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High-frequency signals are pervasive in many science and engineering fields. In this work, the effect of high-frequency
driving on general nonlinear systems is investigated, and an effective equation for slow motion is derived by extending the
inertial approximation for the direct separation of fast and slow motions. Based on this theory, a high-frequency force can
induce various phase transitions of a system by changing its amplitude and frequency. Numerical simulations on several
nonlinear oscillator systems show a very good agreement with the theoretic results. These findings may shed light on our
understanding of the dynamics of nonlinear systems subject to a periodic force.
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1. Introduction

Nonlinear systems driven by periodic forces can show dif-
ferent kinds of dynamic behavior. One of the best known is
frequency locking,"?! which indicates that oscillatory systems
often adjust their oscillation frequencies to that of external
periodic forcing. Some other phenomena have also been ex-
tensively observed, such as quasiperiodic oscillations, period
doubling, and even chaos in the driven circle maps,>*! van

3,6 [7-91 cardiac tissue,l']

der Pol oscillators,>% analog circuits,
and chemical systems.!! In all those studies, usually a low-
frequency forcing, whose frequency is not very far away from
the natural frequency of the unforced system, was considered.

On the other hand, in many technical applications, high-
frequency signals are pervasive and extremely important. For
instance, it is shown that a high-frequency signal can block
the conduction in the neural system, which is very useful in
many clinical applications.'>”'*l" A high-frequency stimula-
tion of presynaptic terminals significantly enhances the rate of
replenishment of a releasable pool of synaptic vesicles, which
is helpful for distinguishing whether presynaptic or postsy-
naptic mechanisms are responsible for short- and long-term
changes of synapses in their strengths in the central nervous
system.I'3] A high-frequency magnetic force microscope (HF-
MFM) can be built for the observation of the high-frequency
stray fields of harddisk write heads, which yields HF-MFM
images with clearly improved spatial resolution.''®! In the lit-
erature, we may find many other important applications for
high-frequency signals.

So far, in studies of nonlinear dynamics of oscilla-
tion, several classical analytical perturbation methods have
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been developed,!' 72 such as the Poincare—Lyapunov method
of small parameters, the Mathieu method, the asymptotic
method, the method of multiple scales, the method of har-
monic balance, and the method of direct separation of mo-
Basically, both
the Poincare—Lyapunov method of small parameter and the

tions (so-called inertial approximation).

method of multiple scales use the idea of expanding with a
small parameter. In the asymptotic method developed by Bo-
golyubov et al., the solution should first be dealt with the
change of variables. The Mathieu method uses the Floquet—
Lyapunov’s theory for stability analysis of the solutions of sys-
tems of linear differential equations with periodic coefficients
of any order. In the method of harmonic balance,[*!l an infi-
nite set of coupled nonlinear equations is obtained based on
the coefficients in front of the different harmonics, and they
should be further compared and analyzed. In the inertial ap-
proximation analysis, which was first proposed by Blekhman
and his co-workers,!!7-18! the fast and the slow motions are de-
composed and treated separately. The fast motion corresponds
to the high-frequency modulation on the slow motion, whose
detailed behavior is usually unimportant and can be averaged
out over a long time scale. On the contrary, the slow motion
behavior is important and determines the essential behavior of
the whole system. For forced nonlinear systems with high-
frequency excitation, the inertial approximation is quite use-
ful and is believed to have certain advantages over the other

18] For more details about these methods and their

methods.
comparisons, see Refs. [17]— [20] and references therein.
In the study of forced bistable systems with two differ-

ent periodic signals, it is found that a weak low-frequency
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signal can be enhanced by a high-frequency signal of inter-
mediate amplitude. This phenomenon was first reported by
Landa and McClintock in 20001*?! and is termed as the vi-
brational resonance, which is quite similar to the stochastic
resonance for the noise enhanced resonance.!?*27! Since then,
the vibrational resonance has been widely investigated in var-
ious nonlinear systems, including the excitable model 28311
bistable model 32391 two coupled overdamped anharmonic
oscillators,[*Y) quintic oscillator,*!*?! and spatially extended
systems.[*3#4 In addition, Chizhevsky et al. provided the first
experimental evidence of vibrational resonance in a bistable
[46],
approximation'!”! has been successfully used to analyze the

vertical cavity laser system.*’! In Ref. the inertial
vibrational resonance, which demonstrated that the addition
of high-frequency forcing actually gives rise to the change of
the effective stiffness parameter, and thus the resonance ap-
pears at the system transition from the bistable behavior to the
mono-stable one.

