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This work addresses the problem of estimating the states of nonlinear dynamic systems with sparse observations. We
present a hybrid three-dimensional variation (3DVar) and particle piltering (PF) method, which combines the advantages of
3DVar and particle-based filters. By minimizing the cost function, this approach will produce a better proposal distribution
of the state. Afterwards the stochastic resampling step in standard PF can be avoided through a deterministic scheme. The
simulation results show that the performance of the new method is superior to the traditional ensemble Kalman filtering
(EnKF) and the standard PF, especially in highly nonlinear systems.
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1. Introduction

Nonlinear filtering problems are present in many areas
such as economics, statistical signal processing, robot con-
trols, biostatistics, image processing, communications, target
tracking, numerical weather prediction, and satellite naviga-
tion. These problems can be written in the form of so-called
dynamic state space (DSS) modeling. Denoting the sequence
of system states by {x*}, and the sequence of observation
states by {y*}, where k is a discrete time index, then ¥ € R”
and y* € R”™ represent the state vector and the observation
vector, respectively. Assume that the dynamic system can be
effectively modeled as a first-order Markov process, that is,
the future state of the system only relies on the current state
and is independent of old information, and therefore we have

k _ k=1 k
it

where p* € R” and v € R™ denote the model error and the
observation error, respectively. A trajectory {zX} is required
which best fits the observations and the true posterior distribu-
tion.

One of the well-known methods for filtering problems is
Kalman filtering (KF)'!! as well as its variants. For linear and
Gaussian-distributed systems, KF provides optimal solutions.
For weakly nonlinear systems, the extended Kalman filtering
(EKF)1>31 can be used to obtain a sub-optimal estimation. Ap-
plied to high-dimensional systems, however, EKF will lead to
a large computational cost. Therefore, the ensemble Kalman
filtering (EnKF)[*-® is often used to simplify the background
error covariance in the EKF and can ease the approximation
of a probability distribution. Furthermore, unscented Kalman
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filtering (UKF)!"! is often used in nonlinear state estimation,
especially in systems with a relatively low dimension.

Particle filtering (PF),!®) also known as a serial Monte
Carlo method, is developed as a fully nonlinear and non-
Gaussian approach, and has been studied extensively in recent
years.[°~'4l The PF aims at representing the posterior probabil-
ity distribution of the system state by a set of weighted sam-
ples, the so-called particles. The PF enables the online pro-
cessing of the observations, and the range of its application
is very broad. However, the resampling step, which stochas-
tically replicates high-weight particles while discarding those
with lower weights, reduces the diversity of the particles and
makes the parallel computation more challenging. Some new
PF algorithms with no resampling have been proposed,/!>-17]
but the proposal distribution, also called the importance distri-
bution, can potentially be improved.

Due to their respective advantages and disadvantages, the
combination of Kalman filtering and PF has also been pre-
sented. Won ez all'8] built a position tracking system that uses
a combination of Kalman filter and particle filter to synthesize
the measurements from a measurement unit and a position sen-
sor. A similar method was proposed in Ref. [19] which esti-
mates orientation using a particle filter while it estimates posi-
tion and velocity using a Kalman filter. In the particle Kalman
filter (PKF),[?Y) the solution of a nonlinear filtering problem is
expressed as the weighted average of an “ensemble of Kalman
filters” operating in parallel. The standard weight-type correc-
tion in the PF is complemented by the Kalman-type correc-
tion with the associated covariance matrices in the Gaussian
mixture. In the adaptive Gaussian mixture filter,*!! the pos-
terior distribution is regarded as the sum of Gaussian kernels.
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By introducing a tuning parameter for the importance weights,
the Gaussian mixture filter has the virtue of both the weight-
ing/resampling step of a particle filter and a local Kalman type
correction.

In this paper, another approach named three-dimensional
variation (3DVar)122! is introduced, and it is combined with PF.
In the new algorithm, the proposal distribution is improved by
using ensemble 3DVar, which gives a better approximation of
the posterior distribution, and when the new particles are gen-
erated through a deterministic scheme, the resampling step can
be avoided.

The rest of this paper is organized as follows. Background
knowledge is given in Section 2. In Section 3, firstly the idea
of ensemble 3DVar is presented, and then it is combined with
PF by weighting the sub-ensembles of particles. In Section 4,
the comparison results of the three methods applied to a low-
dimensional chaos system are illustrated, and the conclusion
is given in Section 5.

