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Correlation between detrended fluctuation analysis and the
Lempel-Ziv complexity in nonlinear time series analysis*
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We study the correlation between detrended fluctuation analysis (DFA) and the Lempel-Ziv complexity (LZC) in
nonlinear time series analysis in this paper. Typical dynamic systems including a logistic map and a Duffing model are
investigated. Moreover, the influence of Gaussian random noise on both the DFA and LZC are analyzed. The results show
a high correlation between the DFA and LZC, which can quantify the non-stationarity and the nonlinearity of the time
series, respectively. With the enhancement of the random component, the exponent ¢ and the normalized complexity index
C show increasing trends. In addition, C is found to be more sensitive to the fluctuation in the nonlinear time series than
a. Finally, the correlation between the DFA and LZC is applied to the extraction of vibration signals for a reciprocating
compressor gas valve, and an effective fault diagnosis result is obtained.
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1. Introduction

Time series analysis plays an important role in both
theoretical analysis and practical applications in numerous
fields.' Conventional time series analysis techniques includ-
ing model estimation and Fourier transformation have been
proven to be effective for the analysis of linear and stationary
processes.>* However, the time series, either from a phys-
ical measurement or from numerical modeling, most likely
represents a nonlinear and non-stationary process.>! There-
fore, conventional techniques may bring some misleading re-
sults for the analysis of a nonlinear time series. Since Lorenz
firstly described chaos and tried to model weather patterns us-
ing a system of coupled differential equations known as the
Lorenz equations, the chaos theory has greatly promoted the
development of nonlinear time series analysis.®’! Meanwhile,
time-frequency analysis techniques such as short time Fourier
transformation (SFTF), Wigner—Ville transformation (WVT),
wavelet transformation (WT), and Hilbert—-Huang transform-
tion (HHT) have been developed and widely applied to non-
stationary time series analysis, which has attracted more and
more attention in the past few decades.®!

Nonlinearity and non-stationarity are two important prop-
erties of a time series. For many applications, the analysis of
nonlinearity and non-stationarity in an observed time series is
a fundamental problem to be solved before the data can be
further processed. In the case of nonlinearity detection, some
typical characteristics including Lyapunov exponents, correla-
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tion dimension, entropy, and complexity have been proposed
and well applied.[’! Among them, the Lempel-Ziv complexity
(LZC) has been extensively used to calculate the information
content for time series analysis involving nonlinear dynam-
ics, such as coding, data compression, and the generation of
test signals.['% The LZC is much better than the traditional
spectral analysis and the time-frequency analysis, and can be
used to detect the long-range correlations embedded in a non-
stationary time series. Moreover, the LZC also avoids the spu-
rious detection of apparent long-range correlations that are ar-
tifacts of non-stationarity.''! In recent years, the detrended
fluctuation analysis (DFA) method proposed by Peng et al.
has become a widely used technique for the detection of long-
range correlations in a non-stationary time series''>!3! and has
been successfully applied to diverse fields, such as DNA se-
quences, heart rate dynamics, long-time weather records, eco-
nomic time series, and neuron spiking.!'4!

At present, work on the nonlinearity and the

non-stationarity of time series analysis are relatively
independent.!'>19 In fact, nonlinearity and non-stationarity
vary with the dynamic behavior of a system, so there may be
some correlations between them. To verify this correlation, the
scaling exponent ¢ of the DFA and the normalized complex-
ity index C of the LZC are investigated in this paper, which
respectively quantify the non-stationarity and the nonlinearity
of the time series. First, some nonlinear time series generated
by typical dynamic systems including a logistic map, Duffing

model, Lorenz model, etc. are taken as the simulation data,
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and the correlation between the DFA and LZC of the nonlin-
ear time series is investigated. The simulation results indicate
that both the DFA and LZC can clearly reflect the period, the
quasi-period, and the chaos states of the dynamic systems.
Moreover, the correlation coefficient of the DFA and LZC for
each nonlinear time series represents a significant or high cor-
relation. Then, the influence of the Gaussian random noise on
the correlation of the DFA and LZC is also analyzed, which
shows that the values of scaling exponent ¢ and normalized
complexity index C similarly decrease with the increase of the
signal to noise ratio (SNR). Moreover, C is more sensitive to
the fluctuation of the nonlinear time series than . Finally, the
vibration signals of a reciprocating compressor are studied, the
result further identifies the high correlation between the DFA
and LZC in detecting the nonlinearity and the non-stationarity
of the time series.