Therefore, it is quite interesting to uncover the peculiar
effect of high-frequency signals on nonlinear systems in a gen-
eral manner. Though the actions of high-frequency pertur-
bations on dynamical systems have been considered in many
publications, several different methods have been applied, and
a number of generic effects have been derived,!'’~2°! there is
no general theory for high-frequency forcing on nonlinear sys-
tems. In addition, we do not know whether the inertial ap-
proximation can be extended to this more general case, and
the possible interplay between the high-frequency forcing and
nonlinear systems remains unclear.

In this work, we investigate the influence of high-
frequency forcing on nonlinear oscillator systems, including
both periodic and chaotic systems. Based on the analysis of
the inertial approximation, we find that the effect of the high-
frequency forcing is simple. Due to the changes of the am-
plitude and the frequency of the high-frequency forcing, the
system’s dynamic behavior indeed changes and gives rise to
various bifurcations. Our analytical results are confirmed by
extensive numerical simulations on several different models.
We organize this paper as follows. In Section 2, the method
of inertial approximation is extended, and a framework for the
high-frequency effect is provided. In the following three sec-
tions (Sections 3-5), three different types of classical oscillator
models are studied and checked, and all results clearly show
the validity of the theoretical analysis in Section 2. Finally, we
give a summary in Section 6.

2. High-frequency forcing on nonlinear systems

In this section, we generalize the method of inertial

approximation,!'”l which has been applied to explain the

mechanism of vibrational resonance for bistable systems.[6]

Here we consider a general forced nonlinear system driven by
a high frequency signal
@ = f(x)+ HBcos(Qt1), (1

where z(¢) € R” represents the state vector of the nonlinear

system, f(z) = [fi(x), f2(x),.... fu(@)]"

linear function, and Bcos(Qr) denotes high frequency forc-

stands for a non-

ing with frequency 2 and amplitude B. The unforced system
@ = f(x) may exhibit stationary, periodic, or chaotic behav-
ior for different system parameters.
ality, H = [1,1,...1
frequency, namely, £ should be sufficiently larger than the

Without loss of gener-
]T € R", and we only consider the high

natural frequency o of the unforced oscillator system.

By using the method of direct separation of motions,17-18]
the solution x(¢) can be decomposed into a slow motion X (¢)
and a fast motion ¥(7), i.e

1

:X(t)+5W(I,T)7 (2)
where T=Qt, X(t) €R", and ¥ = [¥|,W,,..., ¥,]T € R"is
a 2rw-periodic function of the fast time 7 = Q¢, with zero mean

x(t)

with respect to this time

27
v(t,1)= A ¥(t,t)dt=0. 3)

2
Substituting Eq. (2) into Eq. (1), we obtain

X4 (a; +Q‘;—f) :f(X+$u7) + HBcos(Q1). (4)

After using the Taylor series expansion for small values

of Q71(Q7! <« 1), we have
. 10w 0w 1 of 1 1 d%*f
Xt aar o ~TX T gax? T? ox2?
+HBcos(t)+C, (5)
where d f /(9 X)) is the Jacobian matrix,
*f 2% fi 9 f %fy 1T
T _ T T T n
Tt - [w AT &XZW}
_ [i 9 fi i 9% f
B X:0X; . | 0X;0X; H.-
i 9% fa ]
X;0X, ]

and C represents hlgh—order Taylor terms.

Under the hypothetic condition for slow and fast mo-
tions, we obtain the following evolution equations for X (¢)
and ¥ (¢):

. |92
_ _ T
X=f(X)+55% ax2¢ (6a)
oF 1| oW  of 1 2f L f
9t Ql ar " 9X (q’ ax2? ¥ axﬂﬂ
+ HBcos(7), (6b)

where the overbar denotes the time integral within a period T
(T =2r/Q), and the high-order Taylor terms C have been ne-
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glected. The approximate equation for the fast motion ¥ can
be obtained by the first-order approximation of Eq. (6b)

owr
5= HBcos(7). (7
We then have
¥ (t,7) = HBsin(7) + A(r), (3)

where A(r) =0dueto ¥(t,7) =0, so ¥ = HBsin(Q1).
By taking into account that

02 f B> . d%f
TS w=—_H - H
2X? 2 X2’
the equation for the slow motion X (7) from Eq. (6a) becomes
. D__d*f
X=fX)+—H'-—H
$(X)+ TH S5 H, ©)

