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We propose a scheme capable of performing complete Bell-state analysis for a single-photon hybrid entangled state.
Our single-photon state is encoded in both polarization and frequency degrees of freedom. The setup of the scheme is com-
posed of polarizing beam splitters, half wave plates, frequency shifters, and independent wavelength division multiplexers,
which are feasible using current technology. We also show that with this setup we can perform complete two-photon
Bell-state analysis schemes for polarization degrees of freedom. Moreover, it can also be used to perform the teleportation
scheme between different degrees of freedom. This setup may allow extensive applications in current quantum communi-

cations.
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1. Introduction

Quantum information processes have demonstrated an
important development in recent years!!! where the most
important branches are long-distance quantum communica-

tion and quantum computation. Quantum entanglement is a

key resource in both branches. Quantum teleportation,*!

20 quantum gates in quan-

[8-16]

optical cryptographic scheme
tum computing with linear optics,”! quantum repeaters,
quantum secure direct communication,'’!1 quantum dense

[34-37

coding,*>33! quantum secret sharing,**-37! and quantum state

38441 all need entangled states. Usually, in an optical

sharing!
system the basic entangled state, named the Bell state, is en-
coded in the polarization degree of freedom, since it is easy to

manipulate and control. The four orthogonal Bell states are
1
V2
1
+
= —(|HV)x|VH)), (1)
lv™) ﬁ(l ) £|VH))

where |H) and |V) represent the horizontal and vertical polar-

97) (IHH) £[VV)),

ization of photons, respectively.
In order to perform quantum communication pro-

cesses successfully, many applications, such as quantum

teleportation,[2‘4] quantum swapping in quantum repeaters,[8’9]

32,33

and quantum dense coding,| resort to Bell-state analysis
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(BSA). However, with linear optics, complete BSA is impossi-
ble because one can only distinguish two Bell states, whereas
two Bell states are undistinguishable. Therefore, the whole
probability of success is only 1/2/4-47] In the optimal op-
tical system, the BSA scheme has been realized experimen-
tally with a success probability of 50%.13348491 In 1998, Kwait
and Weinfurter first proposed a method of performing a com-
plete BSA*% By using hyperentangled states, which simul-
taneously entangle in more than one degree of freedom, such
as polarization-momentum and polarization-spatial modes, it

>1-54] The group

is indeed possible to achieve complete BSA
of Kwait also argued that if the additional degree of freedom
is thought of as qubit-like, one can only discriminate seven
states from the whole 16 states. They concluded that the up-
per bound of the maximal number of the Bell-like states is
2ntl _ 1 where n is the number of degrees of freedom. 5!
In 2010, we presented a complete hyperentangled Bell-state
analysis, resorting to cross-Kerr nonlinearity.[>%!

Interestingly, there is another kind of entangled state that
is different from both the conventional entangled state and the
hyperentangled state, and this is called the hybrid entangled

14-16.57-611 1t refers to the entanglement between differ-

state.l
ent degrees of freedom. The hybrid entangled state can exhibit
entanglement either in a single photon, or in the photon pair. In

2009, Neves et al. realized hybrid photonic entanglement, and
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they also discussed some of the applications.>’! Fujiwara et
al. reported their experiment to demonstrate a source of hybrid
entanglement pairs between two different degrees of freedom,
that is, a 1550 nm time bin and 810 nm polarization qubit.1>%!
Recently, the hybrid entangled state has also been used to per-
form quantum repeaters,/'41%] and the group of Kwait reported
on their experiment of a remote preparation of a single-photon
hybrid entangled state.[>"]

Similar to the conventional Bell state, if the hybrid entan-
gled state can be prepared experimentally, another task would
be to perform BSA. In this paper, we will devise a method
to complete single-photon hybrid Bell-state analysis (HBSA).
Our single-photon hybrid entangled state is encoded in both
polarization and frequency degrees of freedom. Then we will
show that with this setup, we can perform complete polariza-
tion BSA by hyperentanglement. Moreover, we can achieve a
teleportation scheme between different degrees of freedom.

