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Quantum mechanical version of the classical Liouville theorem*
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In terms of the coherent state evolution in phase space, we present a quantum mechanical version of the classical
Liouville theorem. The evolution of the coherent state from |z) to |sz — rz*) corresponds to the motion from a point z (g, p)
to another point sz — rz* with |s|> — |r|? = 1. The evolution is governed by the so-called Fresnel operator U (s, r) that was
recently proposed in quantum optics theory, which classically corresponds to the matrix optics law and the optical Fresnel
transformation, and obeys group product rules. In other words, we can recapitulate the Liouville theorem in the context
of quantum mechanics by virtue of coherent state evolution in phase space, which seems to be a combination of quantum

statistics and quantum optics.
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1. Introduction

In classical statistics mechanics, the dynamical variables
pi and ¢g; with i = 1,2,...,n may be regarded as the coordi-
nates in a 2n-dimensional space called the phase space. Every
set of these variables (p;, ¢;) is thus represented by a point, and
the quantity

ds =[Tdpidg: (1)

i=1

represents the volume element in the phase space. A me-
chanical system found at point P(p;,q;) at time ¢ will fol-
low a definite phase orbit so that at a later time ¢/, it will be
found at another point P’ (p},q,) with the set (p}, g} ) obtained
from the initial set (p;,q;) by forward integrating Hamilton’s
equations.!! Since the new values are determined by the initial

values in this fashion, we can write

pﬁczp;c(piaqi)a qzzq;{(plaql)a k:172,...,l’l. (2)

Equation (2) can be considered as a transformation of the set
(pi,qi) corresponding to the volume element ds to the set
(p%,q,’c) and the volume element ds’, i.e., geometrically as a
mapping of the phase space at time ¢ to that at time ¢/, as de-
scribed in Fig. 1 (without loss of generality, taking the two-
dimensional case as an example). As described in classical
statistics mechanics, during the process of the above evolu-
tion, the magnitude of the volume element is kept unchanged,
ie.,

ds’ = ds. 3)
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In classical mechanics, this character is recapitulated as the
classical Liouville theorem, i.e., the magnitude of the volume
element in the phase space does not change in the course of its
motion along the phase orbits.

D' l__|ds'

Lds

Fig. 1. Motion according to classical Liouville theorem.

In this paper, we will present a quantum mechanical ver-
sion of the classical Liouville theorem in terms of the coher-
ent statel>>! evolution in the phase space. The evolution of
the coherent state from |z) to [sz—rz") corresponds to the
motion from a point z(g,p) to another point sz — rz* with

2 \r|2 = 1. The evolution is governed by the Fresnel oper-

5|
ator U (s, r), that has recently been proposed® ! in quantum
optics theory, classically corresponds to the matrix optics law
and the optical Fresnel transformation, and obeys the group
product rules. In Section 2, we will introduce the motion of
the coherent state in the phase space and the corresponding
Fresnel operator. In Section 3, according to the fact that the

product of two Fresnel operators is still a Fresnel operator, we
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give the quantum mechanical version of the classical Liouville
theorem, and finally, we provide a discussion.

2. The coherent state motion in phase space and
the Fresnel operator

In quantum mechanics, the coherent state’s coordi-
nate X and momentum P satisfy the minimum uncertainty

relationship!!!!

((ax?) {(ap?) = 1. @)

where the reduced Plank constant 7 is taken as the unit. Let

av=[((ax)), ap=/((aP)), )

1
AxAp = =
P 2’

which corresponds to a small round with area 1,/2 in the phase

then

(6)

space, and the center of the round represents the quantum
state. In the phase space, the representation point of a coherent

state is 7 = (¢ +ip)//2, so 1

state. Let q be transformed to A B q , then the
P CD)\p

q

can represent a coherent

corresponding coherent state is transformed from to

AB\(4q , .
’ (C D) ( p ) > . According to the symplectic transforma-

tion, the real parameters should satisfy the relation

AD—-BC=1. @)
By introducing

; [A+D—iB+iC],

%(D A—iB—iC), (8)

then the relation AD — BC = 1 becomes the relation |s|* —
rF|* = 1 that should be satisfied by the complex parameters