where D = B?/Q?. Comparing this equation for the slow mo-
tion X () with Eq. (1) for the whole forced system x(z), we
can clearly find that the old right driving term becomes more
specific (without dependence on time now) and the effect of
high-frequency forcing becomes apparent. From the mathe-
matical point of view, the non-autonomous equation (Eq. (1))
has become autonomous, and the system dimension decreases
as the equation for fast motion has been dropped completely.
Clearly, now the information of the high-frequency signal (in-
cluding both the intensity B and the frequency ) has directly
come into the system’s evolution equation, and thus the value
of D (combining B and Q) will determine the dynamic behav-
ior of the slow motion in Eq. (9) and further determine that
of the whole forced system in Eq. (1). Note that for different
forms of H, though the effective equation might be different
from Eq. (9), this simple physical picture might be unchanged.

Here it is necessary to discuss the general equation in
Eq. (9) with other classical approximation methods. Clearly,
the Poincare-Lyapunov method and the Mathieu method of
using the Floquet-Lyapunov’s theory cannot give an explicit
form for the slow motion. For the method of multiple scales,
the equation is also not available, as we consider a general
nonlinear function here. By using the asymptotic method, sur-
prisingly, a slightly different equation is obtained, however its
accuracy is not guaranteed. For the method of harmonic bal-
ance, after a long comparison for the harmonic terms and alge-
bra manipulation, exactly the same equation as Eq. (9) can be
obtained. Thus, compared to all other methods, we can clearly
see the method of direct separation of motions has a physical
clearness and is easy to handle, especially in dealing with the
current problem.

Below we will give three examples to check the validity
of this theory.

3. Periodic system I

As the first example, the Landau—Stuart periodic

system,m which is the normal form of the Hopf bifurcation,

is considered
Z=(a+io—|Z)z, (10)

where Z is a complex number, a signals a parameter specify-
ing the distance from the Hopf bifurcation, and @ denotes the
intrinsic frequency of the system. It can also be rewritten in
the polar coordinates as

iF=(a—r)r, 6 =o. (11)

The dynamics of the Landau—Stuart system is well known.[!]
If a < 0, a steady state staying at the origin is stable, whereas
if a > 0, this steady state loses its stability, and the system gen-
erates a new stable limit cycle, whose rotation semi-diameter
is y/a and rotation frequency is @. This bifurcation is a super-
critical Hopf bifurcation, and a = 0 is usually called the Hopf
bifurcation point. Without loss of generality, we set a =1 in
the above standard equation. Therefore, the unforced system
is oscillatory, which has an unstable focus at the origin (Z = 0)
and an attracting limit cycle Z(¢) = e'® = x(¢) +iy(¢).

Furthermore, the dynamics of this system driven by a
high-frequency signal can be described in the Cartesian co-
ordinates as

%= (1—x>—y*)x— @y + Bcos(Q1), (12a)

y=(1—x>—y*)y+ wx+ Bcos(Q1), (12b)

where Bcos(Q¢t) is a high frequency force. Without loss of
generality, @ = 0.1 is always chosen, and thus the condition
of a sufficiently large 2 (£2 > ) is maintained.

5

Fig. 1. (color online) Phase diagram on the (£2,B) plane for dif-
ferent dynamic parameters of the forced Landau—Stuart oscillator
(Eq. (12)). The two straight dashed critical lines B.; and B., come
from the analyses in Eqs. (17) and (16), respectively.

The phase diagram of the system on plane (2,B) is
shown in Fig. 1 based on the integration of the above equa-
tions. Three different types of dynamic regions: quasiperiod
(QP), bistable period (BP), and mono-stable period (MP), are
clear. The quasiperiodic region is characterized by two zero
Lyapunov exponents A; = 0 and A, = 0. All periodic regions
including BP and MP are characterized by only one zero Lya-
punov exponent A; =0, and A, < 0. The critical curve for the
transition from monostable periodic state to bistable periodic
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state is determined by the change from the monostable behav-
ior to the bistable one. Two critical (dashed) curves B.; and
B, from the theory, which are linearly dependent on (2, are
also superimposed; see below for more details.