2. DFA and LZC
2.1. Algorithm of DFA

The DFA can be used to analyze the long-range correla-
tion of a non-stationary time series. To facilitate our discus-
sion, a brief description of the DFA algorithm is given below.
The method consists of four main steps.['”]

Step 1 For a time series x(i) (i = 1,2,...,N), we deter-

mine a new series y(k) (k=1,2,...,N)

k
v = Y10 -, (1)
i=
where (x) means the average of x(i). It is noted that the sub-
traction is not compulsory, since it can be eliminated by the
detrending procedure in step 3.

Step 2 For each given positive integer s, the series y(k)
can be divided into Ny non-overlapping local segments with
equal length s which is called the scale index. The points in-
side a given interval are fitted by a polynomial line. Assuming
that the order of the fitting polynomial is p, we can get the p
order trend of each data interval, noted as y;(k). Then, a de-
trended variation function Ay,(k) (k = 1,2,...,N) is obtained
by subtracting the integrated data that is given by the fit. Ex-
plicitly, we define

Ay (k) = y(k) = ys(k). 2

Step 3 Finally, we calculate the root-mean-square fluctu-
ation F'(s) inside the interval by

1 N
F) =1 L@ 3)

Step 4 Now change the size of the scale index s, set a cer-
tain step length increment As, and then repeat the operations
above. The curve of the fluctuation function F'(s) varying with

the scale index s will be obtained. Usually, the average F(s)
behaves as

F(s) o< s%, 4)

where the parameter « is called the scaling exponent, and rep-
resents the long-range correlation properties of the time series.
Generally, if & = 0.5, there is no correlation, and the time se-
ries is an uncorrelated one (random noise); if & < 0.5, the time
series is anti-correlated; if o > 0.5, there are positive correla-
tions in the time series.!'8]

At present, there is no unified approach to determining
the size of the non-overlapping segment s when the scaling
exponent ¢ is calculated. Usually, it is defined based on expe-
rience, so it is easily influenced by randomness and subjectiv-
ity. Moreover, for the same time series, the scaling exponent ¢
will vary greatly for different parameters of s, and even leads
to the wrong information.

In order to ensure the rationality and the correctness of
the scaling exponent «, the Gaussian random time series is
taken as an example, and the law of different parameters is
calculated. The length of samples N is respectively selected as
1000, 2000, ..., 50000. The scaling parameter s is respec-
tively selected as [100, 200], [100, 400], [100, 600], [100,
800], and [100, 1000]. The curves of scaling exponent ¢ for
the Gaussian random time series under different parameters N
and s are shown in Fig. 1.
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Fig. 1. Scaling exponent o for Gaussian series with different parameters.

Figure 1 clearly shows that the scaling exponent ¢ of the
Gaussian random time series finally tends to the theoretical
value 0.5 with the increase of N. The fluctuation performance
of the scaling exponent ¢ is basically the same for different
scale parameters s, but it is nearest to the theoretical value 0.5
when 100 < s <400. Moreover, in order to reduce the running
time and keep the scaling exponent « near to the the theoreti-
cal value 0.5, the minimal length of the samples is selected as
6000. In theory, the best scaling exponent & will be obtained
if a large enough N is set. However, it will also consume more
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running time. So a suitable scaling parameter s should be se-
lected. In this study, we select N = 6000 and s = [100,400] as
the suitable combinatorial parameters for calculating the scal-
ing exponent & of the nonlinear time series.

2.2. Algorithm of LZC

The LZC analysis is based on the coarse graining of the
measurements. Before the LZC measure is calculated, the
time series must be transformed into a finite symbol sequence.
Generally, an arbitrary time series {x(i)|i=1,2,...,n} is con-
verted into a binary series. By comparing with the thresh-
old, x(i) is converted into a 0-1 series {S(i)|i = 1,2,...,n}

as follows:!'%

x(l) < Xave, (5)
X(l) > Xave,
where X,y is the mean of the time series of x(i).

Then, the LZC measure can be estimated by using the al-

gorithm shown in Fig. 2.

symbol time series S= s15283...5,

v

initializtion S| = s, Q = so,
SQ1=s152, SQP; =51, ¢(1) = 1.

c(i) = c(i)+1, Q is
No. [combined to S, set

Q@ as next symbol.

S is invariability, update @, next symbol
is added to Q, SQP is updated.

Fig. 2. Principle diagram of LZC.