This paper is organized as follows. In Section 2, we ex-
plain the basic principle of HBSA. In Section 3, we discuss
the applications of HBSA, and in Section 4, we end with a
discussion and conclusion.

2. HBSA for polarization and frequency degrees
of freedom

The four orthogonal single-photon hybrid Bell states can
be described as

%) = %umwww),
) = \%(\Hmi\v(om, @)

where @; and @, are the frequency of the photon. For a para-
metric down-conversion (PDC) source, if suitable phase match
conditions can be satisfied, one can easily prepare the hyper-
entangled state both in polarization and frequency degrees of
freedom, which can be described as

o) = 197) @ |v)
(HH)+|VV))/V2@ (|oran) + | an)) /v2

1
S8 ) Ao ¥+ |9 )
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where the subscripts P and F denote the polarization and fre-
quency, respectively. If we trace one of two particles, say A,
the other particle B must be in a mixed hybrid state

oy = (@) (@7 |+ | )n{
O O ). @

The setup for HBSA is shown in Fig. 1. Independent
wavelength division multiplexers (WDMs) can guide the pho-
ton to different spatial modes according to their frequency. In

detail, if the frequency is @, this will be in the spatial mode
aj. If the frequency is @, it will be in the spatial mode aj.
A polarizing beam splitter (PBS) is used to transmit a hori-
zontally (|H)) polarized photon and reflect a vertically (|V))
polarized one. A frequency shifter (FS) is used to complete
the frequency transformation. If the initial frequency of the
photon is my, it can be converted to @, after the photon passes
through the FS. If the initial frequency of the photon is @,
the frequency does not change. Therefore, the FS plays the
role of a quantum eraser for the frequency degree of freedom.
The role of the quarter wave plate (R45) can be viewed as the
Hadamard operation

H) - %<|H>+|v>>7
V) - %um— v)). 5)

By virtue of the quantum nondemolition detectors (QNDs),
a conventional polarization BSA can be divided into two
steps,[®?] where the parity check has to be performed twice.
The first step is to distinguish [¢*) from |yT). We call [¢F)
the even parity states, and |y™*) the odd parity states. The
second step is to distinguish [¢) from [¢~), and |y") from
|w~). From Eq. (2), |®*) and |¥*) can also be viewed as
even and odd parity states. As shown in Fig. 1, after WDM
and PBS, the items |Hw;) and |V@,) will be in the spatial
mode by , but the items |V @;) and |H @,) will be in the spatial
mode b;. Therefore, WDM and PBS can guide different parity
states into different spatial modes, which leads to |®*) in the
spatial mode b, and |¥*) in the spatial mode b;y. Then after
the FS, |®*) becomes

R

%) = (o) £ Vor)) > = ((Hon) £ Va)
= 5 () £ V). ©

It is easy to find that with FS, we have erased different fre-
quencies, making them have the same frequency. Then, after
the H operation

)+ V) = ),

1
V2

one can distinguish |®T) from |@~) by the detectors D; and

(IH) = V) = V),

D,. If Dy is registered, it must be |@T). Otherwise, it must be

@). Following the same principle, |¥*) can also be distin-
g p p

guished easily. In other words, if D3 is registered, it must be
|[¥T), and if Dy is registered, it must be [¥ 7).
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Fig. 1. A schematic diagram of HBSA. WDM denotes the indepen-
dent wavelength division multiplexer, which can guide the photon to
different spatial modes according to their frequencies. FS denotes the
frequency shifter, which is used to eliminate the frequency difference.
PBS denotes the polarizing beam splitters in the H-V basis.

Up to this point, we have briefly described the basic prin-
ciple of our HBSA. It is interesting to compare it with the po-
larization BSA with linear optics. Theoretically speaking, the
Bell state given by Eq. (1) can also be distinguished with the
same method, where |¢*) is first distinguished from |y™), and
|¢F) and | ™) are then distinguished from themselves, respec-
tively. Without doubt, with PBS, the even parity states [¢*)
can be easily distinguished from the odd parity states |y™),
because |HH) and |VV) always put the two photons in the two
output modes, and each output mode contains exactly one pho-
ton. However, |HV) and |VH) result in photons in the same
output modes. Fortunately, the single-photon hybrid Bell state
is quite different from the conventional Bell state. It does not
exist in the case where the two photons are in the same spa-
tial mode, because it is only one photon. Therefore, WDM
combined with PBS can easily lead to |®*) and |¥*) in dif-
ferent spatial modes. Certainly, it is worth noting that FS is a
key element in this process. Because |®*) cannot be distin-
guished directly, it can be distinguished in the next step with
the help of H operation. However, if the two photons have dif-
ferent frequencies, one cannot perform such a transformation
successfully.