(a)
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t
(b)
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(c)
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1
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Fig. 2. (color online) The time series of x(¢) for (a) B = 0.0, (b)
B=1.5,(c)B=1.7,and (d) B=5.0, where 2 = 5.0. In panel (c),
the bistable behavior is clearly shown by using two different colors
for different initial conditions.

To make it clear, we show the detailed time series of x(z)
in Figs. 2(a)-2(d) for B=0, B=1.5, B=1.7, and B = 5.0,
respectively; and £ = 5.0. For B = 0, the sinusoidal curve
is clear (Fig. 2(a)). For B=1.5 < B;; = 1.65 in the region
of QP, x(¢) shows a quasiperiodic motion constituted with two
different components: the fast high-frequency 2 and the slow

basal part (Fig. 2(b)). For B = 1.7 in BP, x(¢) becomes fluc-
tuating periodically around different finite values for different
initial conditions (Fig. 2(c)). In this panel, we use different
color lines to show this effect. For a sufficiently large B, x(¢)
can only oscillate rapidly around 0, and the monostable be-
havior is obvious, as shown in Fig. 2(d). All these time series
clearly exemplify the changes of dynamical behaviors for dif-

ferent values of 2 and B.

160
(a)
120§

80|

40

Power spectrum

16
(b)

Power spectrum

Fig. 3. (color online) The power spectra of x(¢) for (a) B= 1.5 and
(b) B=1.7, where Q =5.0. (c) The peak frequency @’ in the power
spectrum of x(z) versus B, which shows a clear change of two-value
to single-value at B¢; (B¢; = 1.65). The inset shows the enlarged
part of the left bottom of panel (c). The dashed line comes from the
theoretical prediction @’ = v'@? — D2, where D = B2/ Q2.

The underlying mechanism for the phase transition from
QP to BP may be well understood based on the frequency anal-
ysis. Figures 3(a) and 3(b) show the power spectra of x(z) for
B =1.5(in QP) and B = 1.7 (in BP), respectively. Observing
these two figures, we find that the same high-frequency com-
ponent (@' = Q = 5.0) persists, as the system is always driven
by the high-frequency signal . However, we do find that
a low-frequency component at @' [@’ ~ 0.067 in Fig. 3(a)]
disappears when B is above threshold B.;. To be clear, we
plot these frequency peaks for different B’s in Fig. 3(c) and
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its enlargement in the inset. A transition from two-values to a
single-value at B ~ 1.65 is obvious.

We now apply the theoretical result in Eq. (9) to analyze
this system. From Eq. (12), we immediately have

F=10" = k(1 —x*—y?) — oy, y(1 —x* —y*) + wx]",
SO
’f

2 2
o H = [HTMH,HTM

ox? ox?
= [-8X —4y,—4X —8Y]".

HT H}

According to Eq. (9), the slow motion should be determined

by )

. B
X=(1-X>-Y>)X -y —(2X+7Y)

oz (139

2

. B
Y=(1-X*-Y?)Y +0X - (X+2Y) o5, (13b)

7
which, for convenience, can be rewritten in a compact form as
X=(1-X>-Y?>-2D)X —(0+D)Y, (l4a)
Y=(1-X>—Y?>-2D)Y +(0—D)X,  (14b)
where D = B2/ Q2.

z(t)

1.0
(b)
s :
=< 0.0f pro—
—1.0 ! \ | 1 |

0 1 2 3 4 5
B

Fig. 4. Bifurcation diagrams of (a) x(¢) (Eq. (12)) and (b) X(¢)
(Eq. (14)), showing two system bifurcations subsequently at B¢ ~
1.65 and B, =~ 5.0.

For an immediate comparison, figures 4(a) and 4(b) show
the bifurcation diagrams of x(¢) and X (¢), respectively, for the
local minimal values. The initial conditions with positive val-
ues are chosen arbitrarily. The top figure for x(¢) stands for
the numerical result from the direct integration of the driven
system (Egs. (12a) and (12b)), and the bottom one for X () is
from the inertial approximation theory (Egs. (14a) and (14b)).
Though the specific values of x(¢) and X(¢) in the bifurcation

diagrams are different, they qualitatively exhibit the same val-
ues for the two transitions: the first one from QP to BP occurs
at B.1 =~ 1.65, and the second one from BP to MP at B, ~ 5.0.