The above algorithm is repeated until Q is the last char-
acter. The measure of complexity is ¢(n). In order to obtain a
complexity measure which is independent of the series length,
¢(n) must be normalized. If the length of the sequence is n and
the number of different symbols in the symbol set is 2, it has
been proven that the upper bound of ¢(n) is given by

. n
r}ggc(n) =bln) = log,(n)’ ©

and c(n) can be normalized via b(n)
0<C= cln) <1 (N

(n)

where the normalized complexity index C is called the
Lempel-Ziv complexity. Obviously, equation (7) can be estab-
lished only if sample length n is large enough. Reference [20]
has given the experience valve n > 3600. So the sample length
N = 6000 is selected in the following study.

3. Correlation between DFA and LZC of nonlin-
ear tilme series

3.1. Correlation between DFA and LZC of the logistic map

A real time series is usually nonlinear and non-stationary,
based on which it is difficult to establish a nonlinear dynam-
ical model. The scaling exponent ¢ and the complexity in-
dex C for the real time series can not be effectively obtained
either, and consequently the correlation of them can not be
accurately described. In order to identify the feasibility and
the effectiveness of the proposed approach, the typical nonlin-
ear dynamical systems are taken as examples to investigate the
correlation between the DFA and LZC. Consider the following

logistic map:?!}

Xn+1 :)vxn(l_xn)v (8)

where x, € [0,1], and A is the control parameter, A € [2.8,4],
the step size is 0.01. The sample length of the nonlinear time
series is N = 6000. Figure 3 shows the logistic map with a
different parameter A.
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Fig. 3. State of the logistic map versus parameter A: (a) bifurcation
diagram, (b) Lyapunov exponent.

In Fig. 3, the dynamic behavior of a logistic system with a
different control parameter A is shown. When 2.8 < A < 3.57,
the Lyapunov exponent is less than zero, the logistic system is
periodic or quasi-periodic in this region. When 3.57 < A < 4,
the Lyapunov exponent is positive, which shows that the sys-
tem enters the chaos region. In the chaos region, the re-
gions with Lyapunov exponents less than zero for A = 3.63,

A =3.74, and A = 3.83 are called period windows.
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According to the algorithm mentioned above, the scaling
exponent ¢ and the complexity index C of the logistic system
with a different parameter A can be calculated. The result is
shown in Fig. 4.
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Fig. 4. Scaling exponent ¢ and complexity index C of the logistic sys-
tem versus parameter A.

Figure 4 indicates that the trends of o and C are very syn-
chronous. When 2.8 < 4 < 3.57, the logistic system enters the
periodic or quasi-periodic region, and most values are close to
zero. However, there are some non-zero ¢ in the bifurcation
points. When 3.57 < A < 4, the logistic system enters the
chaos region, and the scaling exponent ¢ tends to 1, the com-
plexity index C tends to be around 0.5. This shows that the
time series of the dynamic system is completely random. In
addition, when A = 3.63, A = 3.74, and A = 3.83, the logistic
system enters the period windows, in the meantime, o and C
are also close to zero. By comparing Fig. 4 with Fig. 3, the fea-
ture laws of the scaling exponent ¢ and the complexity index
C are rather similar to that of the Lyapunov exponent, so they
can also be used as identification for the dynamic behavior of
the logistic map.

In order to quantify the similarity between the curves of
a and C, a correlation coefficient is proposed. The equation is
given by

p— Y, oG
\ oY C?

where the correlation coefficient p € [—1,1]. When p =0, it

®)

indicates that there is no correlation between « and C. The
greater the absolute value of p, the higher the correlation be-
tween & and C.

According to Eq. (9), the correlation coefficient between
the scaling exponent & and the complexity index C for the lo-
gistic map is calculated, and the result is 0.9561. It shows that
the nonlinearity and the non-stationarity of the logistic time
series are highly correlated.

3.2. Correlation between DFA and LZC of the Duffing

model
Consider the following Duffing model:??!
d? d
d—;—i—rd—f—x—}—f = Fcos (2mfot), (10)

where F = 14, fy = 0.164, r € [1.2,1.6], and r is the control
parameter; the step size is 0.01. The sample length of the non-
linear time series is N = 6000. Figure 5(a) shows the bifurca-
tion diagram of the Duffing model with a different parameter
r. Figure 5(b) shows the Lyapunov exponent of the Duffing
model with a different parameter 7.

