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Nonclassicality and decoherence of the coherent
superposition operation of photon subtraction and addition

on the squeezed state∗
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The statistical properties of m-coherent superposition operation (µa+ νa†)m on the single-mode squeezed vacuum
state (M-SSVS) and its decoherence in a thermal environment are studied. Converting the M-SSVS to a squeezed Hermite
polynomial excitation state, we obtain a compact expression for the normalization factor of M-SSVS, which is the Legendre
polynomial of the squeezing parameter. We also derive the explicit expression of the Wigner function (WF) of the M-SSVS,
and find the negative region of the WF in phase space. The decoherence effect on this state is then discussed by deriving
the time evolution of the WF. Using the negativity of the WF, the loss of nonclassicality is then discussed.

Keywords: nonclassicality, decoherence, coherent superposition of photon subtraction and addition, Wigner
function

PACS: 03.65.Yz, 05.30.−d, 42.50.Ar DOI: 10.1088/1674-1056/22/3/030311

1. Introduction
Despite the fact that Gaussian states have been cre-

ated in quantum optics laboratories, they are not of high-
enough quality for many aspects of quantum information
processing,[1–6] and quantum entanglement is playing a more
important role in the quantum information of spreading and
processing.[7] Many ideas have been suggested to construct
optimized entangled states. In the construction of entan-
gled states, the application of a non-Gaussian operation on a
Gaussian state[8,9] can be considered as the most commonly
used method. One of the simplest methods in this oper-
ation may be through either subtracting photons or adding
photons from a light beam using simple optical processes,
such as beam splitting, frequency-down conversion, and ho-
modyne detection.[10–12] Subtracting or adding photon states
has recently received increasing attention from both experi-
mentalists and theoreticians.[13–19] One of the reasons for this
is that photon subtraction can be applied to improve entan-
glement between Gaussian states,[20,21] loophole-free tests of
Bell’s inequality,[22] and quantum computing.[23] Thus, pho-
ton subtraction can satisfy the requirement of quantum infor-
mation protocols for long-distance communication. Never-
theless, it has been demonstrated by Parigi et al. that pho-
ton addition and subtraction are capable of probing quan-
tum commutation rules. Recently, Hu et al.[24–26] studied the
nonclassicality of the photon-added squeezed vacuum state
(PASV), a†mS(r)|0〉 (S(r) is the single-mode squeezing op-
erator and r is the squeezing parameter[19]). A compact ex-

pression for the normalization factor of m-PASV, which is an
m-order Legendre polynomial of squeezing parameter r, and
the explicit analytical expression of the time evolution of the
Wigner function (WF) of m-PASV in the thermal channel,
have been derived. These results show that the WF always
has a negative value for all parameters, r, if the decay time
κt < (1/2)[ln(2n̄+2)/(2n̄+1)]. In Ref. [27], the nonclassi-
cality of the photon-subtracted squeezed vacuum state (PSSV)
amS(r)|0〉 was studied by Hu et al. The normalization factor
of m-PSSV is also proved to be an m-order Legendre polyno-
mial. The result of the time evolution of the WF of m-PSSV
also shows that the WF always has a negative value for all pa-
rameters, r, if the decay time κt < (1/2)[ln(2n̄+2)/(2n̄+1)].
In particular, Lee and Nha investigated a coherent superposi-
tion µa+νa† acting on continuous variable systems that can
be used for quantum state engineering. It was shown that the
operation of coherent superposition µa+νa† can create non-
classicality out of a classical state with observable effects such
as squeezing and sub-Poissonian statistics.[28]

In this paper, we apply the m-coherent superposition op-
eration (µa + νa†)m on the single-mode squeezed vacuum
state (M-SSVS). This naturally includes the photon subtrac-
tion (ν = 0) and the photon addition (µ = 0) as its extremal
cases. Specifically, we show the nonclassicality by the WF,
and we resort to the negative part of a WF to judge whether
the state is nonclassical or not. Finally, we derive the ex-
plicit analytical expression of the time evolution of the WF
for the M-SSVS in the thermal channel, and discuss the loss
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of nonclassicality in reference to the negativity of the WF of
M-SSVS in a thermal environment.