By analyzing the fixed points and their stabilities in the
simplified equation (Egs. (14a) and (14b)) for the slow motion
only, we can easily obtain more system information. For in-
stance, for the fixed point at origin (Xp = 0, Yo = 0), its stabil-
ity is determined by the eigenvalue of the linearization equa-
tion

o=1-2D+/D?— w2 (15)

We show the values of X and ¥ in Figs. 5(a) and 5(b), respec-
tively, and the corresponding stability analysis for the maximal
eigenvalue A¢ in Fig. 5(c). The other four fixed points are also
plotted. In the figures, we use sold lines for stable fixed points
and dashed lines for unstable ones, which are determined by
their corresponding eigenvalues A < 0 and A > 0, respectively.

In Fig. 5(c), it shows that the origin is stable if B > B.,.
The value of B¢ can be determined by the condition of Ag =0
to be

24+v1-30?

B = Q5. (16)

As B decreases, Ao becomes complex if D < @, and a pair of
complex conjugate eigenvalues appear after B < B;;. From
Eq. (15), we have

B, = QVo. 17)

In addition, based on the theory of Hopf bifurcation, a limit
cycle with the frequency

B4
a)':\/(uz——g4 (18)
might be formed.

From Eqs. (16) and (17), clearly both B.| and B, linearly
depend on Q2. As @ =0.1 < 1, B;; = 0.32Q and By, =~ Q;
these two straight lines from the theory have been added in
Fig. 1, showing a clear fit with the numerical result. For the
specific value of 2 = 5.0, we have B.; =~ 1.58 and B, ~ 5.0;
these two critical values can be well obtained from the bifur-
cation diagrams for x(7) and X (¢) in Fig. 4. Apart from these,
the prediction of Eq. (18) has been well proven with the plot
of the dashed line in the inset of Fig. 3(c).

The other nonzero fixed points of Eqgs. (14a) and (14b)
and their stabilities can also be numerically solved and ana-
lyzed. The results are illustrated in Fig. 5. Based on these
results, we can observe that only an unstable (X =0, Y = 0)
exists for B < Bgj, and all four nonzero real roots (X;,Y;),
(X2,Y2), (X3,Y3), (X4,Ys) appear only for B > B.;. The two
fixed points (X,Y;) and (X,,Y>) are stable at B, > B > By,
and they become complex for B > B.y. The other two fixed
points (X3,Y3) and (X4,Ys) are always unstable at B.3 > B >
B¢1, and do not exist after B > B.3, where B,z =~ 2.91. There-
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fore, at Bcy > B > B, only two fixed points (X;,Y;) and
(X2,Y») are significant and might contribute to the slow mo-
tion.

R |

Fig. 5. (color online) Dynamic analysis of the fixed points (a) X;
and (b) ¥; (i=0,1,2,3,4) of slow motion. The solid (dashed) lines
stand for stable (unstable) fixed points. (c) The corresponding max-
imal eigenvalues A; for all fixed points X; and ¥;. The dotted line
stands for the real part of A¢, as 1o becomes complex if B < B;.

Based on the above observations, with the decreased or-
der of B, the origin loses its stability at B = B, and mean-
while two new stable fixed points (X;,Y;) and (X»,Y») are
formed. Thus, a supercritical pitchfork bifurcation occurs,
which causes the original driven system to transit from a
monostable periodic state to a bistable periodic state. With
decreasing B, a pair of complex conjugate eigenvalues of
(Xo,Yo) emerge at B.j, and simultaneously two stable fixed
points (X1,Y1), (X2,Y>) and two unstable fixed points (X3,Y3),
(X4,Y4) collide and disappear. Therefore, a Hopf bifurca-
tion and a saddle-node bifurcation take place simultaneously
at B.1, indicating a jump of the original driven system from
the bistable periodic state to the quasiperiodic state. As we
have seen above, all these analytical results from the inertial
approximation have been confirmed by the direct numerical
results.

4. Periodic system II

In order to gain more insight into the role of a high-
frequency signal on periodic systems and understand the ef-
ficiency of the method of inertial approximation, we analyze
another two-dimensional periodic oscillator, which is gener-
ated by the saddle-node bifurcation on a loop (or the so-called

infinite-period bifurcation)!!}

F=(1-r)r, 6=b—r’cos(20), (19)

where b is the control parameter. Clearly this system com-
bines two one-dimensional systems. For b > 1, the sys-
tem has a stable limit cycle with » = 1 and frequency ®
(0= 1/f027r d6/(b—cos(20))). The limit cycle disappears
via saddle-node bifurcation on the loop at b = b, = 1. For
b < 1, we have four fixed points on the circle r = 1 with
0 = farccosb/2. Two of these fixed points are stable, and
the other two are unstable. The stable and the unstable fixed
points approach each other as b approaches 1, and they collide
at b = b, = 1 and disappear for b > 1. Due to its simplicity,
this model has been the subject of many earlier studies, such as
in the framework of stochastic resonance without an external
periodic force.[4748]