Figure 5 shows the dynamic behavior of the Duffing
model with a different control parameter r. When 1.2 < r <
1.215 and 1.225 < r < 1.255, the Lyapunov exponent is posi-
tive, and the Duffing model is in the chaos state in this region.
Moreover, between the two regions, the Lyapunov exponent is
less than zero, which corresponds to the period window. When
1.255 < r < 1.4, the Lyapunov exponent changes from posi-
tive to negative, the system leaves the chaos region and enters
the quasi-period state. When 1.4 < r < 1.6, the system is in
the period state.

period window (a)

!

0 : quasi-period period
1 -‘ﬁagps . ; . . .
1.2 1.3 1.4 1.5 1.6
r
blflwi points (b)

Lyapunov
|
=)
o

12 13 14 15 16
T

Fig. 5. State of the Duffing system versus parameter r: (a) bifurcation
diagram, (b) Lyapunov exponent.
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Fig. 6. Scaling exponent & and complexity index C of the Duffing sys-
tem versus parameter 7.
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According to the algorithms of DFA and LZC, the scaling
exponent & and the complexity index C of the Duffing model
with a different parameter r can be calculated. Compared with
Fig. 5(b), figure 6 shows that both & and C decrease with the
increase of parameter r, and they also match the dynamic be-
havior of the Duffing model. Moreover, the trends of ¢ and
C are very synchronous. The correlation coefficient of them
is 0.7371, which represents that the nonlinearity and the non-
stationarity of the Duffing time series are significantly corre-

lated.

3.3. Correlation between DFA and LZC of other typical
nonlinear systems

Similarly, the approach proposed above can be extended
to other typical nonlinear dynamical systems, such as the
Lorenz, Rossler, Henon, and Chen systems. The correlation
coefficients between the DFA and LZC of the typical systems
are shown in Table 1.

Table 1. Correlation coefficients between the DFA and LZC of a typical nonlinear time series.

System Lorenz Rossler Henon Chen Logistic Duffing
Parameter be[23,28] c€[2.5,6.5] ac[0,1.4] be[2,5.5] A€[2.8,4] re€[l1.2,1.6]

p 0.5751 0.6119 0.8924 0.5856 0.9561 0.7371
Correlation significant significant high significant high significant

4. Influence of random noise on the correlation
between DFA and LZC

Random noise is a special nonlinear time series. The non-
stationary and the nonlineararity arising from a dynamic sys-
tem may be correlated with the noisy fluctuation. So the effect
of random noise on the scaling exponent & and the complexity
index C should be taken into consideration. A time series x(t)
which contains the Gaussian noise is taken as an example, and
it is given by

s(t) = 0.1sin (207¢) + 0.3 sin (8071), (11)
x(t) =s(t) +e(t), (12)

where s(t) is the original signal without noise, and e(t) is the
Gaussian random noise.

As is well known, the signal to noise ratio (SNR) mea-
sures the energy ratio between the original signal and the noise
signal. The smaller the value, the greater the noise. The SNR
is defined as

2

Ye(n)*’
where the SNR is in units of dB.

The SNR of time series x(¢) is set to be 10 dB, 11 dB,
..., 70 dB, respectively. Figure 7 shows the time waveform of
x(r) with a different SNR. According to the approach proposed
above, the scaling exponent ¢ and the complexity index C of
x(t) are calculated. The result is shown in Fig. 8.

Figure 8 illustrates that both the scaling exponent o and
the complexity index C of x(¢) gradually decrease with the in-
crease of the SNR. However, C decays faster than «. This
shows that the complexity index C is more sensitive to the
When the SNR is close to 10 dB, ¢ and C tend to
0.5 and 1, respectively. This represents that when the ratio

noise.

of the random components is increasing, the time series x()

becomes more nonlinear and non-stationary. In addition, ac-
cording to Eq. (9), the correlation coefficient between ¢ and
C of x(t) with a different SNR can be calculated. The result is
0.8096, which represents a high correlation.

(2) — original signal
—92 L L L ,
L2 —SNR =170
ANNANANNANNANANNANANANANANANS
lcp 0
£ -2 ——
> 2 — SNR =50
ENAAANNANANANNNANANSANANANANANAL
'g 0
£l
a2 — SNR =30
S ) INVARAAAAAAAAAAAAAAAAA,
<
—92 L L L L L L L L L ,
2 — SNR =10
0
—9 . 1 . . . . . . ,
0 0.1 0.2 0.3 0.4 0.5
t/s
Fig. 7. Time waveform of x(¢) with a different SNR.
1.0
0.8
0.6
@)
B
0.4
0.2
0 . . .
10 30 50 70

SNR

Fig. 8. Scaling exponent o and complexity index C of x(¢) versus the
SNR.