Our paper is arranged as follows. In Section 2, an M-
SSVS, denoted as (µa+νa†)mS(r)|0〉, is introduced. The nor-
malized factor is obtained as a Legendre polynomial being a
remarkable result. In Section 3, the quantum statistical prop-
erties of the M-SSVS, such as photon-number distribution and
the WF of the M-SSVS, are investigated, and in Section 4, the
explicit analytical expression of the time evolution of the WF
of the M-SSVS in the thermal channel is derived. The conclu-
sions are given in the final section.

2. The normalization of the M-SSVS
The M-SSVS is defined as

|r,m〉= Nr,m(µa+νa†)mS(r)|0〉, (1)

where Nr,m is the normalization constant, and S(r) =

exp[(ra2 − ra†2)/2] is the single-mode squeezing operator,
with r being the squeezing parameter. Noting that[24,29,30]

S†(r)aS(r)= acoshr−a† sinhr, and S†(r)a†S(r)= a† coshr−
asinhr, equation (1) can be rewritten as

|r,m〉 = Nr,mS(r)[µS†(r)aS(r)+νS†(r)a†S(r)]m|0〉
= Nr,mS(r)[µ ′a+ν

′a†]m|0〉, (2)

where µ ′= µ coshr−ν sinhr, and ν ′= ν coshr−µ sinhr. Us-
ing the operator identity

(µa+νa†)m=

(
−i
√

µν

2

)m

: Hm

(
i
√

µ

2ν
a+ i

√
ν

2µ
a†
)

: , (3)

where the symbol : : denotes the normally ordered product
of the Bose operators, and Hm(x) is an m-order single-variable
Hermite polynomial,[31,32] we can rewrite Eq. (2) as

|r,m〉= Nr,mAS(r)Hm(iB1/2a†)|0〉, (4)

where A = [−i(µ ′ν ′/2)1/2]m, and B = ν ′/(2µ ′). The above
equation tells us that the M-SSVS is equivalent to a squeezed
Hermite-excited vacuum state.

Noting that

1=〈r,m.|r,m〉=N2
r,m|A|2〈0|Hm(−iB1/2a)Hm(iB1/2a†)|0〉, (5)

and using the generating function

Hm(x) = [∂ m/(∂ tm)]exp(2xt− t2)|t=0,

we obtain

1 = N2
r,m|A|2

∂ m

∂ tm
∂ m

∂τm exp(−t2− τ
2)

×〈0|exp(−2iB1/2at)exp(2iB1/2a†
τ)|0〉t=τ=0. (6)

Considering

exp(µa)exp(νa†) = exp(µν)exp(νa†)exp(µa),

and the following formula:[27]

∂ 2m

∂τm∂ tm exp
(
−τ

2−t2 +
2xtτ

(x2−1)1/2

)
=

2mm!
(x2−1)m/2 Pm(x), (7)

where Pm(x) is the Legendre polynomial, equation (8) has
been replaced by

1 = N2
r,m|A|2

∂ m

∂ tm
∂ m

∂τm exp(−t2− τ
2 +4Btτ)|t=τ=0

= N2
r,m|A|22mm!(4B2−1)m/2Pm

(√
4B2

4B2−1

)
. (8)

Thus, we can obtain the the normalization constant of the M-
SSVS as

N−2
r,m = 2mm!|A|2(4B2−1)m/2Pm

(√
4B2

4B2−1

)
. (9)

When µ = 0 and ν = 1, or µ = 1 and ν = 0, we have

N−2
r,m = m!coshm rPm(coshr),

N−2
r,m = (−i)mm!(sinhm r)Pm(i sinhr),

which are the normalization constants of the photon-
added squeezed vacuum states,[29] and the photon-subtraction
squeezed vacuum states, respectively.