In the Cartesian coordinates, the model subject to a high-

frequency signal can be expressed as
%= (1—x*—y*)x+ (x> —y* —b)y+Bcos(Q21), (20a)
y=(1—x*>—y*)y— (x> —y* —b)x+ Bcos(Q1), (20b)

where parameter » = 1.01 has been chosen with the corre-
sponding frequency @ ~ 0.14.

Figure 6 shows the phase diagram on plane (2, B). There
are three well-divided regions: the quasiperiodic region, the
bistable periodic region, and the monostable periodic region.
It is notable that the MP now only exists for small Q2. For large
Q, QP and BP exist, with only one type of transition. As we
will see below, this critical behavior is also revealed by our
theory.

The time series of x(¢) are shown in Figs. 7(a)-7(c) for the
parameters within these three different regions. In Fig. 7(a),
£ =5.0 and B = 0.4 in the QP region, in Fig. 7(b), 2 =5.0
and B = 0.6 in the BP region, and in Fig. 7(c), Q = 0.04
and B = 0.3 in the MP region. For the high frequency forc-
ing (2 =5.0), if B < B. (B. = 0.5), x(t) oscillates quasiperi-
odically (Fig. 7(a)). Conversely, if B > B (Fig. 7(b)), x(¢)
shows bistable periodic behavior, i.e., for different initial con-
ditions, different asymptotic behaviors are possible, as shown
by the different color lines in the figure. Additionally, the
monostable periodic state only appears at small frequency
forcing (Fig. 7(c)).
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2.01

1.6 1

1.21

0.8

MP

0.4
QP

0.0

0 1 2 3 4 5

Fig. 6. (color online) Schematic phase diagram of dynamics in
Eq. (20) on the (£2,B) plane. Three different regions correspond
to quasiperiodic, bistable periodic, and monostable periodic states,
respectively. The black dotted line B. (Eq. (23)) comes from the
analysis.
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1
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= o0
8
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t

Fig. 7. (color online) The time series of x(¢) for three different
parameter sets: (a) 2 = 5.0, B=0.4; (b) 2 =5.0, B=0.6; and
(c) 2 =0.04, B=0.3. For the bistable periodic behavior, we use
different colors for the different initial conditions in panel (b).

We may directly apply the theory of inertial approxima-
tion (Eq. (9)) to this case and have

X=(1-D-X>-Y)X+Y(X*-Y>*-b—-2D), (2la)

Y=(1-D-X*>-Y?)Y-X(X>-Y>—b+2D), (21b)

where D = B?>/Q?. The comparison of the bifurcation dia-
grams of x(¢) and X (¢) is given in Fig. 8. Clearly in the top

panel, the phase transition of x(z) from quasiperiodic to peri-
odic takes place at B, ~ 0.5. While at the same B, a jump of

X (¢) from the periodic state to the stationary state is obvious

in the bottom panel.

"y (a)
0.5 r\\

1.0

t-..,_.___‘--“
= 0.0f
15
—0.5F
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S 0.0
< T
—0.5+¢
— 1.0 pre ‘
0 1 2 3 4 5
B

Fig. 8. Bifurcation diagrams of (a) x(¢) (Eq. (20)) and (b) X(¢)
(Eq. (21)), indicating a phase transition at B, ~ 0.5.

Similarly, we can numerically analyze the fixed points of
X () with Egs. (21a) and (21b) and their stabilities with the lin-
earization equation. The results are shown in Fig. 9. We can
find that (i) there are two stable nonzero fixed points (X»,Y>)
and (X3,Y3) and two unstable nonzero fixed points (X;,Y;) and
(X4,Ys) if B > Bg; (ii) these four fixed points collide and disap-
pear at B, indicating a saddle-node bifurcation for the appear-
ance of phase transition from the bistable periodic state to the
quasiperidic state; (iii) the unstable fixed points (X;,Y;) and
(X4,Y4) disappear at a larger B (B ~ 3.75).