(5)(5))

Then the coherent state

()
JERIE

~ exp [_W—’Z*z
N 2

where |0) is the vacuum state. From the above equations, cor-

s and r.

rewritten as

+ (sz— rz*)a*] 1), )

responding to the evolution of the coherent state, we can con-
struct the ket—bra integration

2
U:ﬁ/%m—mwzy (10)

As will be explained later, U is a motion causing phase point

movement from z to sz — rz*. Using the integration within an

)12 15]

ordered product of operators (IWOP we can get

Uls,r) = \/5/7 eXp[—S|2|Z2+szaT+Z (a—ra")

+ r— + —a'al:
2 2
|5

1
1 o,
x:exp||——1)a'a|: exp a|, 1
s* 2s*

denotes the normal ordering, a and a’ are the cor-

where : :
responding annihilation and creation operators, and U (s, r) is
called the Fresnel transformation. In Fresnel’s age, there was
no quantum mechanics, so let us explain why it is called as the
Fresnel operator. Using the overlap of the coordinate eigen-
state and the coherent state

and the completeness of the coherent states, we can calculate
the matrix of U (s,r) in the coordinate states

(2| U (s,7) [x1)

2 2.1
/ dﬂ7 (x2] 2) (z| U (s, r)/dTZ|z/> <z/|x1>
\/%/iz/dizl exp<—x%—;x%+\f2xzz+ﬁx11’

* 2 1%2
2 2 r r 1 z Z
- |Z/| - 7Z*2 + 71/2 + *Z*Z/ - = = Q=
2s* 2s* s* 2 2

— I

1 1
= exp{
s*—s+r*—r s*¥—s+r*—r

2
x
X {lexz—k(r*—s)x%— 2 ]

s*—r

2 2 2

__™ le—i—xz} (13)
s¥—r 2

From Eq. (8), we know

1

A:E(s—r—i—s*—r*), (s+r—s —r),
i l
C = 7%(s—r—s*+r*) D= §(s+r+s +r), (14)

which satisfy AD — BC = 1, so equation (13) is the integration
kernel of the generalized Fresnel transformation
(2| U (s,r) [x1)

1
5 (Axf —2xix2+Dx3) | . (15)

= exp

\/27iB

030501-2



Chin. Phys. B Vol. 22, No. 3 (2013) 030501

So (x2|U (s,7) |x1) is the quantum correspondence of the Fres-
nel operator in classical optics, and we name U (s, r) the Fres-
nel operator.%8! The motion of a coherent state in the phase
space corresponds to the Fresnel transformation. This is won-
derful!

1
g(x) = \/m/dxlf(xl)
X exp {ZIB (Ax% —2x1x2 —I—Dx%) (16)

is simply the Collins diffraction integration formula in classi-
cal optics, where f (x;) and g (x;) are the input and the output
optical fields, respectively.

Further, we explain the above motion from z to sz — rz*
that arose from U (s, r) in the phase space. From Eq. (11), we
can get

UtaU = sa—ra', UTd'U =s*a" — ra, 17

so according to the relations X = (a+a')/y/2 and P =
(a—a") /(/21), we have

UiXU = U (”“T)
:7( —ra +sa—ra) (18)
_qf
UTPU :UT(a 2 )U
iv2
1
_ T
= —(sa—ra —s'a' +r a). (19)
iv2

Then in state U (s,7) |z), the expectation values of X and P are

(| UTXU |2) = % (s—r)z—(r—s)2],  (0)

1
iv2

We can get the uncertainty relation for X and P in the state of

GUTPUIR) = —=[(s+7)z— (r+s9)7]. 21

U |z) (the coherent state after the motion arose from the Fres-
nel operator) as

<mm$@m=@%—aﬁ=;
(@), =-tt=g

1.e.,

(@), @)=z @

which is equal to the case for the coherent state |z) in Eq. (6).
From Eq. (23), we can see that for the moving in the phase
space, the phase volume is a constant.