3. The quantum statistical properties of the M-
SSVS

3.1. The photon-number distribution of the M-SSVS

Now we shall discuss the photon-number distribution
(PND) of the M-SSVS. We begin with the following equation:

p(n) = 〈n|m,r〉. (10)

The PND can be expressed in the form[32–34]

P(n) = |p(n)|2. (11)

We substitute Eq. (4) into Eq. (10), and then obtain

p(n) =Cr,m

min[m,n]

∑
l=0

(2iB1/2 sechr)m−2l [−(tanhr)/2]l(−2B tanhr−1)(n−m)/2+l

l!(m−2l)![(n−m)/2+ l]!
, (12)

where Cr,m = Nr,mAm!
√

n! sech1/2 r. Here, we used
∫

dz2
1|z1〉〈z1|/π = 1, and∫ d2z

π
exp
(
ζ |z|2 +ξ z+ηz∗+ f z2 +gz∗2

)
=

1√
ζ 2−4 f g

exp
[−ζ ξ η +ξ 2g+η2 f

ζ 2−4 f g

]
, (13)

where Re(ζ ± f ±g)< 0, and Re(ζ 2−4 f g)/(ζ ± f ±g)< 0. Finally, by substituting Eqs. (12) and (13) into Eq. (11), the PND
of the M-SSVS can be derived as

P(n) =C2
r,m

∣∣∣∣ min[m,n]

∑
l=0

(2iB1/2 sechr)m−2l [−(tanhr)/2]l(−2B tanhr−1)(n−m)/2+l

l!(m−2l)![(n−m)/2+ l]!

∣∣∣∣2, (14)
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where m−2l and (n−m)/2+ l are positive integers.
When µ = 0 and ν = 1, or µ = 1 and ν = 0, we have

P(n) =
m!n! sinhm r sechr tanhn r

2mPm(coshr)

∣∣∣∣ min[m,n]

∑
l=0

(−1)(2l+n)/22(2m−n−2l)/2 sinh2l−m r
l!(m−2l)![(n−m)/2+ l]!

∣∣∣∣2,
and

P(n) =
m!n! tanhn r

(2i)m coshm+1 rPm(i sinhr)

∣∣∣∣ min[m,n]

∑
l=0

(−1)(m+n−2m+4l)/22(2m+4l−n)/2

l!(m−2l)![(n−m)/2+ l]!

∣∣∣∣2,
which are the PNDs of the photon-added squeezed vacuum
states and the photon-subtracted squeezed vacuum states, re-
spectively.
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Fig. 1. The PND of M-SSVS for (a) m = 1, r = 0.3, (b) m = 2,
r = 0.3, (c) m = 4, r = 0.3, and (d) m = 2, r = 0.2. In all the plots,
µ = 1, and ν = 1.

In order to better understand it, we plot the curve of the
results from Eq. (14) in the phase space. In Fig. 1, we can see
that the wave peak moves right with the increase in m at r = 0.3
(see Figs. 1(a) and 1(c)). The wave peak moves right with the
decrease of r with the same m (see Figs. 1(b) and 1(d) ). The
reason for this is that the m-coherent superposition operation
(µa+νa†)m acting on the single-mode squeezed vacuum state
enhances the nonclassical property.

3.2. The Wigner function of M-SSVS

In order to discuss the decoherence properties of M-SSVS
in a thermal environment, we shall derive the analytical ex-
pression of the WF for M-SSVS. The WF is a distribution
function. In classical physics, the distribution function has
no negative region in the phase space. While in quantum
physics, the WF may present a negative region in the phase
space. Thus, we can use the negative region to check whether
a state has a nonclassicality.[35] For the single-mode case, the
Wigner operator is defined as

∆(q, p)→ ∆(α,α∗)=
e2|α|2

π

∫ d2z
π
|z〉〈−z|e−2(zα∗−z∗α). (15)