3. The practical application of HBSA

Interestingly, this setup can be used to construct the com-
plete polarization BSA. In our scheme, the initial state is one
of the following four hyperentangled states, e.g.,

105) @ |wd). W) @ [ygh). ()

As shown in Fig. 2, we make the two photons, A and B, en-
ter the setup, respectively. The polarization BSA relies on the
observation that the states can be rewritten as superpositions
of the single-photon hybrid Bell states of polarization and fre-
quency. On the basis of Eq. (2), the initial states we analyze
have the form

05) @ |vi) = %<|HH>f|vv>>®%<|wlwz>+\wzwl>>
= S0P ) +]D a9

+[P)AR (P )+ (P )a®[PT)B), (8)

V)@ W) = = (HY)+ V)@ = (@) + o)

1
= 5(|‘P+>A® |@")p— P )A® [P )8
+PAR P )B—P)AR P )B), (9

e ) @[v) \%(\HW—IVH>)®\%(Iw10>z>+Ia>zw1>)

1
= 5(—|¢+>A® |® )p+|P )a®|PT)p
—[FAR Y )B+|P )a®[¥F)B), (10)

while another item, |¢;") ® |yg), is given by Eq. (3). From
Eq. (3) and (8)—(10), we note that all four polarization Bell
states can be recognized on the coincidence basis. For exam-
ple, from the above discussion, if the detectors D and D5, D,
and D¢, D3 and D7, or D4 and Dg are registered, the initial state
must be |y ) @ |y; ). Following the same principle, we can
easily distinguish other states. If D; and Dg, D, and D7, D3
and De, or D4 and Ds are registered, it must be [¢p ) ® [y; ).
If Dy and D7, D, and Dg, D3 and D5, or D4 and Dg are regis-
tered, it must be |@y ) @ |y;f). If Dy and Dg, D, and Ds, D3
and Dg, or D4 and Dy are registered, it must be |y ) ® [yq ).

R45 —> D2

b, FS
a1 pPBS 7| » D,
A
a2 > D
WDM b, ’
FS R L— Dy
4, FS > Ds
1
. o, PBS > D,
Rys
Co
» D
WDM ds | !
FS Ris L D4

Fig. 2. A schematic diagram of complete polarization BSA using fre-
quency entanglement. Two devices similar to those shown in Fig. 1 are
used here. After coincidence detection, one can distinguish four polar-
ization Bell states deterministically.

Another interesting application of our HBSA is to per-
form entanglement teleportation between different degrees of
freedom. This is a polarization to frequency teleportation us-
ing the frequency entangled state. By making a joint projec-
tion of the polarization and frequency parity of a single pho-
ton, we are able, in principle, to teleportate the polarization
single photon to a frequency single photon. The polarization
quantum state of photon A can be described as

|E)a = a|H)a+B|V)a, )

030314-3



Chin. Phys. B  Vol. 22, No. 3 (2013) 030314

where |a|> +|B]> = 1. Meanwhile, the entanglement chan-

nel between two parties, say Alice and Bob, is set up with the

frequency entanglement as

1
V2

In current experimental conditions, the frequency entan-

|¥) AB (o) alo)B + @) a|01)B). (12)

glement can be generated with parametric down conversion in
a 3 cm-long periodically poled lithium niobate (PPLN) waveg-
uide (HC photonics).[%! The polarization entanglement can
also be converted to frequency entanglement,[**! which can be
used for entanglement purification, entanglement distribution,
and so on 163661