3. Quantum mechanical version of classical Li-
ouville theorem

The product of two Fresnel operators is still a Fresnel op-
erator, i.e.,
U(s,r)U'(s',7)=U"(s",r"), (24)

and this can be seen as the mapping of the classical Liouville
theorem in quantum optics. It is named the quantum Liouville
theorem. According to Eq. (10), we should prove the follow-
ing product rules (noticing s's"™* — ¥'r’* = 1):

; d?zd?*7 s —r z
v (SN2 (2)
J 7 7 .
X<Z (—r/* sl*><z/*>><z|
- dZZ — z
= \/;/7 (r//* s ) (Z*)><Z| (25)

We can see that the classical transformation automatically sat-

isfies the product rules

s ="\ (s —r s =7 26)
P B R g )

ie., 8" =ss' +rr"* and ¥ = rs"* 4+ r's, and assures the relation
n 1 /i
s =Y =1, 27

If we can prove Eq. (25), then this shows that the product rules
of the matrix can map the product rules of the squeezed oper-
ator represented by the coherent ket—bra projection operator.
If we use the group language, the coherent ket—bra projection
operator representation realizes the product rules of the sym-
plectic group. This property is very important as it ensures
that the result of many successive squeezing transformations
is still a squeezing transformation. The last squeezing trans-
formation parameter is many successive transformations of the
product of the transformation group.
Now using the IWOP method and the formula

A1d2  oai? 1 ( oa'? )
e’ e = exp
V1-4lo 1-4ioc
X ex [—a*aln(l —4)0)]ex 17(12 (28)
P P\T=aas )
we can get
U(s,r)U (s',r')

1 - _ *
= = exp (—Z—;a'z) exp [aTaln (s*) 1} exp (er*a2>

r’ .‘.2 1 r/* 5
X exp —54 ) exp [a a]n( ) }exp S
1 s s
—exp|—————a
N e 2 (s*s"™ 4+ rer')
X exp [a*aln (s*s/* +r r) 1}

* ¥ *
(s ™ +r )+ r az} (29)

X exp [ 25" (s*s™* 4+ r*r')
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From Eq. (26), we can get

r/* (S*S/* + r*r/)

!/ / /! 3
- * * % *’ ( 0)
A

SO

€2y

The product rules are thus proved.

In the phase space, if a coherent state undergoes
many successive evolutions, every evolution is governed by
the Fresnel transformation, i.e., |z) to U (s,r)|z), then to
U (s,r)U(s',r")|z), and so on. Equation (24) assures us that
during the process of the evolutions, the uncertainty relation
for X and P in every state is the same as given by Eq. (23),
i.e., for the moving in the phase space, the phase volume is
a constant. So equation (24) is named the quantum Liouville
theorem, the counterpart of the classical Liouville theorem in
quantum optics.

sz—rz*)
p
Uy
Al
PL 12) AzAp=1i/2
Ax T

Fig. 2. Motion according to the quantum Liouville theorem.

Since the discovery of the Fresnel operator U (s,r), it
has been widely used in quantum optics. For example, in
Ref. [16], Fan et al. introduced U (s,r)[x) = |x), , as the in-
termediate coordinate—momentum representation, where |x) is
the coordinate representation, and found that the project oper-

ator |x) x| is just the Radon transformation of the Wigner

wrar
operator, based on which excellent applications in the tomog-
raphy theorem in quantum optics have been obtained.!!”-!81 So
from the above excellent performances of the Fresnel opera-
tor U (s,r), we can see that the Fresnel operator U (s,7) can
be considered as a bridge combining quantum statistics and
quantum optics. In future, we can probe more inherent rela-

tions between them.

4. Conclusion

In a word, in this paper we recapitulate the Liouville the-
orem in the context of quantum mechanics by virtue of the
coherent state evolution in the phase space, which seems to be
a combination of quantum statistics and quantum optics.
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