In the coherent state, α = (q + i p)/
√

2, and |z〉 =

exp[−2(za†− z∗a)]|0〉. Noticing that the single-mode squeez-
ing operator S(r) has its natural expression in coordinate rep-
resentation, it follows that

S†(r)∆(q, p)S(r) = ∆(qe−r, per). (16)

Thus, the WF of M-SSTS can be expressed as follows:[36]

W (q, p) = 〈r,m|∆(q, p)|r,m〉. (17)

Substituting Eqs. (4), (15), and (16) into Eq. (17), we can
then put Eq. (17) into the following form:

W (q, p)=N2
r,m|A|2〈0|Hm(−iB1/2a)∆(qe−r, per) : Hm(iB1/2a†) : |0〉=N2

r,m|A|2
e−2|β |2

π

∂ m

∂ tm
∂ m

∂τm e2β̄ t−4Btτ+2β̄ ∗τ−t2−τ2 ∣∣
τ=t=0, (18)

where β̄ = −2iB1/2β , and β = (qe−r + i per)/
√

2 =

α coshr−α∗ sinhr. In the last step, we used the integration

formula (13).

Expanding the exponential term exp(−4Btτ) in Eq. (18)

into a sum series and using

Hm(x) = [∂ m/(∂ tm)]exp(2xt− t2)|t=0,

we have

W (q, p) =
|A|2 e−2|β |2

πN−2
r,m

m

∑
l=0

(m!)2(−4B)l

l![(m− l)!]2
|Hm−l(β̄ )|2, (19)

where we have used

d
dxl Hn(x) =

2ln!
(n− l)!

Hn−l(x). (20)

When µ = 0 and ν = 1, or µ = 1 and ν = 0, equation (18)

becomes

W (q, p) =
e−2|β |2 sinhm r
π2mPm(coshr)

m

∑
l=0

m!(−2cothr)l

l![(m− l)!]2
|Hm−l(β̄ )|2, (21)

and

W (q, p) =
im e−2|β |2 coshm r

π2mm!Pm(i sinhr)

×
m

∑
l=0

(m!)2(−2tanhr)l

l![(m− l)!]2
|Hm−l(β̄ )|2, (22)

which are the WF of the photon-added squeezed vacuum states
and the photon-subtracted squeezed vacuum states, respec-
tively.

Based on Eq. (19), we show the WF plots in the phase
space. In Fig. 2, for the squeezing parameter r = 3 with a dif-
ferent photon-added number m when µ = 1 and ν = 1, one
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can clearly see that there is a negative region of the WF in the
phase space, which implies the nonclassicality of this state.
In addition, the squeezing effect in one of the quadratures is
clearly seen in Fig. 2(a), which is more evidence of the non-
classicality of this state. The WF has its minimum value for

m = 1 and m = 3 at the center of the phase space (p = q = 0,
see Figs. 2(a) and 2(c)). This case is not true for m = 2 and
m = 4 (see Figs. 2(b) and 2(d)). Here, we consider the exis-
tence of negative parts of the WF function as proof of nonclas-
sicality.
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Fig. 2. (color online) The Wigner functions of M-SSVS for µ = ν = 1, r = 0.3 with (a) m = 1, (b) m = 2, (c) m = 3, and (d) m = 4.

4. The decoherence of M-SSVS in a thermal en-
vironment

When the M-SSVS evolves in the thermal channel, the
evolution of the density matrix can be described by the master
equation[2]

dρ

dt
= κ(n̄+1)(2aρa†−a†aρ−ρa†a)

+κ n̄(2a†
ρa−aa†

ρ−ρaa†), (23)

where κ represents the dissipative coefficient, and η denotes
the average thermal photon number of the environment. When
η = 0, equation (23) reduces to the master equation describing
the M-SSVS channel. The evolution of the WF is governed by
the following integration equation:[31]

W (ζ ,ζ ∗, t) =
2

(2n̄+1)T

∫ d2α

π
W (α,α∗,0)

×exp
[
−2|ζ −α e−κt |2

(2n̄+1)T

]
, (24)

where W (α,α∗,0) is the WF of the initial state, and T =

1− exp(−2κt). Equation (24) is simply the evolution equa-
tion of the WF in the thermal channel. Thus, by performing
the integration with an initial value, the WF of M-SSVS may
be obtained.