5. Application

In order to verify the effectiveness of the above proposed
approach, the reciprocating compressor gas valve is studied,
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and the vibration data in four states including normal, gap,
fractured, and bad spring valve states are tested respectively.
The sampling frequency is 50000 Hz, and the sample length is
20000 points. The time waveforms of the reciprocating com-
pressor gas valve in the four states are shown in Fig. 9. The
time waveforms can not effectively show the feature of the re-
ciprocating compressor gas valve in the time domain. The sig-
nal contains multiple impact sources, which is typically non-
linear and non-stationary. To apply the DFA and the LZC to
the vibration signals of the gas valve in the four states, a slid-
ing window method is proposed as follows.

For a time series, assume that the sample length is N.
From the first point, take L points as the sub-series which is
defined as a window, and calculate the scaling exponent o and
the complexity index C of the sub-series. Then the window is
slid backwards, the sliding step is T points, and the next sub-
series is obtained. Repeat the above steps until the last point is
reached. In this study, N is set as 20000, L is set as 5000, and T
is 200, so the total number of the sub-series is 75. The scaling
exponent o and the complexity index C of the gas valve in the

four states are shown in Fig. 10.

> 2 !
5 @] 7 (b)
) 5
.a =
g g
< _o < 1
0 0.2 0.4 0 0.2 0.4
t/s t/s
> 1 > 1
B @] % (d)
~
Q )
i) ke
£ 0 20
] E
< <1
0 0.2 0.4 0 0.2 0.4
t/s t/s

Fig. 9. Time waveforms of the gas valve in the four states: (a) normal
valve state, (b) gap valve state, (c) fractured valve state, (d) bad spring
valve state.

In Fig. 10, it clearly shows that the scaling exponents o
and the complexity indexes C of the gas valve in the four states
fluctuate around different mean values. According to Eq. (9),
the correlation coefficients between o and C of the gas valve
in the four states can be estimated. The detailed results of this
analysis are shown in Table 2.

In Table 2, the mean of the scaling exponents & of the
four gas valve states increases from 0.7789 to 1.5337, which
is much larger than 0.5. It indicates that the non-stationarity
of the signals decreases. The mean of the complexity index
C decreases from 0.7089 to 0.5816, which represents that the
randomness or nonlinearity of the signals also decreases. In
addition, there is a significant correlation between o and C of
the gas valve in the four states. The correlation coefficient of

the normal state is the lowest. This reflects the fact that the
nonlinearity and the non-stationarity of the vibration signal in
the fault valve states are more significant than those in the nor-
mal state. Both the DFA and the LZC can effectively measure
the non-stationary and the nonlinear characteristics of the re-
ciprocating compressor gas valve.

3

— normal valve (a)
- gap valve
ol ™ fractured valve
3 —+ bad spring valve
1 mﬂ Wﬁ: W
0 20 40 60
Sample groups
— normal valve (b)
0.9F - gap valve
| = fractured valve
e - bad spring valve
0'50 20 40 60

Sample groups
Fig. 10. (a) Scaling exponents ¢ and (b) complexity index C of the gas

valve in the four states.

Table 2. Correlation coefficients between the DFA and LZC of the gas
valve signal.

State Normal valve Gap valve Fractured valve Bad spring
() 0.7789 1.0311 1.3671 1.5337
() 0.7089 0.6511 0.6243 0.5816
p 0.5399 0.6158 0.6410 0.6705
Correlation  significant  significant significant significant

6. Conclusions

In this paper, the correlation between the scaling expo-
nent o of the DFA and the normalized complexity index C of
the LZC for a nonlinear time series is investigated. According
to the analyses of a typical nonlinear time series, random noise
signal, and gas valve vibration signal, the main conclusions are
summarized below.

1) The scaling exponents & of the DFA and the normal-
ized complexity indexes C of the LZC for typical dynamic sys-
tems including logistic, Duffing, Lorenz, Rossler, Henon, and
Chen systems have high correlations. Both of these can be
used to identify the dynamic behavior of nonlinear systems.

2) A high correlation also exists between the DFA and
the LZC of time series with a different SNR. The presence of
random noise in the time series can increase the values of the
scaling exponent & and the normalized complexity index C.
Compared with o, C is more sensitive to noise.

3) The scaling exponent & and the normalized complexity
C can effectively extract the features of the reciprocating com-
pressor gas valve in different states. Both of them can measure
the non-stationary and nonlinear characteristics. The correla-
tion coefficient p between o and C of the gas valve in the four
states is significant.
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