From Fig. 9(a), we can find that X; 20 and ¥; =0 (i =
1,2,3,4) at B.. Hence we have

1-D—-X%>=0,
X2 —b+2D=0.

(22a)
(22b)

Therefore, 1 — D = 2D — b, and the condition for the critical
value B, of the saddle-node bifurcation can be derived as

B.=Vb—1Q, (23)

which again shows that B, linearly depends on 2. This lin-
ear relationship is plotted with a dashed line in Fig. 6. For
Q =5.0, B, = 0.5, which perfectly matches our numerical re-
sult.

Finally, the stability for the origin fixed point (Xo =
0, Yo = 0) can also be analyzed, and the eigenvalue of the lin-

030503-7



Chin. Phys. B  Vol. 22, No. 3 (2013) 030503

eailzation equation is expressed as
Ao=1—D++/4D* —2b2. 24)
The result in Fig. 9 shows that the origin is always unstable in

the B parameter region of interest, which may have no signif-
icant contribution to the system bifurcation, as we have seen

before.
1.0(2) b———
(a‘): ~\\\\ X3
| X, e
0.5r S
ll AN
RS ! X, \\
> 0.0---5----0- ---------------------
1 //
1 /
—0.5F e
: Xy .-
! 4
B, .- X
—1.0p Tt A -
0 1 2 3 4 5
B

Fig. 9. (color online) Dynamic analysis of the fixed points (a) X;
and (b) ¥; (i =0,1,2,3,4) of slow motion in Eq. (21). The solid
(dashed) lines stand for stable (unstable) fixed points. (c) The max-
imal eigenvalues A; versus B.

5. Chaotic Duffing system

As the third example, we consider the chaotic Duffing os-
cillator ['! driven by biharmonic signals with two very different
frequencies

4+ oi—x4+x° = ycos(wt) + Bcos(R2t+ ¢), (25)

where 6 is the damping coefficient, ycos(wt) indicates a
low-frequency signal, and Bcos(Qt + ¢) stands for a high-
frequency signal. Again without loss of generality, Q2 > ®.
In this situation, the value of the phase angle ¢ is unimpor-
tant. Nevertheless, if 2 and @ are comparable, ¢ should be

important in determining the system’s dynamic behavior; this
phase control method**>%! was first proposed and experimen-
tally demonstrated by Meucci et al. In the absence of a high-
frequency signal, i.e., B = 0, the system is capable of exhibit-
ing chaotic or periodic motion for different system parameters.
In our study, the parameter set 6 = 0.3, y=0.5, @ =0.41, and
¢ = 0 is always chosen, at which the oscillator is chaotic.

Figure 10 shows the schematic phase diagram for differ-
ent dynamic behaviors. They are determined by the sign of the
maximal Lyapunov exponent A;, namely, the system is chaotic
(gray region) if A; > 0, while periodic (white region) if ; = 0.
From this figure, we find that even within the periodic region,
chaos is available for small €, and on the other hand, peri-
odicity can be observed within the chaotic region for certain
Q and B. However, to our surprise, the whole parameter re-
gion is well separated by a critical line B, for the two opposite
dynamic behaviors (chaotic and periodic).

300 T

250 /
200 A /
m 150 7
e
100 4 y

50 -

0 4.1 8.2 12.3 16.4 20.5
2

Fig. 10. (color online) Schematic phase diagram for the forced
Duffing oscillator in Eq. (25), showing two different dynamic be-
haviors: the chaotic state within the white region and the periodic
state within the gray region. The dashed line B, superimposed for
the division comes from the prediction in Eq. (28).

Figure 11(a) plots all three Lyapunov exponents (4;) of
the system each as a function of B, where 2 = 40w = 16.4.
From this figure, we can easily observe that the periodic be-
havior (A; = 0) is scattered within the chaotic region at B < B,
and the system is periodic in a pure manner for B > B, and
large Q. Thus, a critical value B, exists, indicating that the
chaos can be inhibited and controlled by a sufficiently large
high-frequency driving. To proceed further, the time series
of x(¢) are shown in Figs. 12(a)-12(d) for B = 5, 23, 100,
and 200, respectively, where 2 = 40w = 16.4 is unchanged.
In Figs. 12(a) and 12(c), the system is chaotic, whereas in
Figs. 12(b) and 12(d), the system is periodic.