In a similar way, substituting Eq. (19) into Eq. (24) and
the generating function of single-variable Hermite polynomi-

als (20), we have

W (ζ ,ζ ∗, t)

=
N√
E

exp
[ −2|ζ |2

(2n̄+1)T
+

C|D|2

E
+

(D∗2 +D2)sinh2r
E

]
×

m

∑
l=0

m−l

∑
k=0

(m!)2(−4B)lGm−l−kIk

l!k![(m− l− k)!]2

∣∣∣Hm−l−k

( J
G1/2

)∣∣∣2, (25)

where we have set

N =
2N2

r,m|A|2

π(2n̄+1)T
, C =

2e−2κt

(2n̄+1)T
+2cosh2r,

D =
2ζ e−κt

(2n̄+1)T
, E =C2−4sinh2 2r,

G = 1− C+2cosh2r
E

8Bsinh2r, J=
1
E
(2CF−4F∗ sinh2r),

I =
16B(C cosh2r+2sinh2 2r)

E
. (26)

Equation (25) is simply the analytical expression of WF

for the M-SSVS in the thermal channel. It is obvious that the

WF loses its Gaussian property due to the presence of single-

variable Hermite polynomials. In particular, at the initial time

(t = 0), equation (25) reduces to Eq. (19). When µ = 0 and

ν = 1, equation (25) is the WF of the photon-added squeezed

vacuum states in the thermal environment, and when µ = 1

and ν = 0, equation (25) is the WF of the photon-subtracted

squeezed vacuum states in the thermal environment.
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While for m = 1, equation (25) has the following form:

W (ζ ,ζ ∗, t) =
|2J|2 + I−4B

2B
√

Eπ(2n̄+1)T
exp
[ −2|ζ |2

(2n̄+1)T

]
×exp

[C|D|2

E
+

(D∗2 +D2)sinh2r
E

]
. (27)

When ζ = 0 , then J = 0 and E > 0. When (I − 4B)/B =

4(C cosh2r + 2sinh2 2r)/E − 1 < 0, we have the following
condition:

κt < κtc =
1
2

ln
2n̄+2
2n̄+1

. (28)

A negative region always exists for the WF in the phase space,
which is independent of the squeezing parameter r and param-
eters µ and ν . The WF of M-SSVS is also always positive

in the whole phase space when κt exceeds the threshold value
κtc. This similar result to that of PASV and PSSV tells us that
PASV and PSSV can be contained in M-SSVS. When we set
µ or ν to be zero, the PASV and PSSV can be obtained in
M-SSVS.

Based on Eq. (25), we show the plots of the decoherence
in the phase space. In Fig. 3, we can see that the negative part
decreases with the increase in κt, and that the negative part
is divided into two parts when m is even. In Fig. 4, we also
see that the negative part decreases with the increase in n̄. In
Fig. 5, the negative part decreases with the increase in m. All
the decoherence figures show that the negative part will disap-
pear with increasing parameter values.
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Fig. 3. (color online) The Wigner functions of M-SSVS in the thermal environment for µ = ν = 1, r = 0.3, and n̄ = 1 with (a) m = 1,
κt = 0.05, (b) m = 2, κt = 0.05, (c) m = 1, κt = 0.1, and (d) m = 2, κt = 0.1.
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Fig. 4. (color online) The Wigner functions of M-SSVS in the thermal environment for µ = ν = 1, r = 0.3, κt = 0.05 with (a) m = 1,
n̄ = 0, (b) m = 2, n̄ = 2, (c) m = 1, n̄ = 0, and (d) m = 2, n̄ = 2.
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Fig. 5. (color online) The Wigner functions of M-SSVS in the thermal environment for µ = ν = 1, r = 0.3, κt = 0.05, n̄ = 2 with (a)
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5. Conclusions
In this paper, the statistical properties and decoher-