From Egs. (11) and (12), we use two degrees of freedom
to describe the states of photons A and B. That is, photon A at
Alice’s location is in the state |£)a in the polarization degree
of freedom. Meanwhile, it is also entangled with photon B in
the frequency degree of freedom. On the other hand, photon
B at Bob’s location also entangles with photon A in the fre-
quency degree of freedom. We let photon B be |E)g = |H)p in
polarization. In this way, the whole system with two different
degrees of freedom can be described as

Ix)aB = [£)A®|&)B ® |¥)AB
= (alH)a+B|V)a)® |H)B
®<\2(|wl>A|w2>B+|w2>Awl>B))
= |®")a(a|@n)s + Blon)s)|H)B

)
+[@7)a(ct|@n)s — Bloi)s)|H)B
+ ¥ )a(a|or) + Blw)s)|H)B

> > )| B,

+[¥7)ala|o)s — Blan)s)|H) (13)

where |®*) 4 and |P'F) are described by Eq. (2).

From Eq. (13), an arbitrary quantum state is first en-
coded in the polarization of photon A, and then telepor-
tated to the frequency of photon B by a complete HBSA. If
the HBSA result of photon A is |®@*)a, photon B will be
aan)p + Bl )p, which has the same form as |€) 4. This idea
is similar to the scheme proposed by Khoury and Milman 7]
In fact, this method provides us with a different way of
preparing the frequency-multiplexed entangled (FME) single-

It has been studied in three-level, (double-)
5,168.69

photon state.

multi-configuration atomic system ! based on coherent

conversion.[70:7!

11t is worth mentioning that Bajjani et al. re-
cently demonstrated the quantum superposition of a single mi-
crowave photon in two different color states with parametric
frequency conversion.!”?! Our method is quite different from
theirs. It can be easily performed in current experiments. The
single photon encoded in a polarization degree of freedom can
be prepared by a sequence of wave plates. The entangled state
with a frequency degree of freedom can be created with a cur-

rent PDC source.

4. Discussion and conclusion

It is interesting to compare the polarization BSA with that
in Refs. [55] and [51]. In Ref. [55], the authors designed hy-
perentangled BSA with polarization-spatial-mode hyperentan-
glement. They could only distinguish the polarization Bell
state locally, and should resort to the two-photon interference
effects. In this scheme, the polarization BSA can be oper-
ated nonlocally at the cost of two bits of classical communi-
cation. On the other hand, in Ref. [51], the authors used the
spatial entanglement to distinguish the polarization Bell state
nonlocally. However, similar to spin—orbital angular momen-
tum entanglement, which is easily decohered by atmospheric

4731 spatial mode entanglement is also sensitive

[13

turbulence,!
to path length instability.!'3] Therefore, it does not seem to be
suitable for complete entanglement nonlocally. In our scheme,
as the frequency is a classical degree of freedom, the fre-
quency entanglement is more stable during transmission,[747°!
which makes our scheme more suitable for BSA. Finally, let
us briefly discuss the key element (e.g. FS) in this scheme.
With the current technique, FS can be implemented by sev-
eral means.[®>83 One of the basic techniques is to use fre-
quency up-conversion. Takesue er al. reported their experi-
mental results that internal conversion efficiency from a 1560

811 In addition,

nm photon to a 715 nm photon exceeds 99%.
with an acousto-optical modulator (AOM), one can make a
polarization-dependent frequency shift.®*! Recently, Wang et
al. also proposed a scheme to make the frequency shift by
using an electro-optical modulator.®>! They showed that the
fidelity of the outcome state and a perfect polarization entan-
gled state is larger than 1 — 1073,

In conclusion, we have proposed a scheme for single-
photon HBSA. The success probability is 100% in principle,
which is different from polarization BSA with linear optics.
We also showed that this setup can be used to equip the com-
plete two-photon polarization BSA and perform the polariza-
tion to frequency teleportation scheme. Compared with the
other polarization BSA with hyperentanglement, this scheme
has several advantages. First, we do not need the two-photon
interference, only conventional photon detectors are required,
which is feasible in current experiments. Second, this scheme
can be operated nonlocally, and finally, the frequency entan-
glement is more stable, which makes this scheme more valu-
able in practical applications. This scheme may therefore have
more valuable applications in current quantum communica-
tion.
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