m (a-1) — theoretical calculation
cal calculation. Therefore, the conclusion can be drawn that it < + PSIM simulation 1
. . . . v
is effective to use the corresponding approximated models of = 0 - 1
. . . . *,
the fractional order inductor and the fractional order capacitor ‘;éo R
*,
to describe their dynamic behavior. Consequently, the Buck § —20 *u;
converter with the fractional order inductor and the fractional : :
order capacitor can be simulated with the PSIM software. ~ 0 ) 1
< ]
Ry, R Ro3 Roy Ros é —90} 1
A - 3
—180k : —
10! 102 103 10%
Frequency/Hz
15.6
(b)
15.0
60 T - i
m —+—PSIM simulation S
z ——theoretical calculation
2 40F (b-1) 14.4
=
£
£ 20f
5]
=
0 : : 13.8
0 ' ' 0.03 0.04 0.05 0.06 0.07
e (b-2) t/s
> —30 1 Fig. 15. (a) Bode diagram and (b) step response of G,,(s) with o,
2 B=0.8.
= —60 .
B e bbby e
—90 u — _ ‘cal « :
10t 102 103 104 m 40} theoretical calculation |
o I (a-1) * PSIM simulation i
Frequency/Hz ~
"QU) 0,;”.,.,,.".*.,."""""”4"**"#* i
=} *,
Fig. 14. (a) Fractional order capacitor and its approximated model, (b) bode = r h***u,,* 1
diagram of 1/(Cogs*?). Here, Ryj =20 mQ, Ry = 160 mQ, Ry3 = 1.5 Q, 5 —40 *"ﬂwy |
Ryt = 14.6 Q, Rys = 141 Q, Rys = 1.36 kQ, Ry7 = 13.131 kQ, Ry = %’ e
126.742 kQ, Ry9 = 1.222 MQ, Ryj19 = 102.85 MQ, C;; = 6.5 uF, C; = —80 . .
13.98 WF, Cj3 = 24.5 uF, C1y = 43.2 uF, Ci5 = 76.2 pF, Cj6 = 134.2 pF,
C17 =236.6 p.F, Clg =417 },LF, C19 =736 LLF, C110 =560 LLF. C 0 |
g 4
Here, under a, § = 0.8 and a, = 1, only the bode dia- ai:j —90 ]
gram of G,,(s) and the typical time domain waveforms of the 180 ‘ .
output voltage from the PSIM simulation shown in Figs. 15 10 10? 108 10
and 16 are given to confirm the effectiveness of the corre- Frequency/Hz
sponding derived transfer functions in the previous sections. " " "
Note that based on the characteristic of the PSIM, the bode di- 15.4
agram of G, (s) is directly obtained from the switching model
of the Buck converter but not from its averaged model or small
signal model. At 0.04 s, the input voltage is changed from . 15.0
24 V to 25 V. Obviously, the results from the PSIM are in >
S
good agreement with the theoretical calculations.
From Figs. 15 and 16, it is also found that there is an 14.6
important difference between the integer order model and the
fractional order model, and accordingly the Buck converter 4o
with the fractional order inductor and the fractional order ca- 0.03 0.04 0.05 0.06 0.07
t/s

pacitor should be modeled using the fractional calculus to de-

scribe their real dynamic behavior. Fig. 16. (a) Bode diagram and (b) step response of Gy, (s) with ot, f = 1.
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7. Conclusion

Based on the established transfer functions of the open-
loop Buck converter in a CCM operation, it is found that all
the derived transfer functions cover the orders of the fractional
order inductor and the fractional order capacitor. Furthermore,
the results for the bode diagrams and the step responses of
the derived transfer functions from the theoretical calculation
and the PSIM circuit simulations show that both the orders of
the fractional order inductor and the fractional order capaci-
tor have an important influence on the dynamic behavior of
the open-loop Buck converter in a CCM operation, such as
the rise time, the peak time, the settling time, and the percent
overshoot. Therefore, if we directly establish the integer or-
der transfer functions instead of the fractional order transfer
functions to describe the open-loop Buck converter in a CCM
operation with the fractional order inductor and the fractional
order capacitor, the obtained results will be wrong. In other
words, the fractional order transfer functions of the open-loop
Buck converter in a CCM operation with the fractional order
inductor and the fractional order capacitor must be established
to describe its real dynamic behavior.
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