2. Background knowledge
2.1. 3DVar method

Assume that the background (a priori) and the observa-
tion are independent from each other, and we can obtain the
possibility of the true statel??! as

L(z;z,y°) = pp(z®|z) - pr(y°|z), (2)
1

X exp {l [(mb —xz)TB ! (x? — m)} } , 3)
R

cep{ =3~ h@) R @ h(e))] | @)

where B is the background error covariance based on the

p(a°|z) =

[\

Pr(Y’|z) =

mean of the statistical results of the state in a period of time, R
is the observation error covariance, which is usually a diagonal
matrix, and h(-) is the observation operator.

The most probable state a is the one that maximizes
L(x; mb, y°), namely, the one that minimizes the following
cost function:

J(x) = %(mb—:c)TB’I(mb—m)
2@ R k@), O

By solving the cost function, one can obtain the optimal
estimation if the system is linear and Gaussian-distributed.

2.2. Particle filtering

As a serial Monte Carlo method, PF makes use of a set of
weighted samples, called “particles”, to approach the distribu-
tion of the state.

Assume that there are N independent particles and we can
approximate the probability density function (PDF) of x by a

sum of Dirac functionst?3!

1
=5,

1

M=

p(x) O(x —x;). (6)

Il
=

Then the expectation of an arbitrary function f () can be writ-
ten as

1 N
E(f(@) = [ f@ip(@)dw (/@) = L) @

Unfortunately, it is very difficult to sample directly from
the exact PDF of the state. Then the so-called proposal den-
sity function ¢ is introduced, which approximates the posterior
distribution, from which sampling can be made easier. The
corresponding weight of each particle a:f is defined as

1 plleb)plalel )
A g(abaf )

®)

where £ is the time serial number, g(x¥|z¥~!, y) is the pro-
posal density, which is also called the importance density,
p(y*|z¥) denotes the likelihood function, p(x¥|2*~") is a pri-
ori distribution, and A indicates the factor of normalization.

3. New algorithm

In standard PF, the proposal density g(z¥|x¥~! ) is set
to be p(y*|xk). Itis easy to sample from the distribution, but it
is not a good approximation of the posterior distribution since
it has no new information about current observations, so it will
result in filtering divergence. Finding a proper proposal den-
sity ¢ is one of the key problems which needs to be resolved
for the PF method.

Another scheme to avoid divergence is to add a resam-
pling step after importance sampling. However, once the num-
ber of particles becomes significantly large, the computation
cost of resampling cannot be ignored, meanwhile the paral-
lelizability is limited.

In this section, we present a new algorithm combining
3DVar and PF, not only to give a better proposal distribution,
but also to avoid the resampling steps.

3.1. Ensemble 3DVar

To minimize the cost function of 3DVar, one has to cal-
culate the inverse of the background error covariance B in
Eq. (5), which is very expensive in time.

An alternative is to rebuild the background covariance
from a set of particles. We assume that there are N indepen-
dent particles, and define

N
Y b, ©9)
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Sxl = x? — &, (10)
X =[5xb 8a5,...,62Y], (11)
1
b __ b b\T
P’ = — X"(X")T, (12)

where &P is the expected background state, and PP is the ap-
proximate background covariance matrix.
By introducing a new control variable w and defining

x = &° + X w, (13)
h(z) = h(2° + X°w) ~ §° 4+ Y°w, (14)
where
Wa") =g = L 3 h(ad) as)
Nl':l v
h(XP) ~Y® [h(acﬁ’)—h(zb),...,h(w}’v)—h(:zb) ,(16)

then we can obtain a new cost function with respect to the new
control variable w as

1 1
J(w) = E(N— DwTw + E(yo —g° - Y w)T

xR (y° — "~ Y'w), (17)
and its gradient as

VIi=N-Dw—(Y)TR ' (y°—g°— Y w). (18)

If w?* minimizes 7, the corresponding vector x® must
minimize J. The proof is shown in the appendix.

In this way, the calculation of the inverse matrix B is
avoided, thus greatly reducing the computational expense. On
the other hand, a better estimation of the state can be obtained
with the flow-dependent forecasting covariance PP. Now we
find the linear combination of the trajectories to best fit the
observations in 3DVar.

For the new system with control variable w, we know the
background value w® = 0, and its error covariance P¥ =
(N —1)~'TI from Eq. (17), and from gradient function (18) we
have

Wt = P (VTR ()] 19)
pra (V- DI+ (R, Qo)

where P%*? denotes the analysis error covariance of con-
trol variable w. Therefore, &* = &® + XPw?, P? =
XbPan(Xb)T_
By defining W2 = [(N — 1) P%¥?] /2 one can decompose
the analysis covariance as follows:
Pan:(N_l)ilWa(Wa)T7 Pa:(N—l)ilXa(Xa)T,

where X? = XPW?, Then, the new particles are written as

xd = 2+ X(i) = 2° + X° (w0 + W2(i)), 1)

where X?(i) and W?(i) denote the i-th column of X* and
W2, respectively.
To avoid the reverse of matrix in Eq. (20), one can use a

decomposition equation!**]
L Y e R Pl -
N—-1
—|re 1(Yb)TR—1Yb:| ~1/2
N—-1
=V.-(I+D)"'2.vT, (22)

where V' and D are respectively the eigenvector matrix and
the eigenvalue diagonal matrix of 1/(N —1)-(Y?)TR-1Y®,

The problem of ensemble 3DVar has been studied
before, ! but our algorithm is presented from a different point
of view, and the implementation details are also distinguish-
able.