The Duffing oscillator subject to biharmonical signals has
been investigated in the context of vibrational resonance by
the method of inertial approximation.!®3?! Here we give an
explicit expression for the slow motion. Though now H #
[1,1,...,1]7, following the same basic idea of the inertial ap-
proximation, we can decompose x(#) into a slow motion X (¢)
and a fast motion ¥(¢) of frequency 2, and further have the
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evolution equation of the slow motion X (¢)
3B?
204
which, for convenience, can be rewritten as

X+6X— (1 )X +X3 = yeos(wr),  (26)
X +6X —aX +X3 = ycos(ot), 27

where a = 1 —3B%/(2Q%). Therefore, the pure effect of the
high-frequency signal in the forced Duffing oscillator is to
change the system parameter of the potential.

0.0

T T '|"‘T"""

. —0.2
~<
—0.4
—0.6- : '
0 100 200 300
B
0.0
< —0.2

—0.4

—0.6 1 1
0 100 200 300

B

Fig. 11. (color online) (a) The three Lyapunov exponents 4; of the
driven system (Eq. (25)) and (b) those of the system of slow motion
(Eq. (26)). A critical B, exists, which signals a jump from chaotic
(still scattered by many periodic windows) to periodic.

a) b)
1 1
= =
T 0 50
—1 -1
—92 —9l
0 50 100 150 0 50 100 150
t t
D) 9
(c (d
1 1
= =
5 0 5 0
—1 -1
—92 —2
0 50 100 150 0 50 100 150

Fig. 12. The time series of x(z) for (a) B =35, (b) B =23, (¢c)
B =100, and (d) B = 200, showing different dynamics of the high-
frequency signal on the chaotic Duffing oscillator, where 2 = 16.4.

The Lyapunov exponent spectrum (4;) of Eq. (26) is also
calculated for different B’s. The result is shown in Fig. 11(b).
Comparing these two figures (the original forced system x(t)

in Fig. 11(a) and the reduced system X (¢) of the slow motion
in Fig. 11(b)), we find that they are nearly the same.

In order to estimate the critical value B, the Lyapunov
exponents (A;) of Eq. (27) for different a are computed, as
shown in Fig. 13(a), and the corresponding bifurcation dia-
gram is shown in Fig. 13(b). From these figures, a clear critical
value a. (a. ~ 0.39) is observed, indicating the system transi-
tion from periodic to chaotic. Based on this value, B; can be
estimated as

B.=Q%\/2(1 —a.)/3 ~ 0.638Q2. (28)

This quadratic relationship between B; and 2 has been per-
fectly verified by the numerical result, as shown by the dashed
curve in Fig. 10.

0.2

0.0

-1
—1.0

—05 0.0 0.5 1.0

Fig. 13. (color online) (a) The Lyapunov exponents 4; and (b) the
bifurcation diagram of X (¢) each as a function of a, showing a criti-
cal ac (ac =~ 0.39). Based on this value, the quantitative relationship
between B, and  in Fig. 10 is well determined.

Finally, it is noticed that the chaotic Duffing oscillator
driven by bi-harmonic signals with two very different frequen-
cies was analytically and numerically studied previously by
Kivshar et al®!! in the context of chaos suppression. There,
the method of harmonic balance was used. Though the spe-
cific term for the added high-frequency signal in Ref. [21] is
different to ours in Eq. (25), we may also apply the harmonic
balance method for our problem and finally get the same result
shown in Eq. (26). This indicates that with different approxi-
mation methods, the finial form of the effective and averaged
equation for the slowly varying component of the oscillation
amplitude might be the same. This also indicates that the in-
ertial approximation for the direct separation of fast and slow
motions is correct.
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6. Summary

We have made a detailed study on the role of high-
frequency force on different types of nonlinear oscillatory sys-
tems. A general equation based on theoretical analysis with
the inertial approximation, which directly separates fast and
slow motion, has been derived. The same equation can also be
obtained by using the method of harmonic balance. Extensive
numerical results show that the high-frequency signal with a
sufficiently strong intensity can actually induce various bifur-
cations, which can actually be analyzed by using the simpli-
fied theoretic equation. Based on these studies, all results can
be well understood, as shown in Eq. (9). Now we know that
the bistable system driven by a high-frequency signal within
the framework of vibrational resonance is only a special case.
Since the nonlinear systems driven by high frequency forcing
are prevalent in nature and engineering, we expect that these
results are valuable and helpful to those realistic applications.
We hope that our theoretical and numerical results can be gen-
eralized and will inspire further work on more complicated
relevant problems.
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