3.2. Combining ensemble 3DVar and particle filtering

Considering the shortcoming of linearization of the ob-
servation operator when it is nonlinear, we introduce the idea
of PF, which is fully nonlinear. We split up the ensemble with
NG particles into G sub-ensembles, with N members each.

For each sub-ensemble g, we define
1 1
b__ b/ wb\T a__ : a\T
Pé’*N_lX&’(X&’) ’ P;*N_IX;(XE) )
_ yb _ w,ayl/2
where X2 = XPW, and W} = [(N=-1)P"] ",
If we assume that the error is Gaussian-distributed, the

weight s,0f each sub-ensemble g or each “centre” particle &5

can be written as g
sg o sy ' p(y°|Z5) p(Ey| &)
o s exp{ - % {(53; — ) (P) 7! (z _5;';)}
2l ha) R )] |
o sk exp [4(2})]. 29

The weights should then be normalized. It is noted that
(5 — .’I:E)T(R}’)_l(aig — EE) is equal to (N — l)wgwg. The
expected value of the state is

G
Tt = Z SgTy- (24)
g=1

In Eq. (23), the primary cost function J is adopted instead of
7, since it includes the full information about nonlinearity.

Now giving the expected value, we need to construct the
new ensemble of particles. From the old ensemble, the depar-
ture of each particle can be obtained from the expected value
as follows:

Oxy; = xy; — & = [Ty + X (i) —2°
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= (:i:g—:za)+Xa(i). (25)

The new analysis error covariance is defined by the linear com-
bination of covariances of sub-ensembles, that is,

A N T
P = ;Sgpgd: Z,l Sg;N_lsxgi(‘smg,i)
8= &= i=
= 1/(NG—1)- X*- (X", (26)
where
X% = +/NG—-1 |: Nsi I (533171,593172,...,5:’31,1\/),...,
5G
N—1 (6:3&1,5:8(;72,...,6:13671\/)]. (27)
Thus,
ING—1
611323“/ = ﬁsg(sq:&i. (28)

Actually, the weight of each particle can be compre-
hended as follows: on one side, if s, < (N —1)/(NG — 1), the
old sub-ensemble can be regarded as being far from the cen-
tre, thus it should be “pulled” closer to the centre; on the other
side, if s, > (N —1)/(NG — 1), the old sub-ensemble should
be “pushed” farther away in order to keep diversity.

The new ensemble is obtained for the next generation and
all the particles have the same weight again. Here we have
avoided the resampling step and have selected the new parti-
cles in a deterministic way.

3.3. Overview of the algorithm

Step 1 Divide the given ensemble into several sub-
ensembles. Different divisions may be needed for different
issues.

Step 2 Utilize a certain gradient-based unconstrained
method to minimize the new cost function 7(wg) for each sub-
ensemble, and then calculate a‘:g = ig + X};u")z}.

Step 3 Calculate the weight s, for each “centre” particle

Iy, and the square root X of the analysis error covariance

P
Step 4 Calculate the estimation of the state and construct
the new particles deterministically for the next generation.

4. Experiments and results

In this section, we apply the new algorithm (hereafter re-
ferred to as 3DPF) to a low-dimensional chaos system and
compare it with the standard EnKF and standard PF.

The Lorenz63 system is often used as a benchmark to test
the performance of filtering algorithms, and it can be written
as

dx dy

dz
_— — el — — —_— = —_ 2
i a(y—x), n (b—z)x—y, g v (29

where a = 10, b = 28, and ¢ = 8/3. The time step d¢ is set as
0.01, and the simulation window 7" as 1000.

4.1. Linear observation system

Suppose that the model error covariance is

Q = [0.10,0.01,0.02;0.01,0.20,0.01;0.02,0.01,0.30].

—20 - . . . .
0 200

800 1000

400 600
Time step

—20 | L | L L 1 1 1
0 200 400 600 800 1000
Time step

800 1000

—20 L L
0 200

400 600
Time step

Fig. 1. (color online) Comparison of three methods for the Lorenz-63
model: (a) 3DPF, (b) EnKF, (c) PE. The black line is the true solution,
the plus signs represent the analysis values, the stars denote the per-
turbed observations, and the shaded lines (green in the online paper)
depict the trajectories of the observed variable in time. It is noted that
the truth can be followed by only 9 particles with 3DPF.

The first variable x is observed every 20 steps and the opera-
tion function is defined as i(x) = x* + €, where ot = 1 and the
error variance of € is R =0.5.

Suppose that there are only 9 particles and they are di-
vided into sub-ensembles with G = 3 and N = 3. There is no

inflation to the error covariance in the procedure.
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In Fig. 1, the truth can be followed very well by only 9
particles in the method of 3DPF, whereas the particles in EnKF
diverge severely. This shows that the deterministic method can
outperform the classical perturbed observation method, espe-
cially when the number of particles is restricted. In Fig. 1(c),
the standard PF performs badly after a period of time due to
its lack of diversity of particles.

4.2. Nonlinear observation system

If the observation system becomes nonlinear, the filtering
problem will be more challenging. In function i(x) =x* + €,
we set & > 1 and € is still Gaussian-distributed with variance
R = 0.5. Applied to nonlinear systems, the three methods
yield very different performances as shown in Fig. 2. Here,
the root mean square (RMS) is defined as

I &y a %
RMS = ”jzi;<xij—xij)7 (30)

where J is the number of variables in the model system, T is
the simulation time window, a indicates the analysis, r denotes
the truth, and x;; represents the value of j-th variable at time
step i. We set the model error covariance Q' = 0.3Q, and the
number of particles is augmented to 20 (N =4,G = 5).

From Fig. 2, it can be shown that with ¢ increasing,
the performance difference among the three methods becomes
bigger. The new algorithm deals very well with highly nonlin-
ear observation systems.

—+— RMS of all variables with 3DPF

7t —2— - RMS of all variables with EnKF 4§

-—-&-- RMS of all variables with PF .7
.

RMS
H
&
N

1.2 1.6 2.0 2.4 2.8
Exponent «

Fig. 2. (color online) Variations of RMS with exponent in the observa-
tion function A.

Figure 3 illustrates the performances of the methods when
the model error covariance varies. It shows that when the ob-
servation system is highly nonlinear, here o = 3, 3DPF per-
forms much better than EnKF and PF in most cases, which
indicates that our algorithm is very robust, and the smaller
the model covariance, the more remarkable its superiority
is. However, the performance difference between 3DPF and
EnKEF lessens as the observation error covariance increases.

9

8r o o

RMS

—#— RMS of all variables with 3DPF
3r —£&—-RMS of all variables with EnKF
--¢-- RMS of all variables with PF

2 . . . . .

0 1 2 3
Q

Fig. 3. (color online) Variations of RMS with model error covariance Q
for three methods. The exponent in the observation function is fixed at
3.

It should be noted that if the analysis or forecast error
covariance in 3DPF is multiplied by a proper inflation fac-
tor, or the ensemble is more appropriately divided into sub-
ensembles, the performance of the algorithm can be improved.

5. Conclusion

In this paper, we propose a new approach that combines
the 3DVar and PE. Applied to a highly nonlinear chaos sys-
tem, it performs much better than the traditional EnKF and the
standard PF, with a computation cost similar to that of EnKF.

The simulation system used in this paper has low dimen-
sions. In future work we wish to apply the new algorithm to a
more realistic system, and make the distributions of the model
error and the observation error non-Gaussian. Extending from
3DPF to 4DPF (with an additional dimension of time) is also
challenging.

Appendix A

Substituting Eq. (12) into Eq. (5) and linearizing the ob-
servation function like in Eq. (14) yield the identity

J(2" + X w)

= J(w)— (N—=Dw" (I — (X"T(XP(X"T) ' XP)w.
(A1)

Assume X to be a linear transformation from an N— dimen-
sional space S to an (N — 1)-dimensional space S spanned by
the columns of X".

From Egs. (19) and (20), we know that the row vectors in
PY3(Y®)TR! are linearly dependent on each other, thus the
first term on the right-hand side of Eq.(A1) depends only on
the components of w in S, while the second term depends only
on its components in the null space orthogonal to S, because
of the following equation:

X1 - (x"T(x*( x> 1x®) =x"-X"=0. (A2)
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Generally, the null space has only one dimension, and it is

spanned by the vector (1,1,...,1)T.

Thus, if we obtain the solution @ by minimizing 3(w),

we have @™ - (1,1,...,1)T = 0, that is, the second term on the
right-hand side in Eq. (A1) should be zero. Then the corre-
sponding * minimizes the cost function J().
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