ence of arbitrary-number photon-subtracted and photon-added
squeezed vacuum states in a thermal environment are investi-
gated. The normalization of M-SSVS, which is an m-order
Legendre polynomial, is derived. The PND and WF are cal-
culated. In particular, the PND and WF results show that
M-SSVS is a nonclassical state. The explicit analytical ex-
pression of the time evolution of the WF of the M-SSVS in
the thermal channel is also derived, and it can be seen that the
negative part of the WF decreases with the increase in the pa-
rameters from the decoherence plots. It is of importance to
note that the WF always has a negative region, which is in-
dependent of the squeezing parameter r and the parameters µ

and ν if the decay time κt < ln[(2n̄+2)/(2n̄+1)]/2 for the
M-SSVS.
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[22] Garcı́a-Patrón R, Fiurášek J, Cerf N J, Wenger J, Tualle-Brouri R and

Grangier P 2004 Phys. Rev. Lett. 93 130409
[23] Bartlett S D and Sanders B C 2002 Phys. Rev. A 65 042304
[24] Hu L Y and Fan H Y 2010 J. Mod. Opt. 57 1344
[25] Ma S J and Luo W W 2012 Chin. Phys. B 21 024203
[26] Liang B L, Meng X G and Wang J S 2007 Acta Phys. Sin. 56 2160 (in

Chinese)
[27] Hu L Y and Fan H Y 2008 J. Opt. Soc. Am. B 25 1955
[28] Lee S Y, Ji S W, Kim H J and Nha H 2011 Phys. Rev. A 84 012302
[29] Hu L Y, Xu X X and Fan H Y 2010 J. Opt. Soc. Am. B 27 286
[30] Xu L J, Tan G B and Ma S J 2011 Opt. Commun. 284 3335
[31] Hu L Y and Fan H Y 2009 Opt. Commun. 282 4379
[32] Hu L Y, Xu X X, Wang Z S and Xu X F 2010 Phys. Rev. A 82 043842
[33] SudarshanE C G 1963 Phys. Rev. Lett. 10 277
[34] Methta C L 1967 Phys. Rev. Lett. 18 752
[35] Zhu K C, Li S X, Tang Y, Zheng X J and Tang H Q 2012 Chin. Phys.

B 21 084204
[36] Fan H Y 1987 Phys. Lett. A 124 303

030311-6

http://dx.doi.org/10.1088/0953-4075/41/13/133001
http://dx.doi.org/10.1103/PhysRevA.79.033834
http://dx.doi.org/10.1103/PhysRevA.79.033834
http://dx.doi.org/10.1103/PhysRevA.47.4487
http://dx.doi.org/10.1103/PhysRevA.47.4474
http://dx.doi.org/10.1103/PhysRevLett.93.063601
http://dx.doi.org/10.1126/science.1103190
http://dx.doi.org/10.1103/PhysRevA.72.023820
http://dx.doi.org/10.1103/PhysRevA.75.052106
http://dx.doi.org/10.1126/science.1146204
http://dx.doi.org/10.1103/PhysRevLett.92.153601
http://dx.doi.org/10.1103/PhysRevLett.92.153601
http://dx.doi.org/10.1103/PhysRevLett.97.083604
http://dx.doi.org/10.1126/science.1122858
http://dx.doi.org/10.1126/science.1122858
http://dx.doi.org/10.1364/OE.15.003568
http://dx.doi.org/10.1364/OE.15.003568
http://dx.doi.org/10.1103/PhysRevA.55.3184
http://dx.doi.org/10.1103/PhysRevA.55.3184
http://dx.doi.org/10.1364/JOSAB.25.000712
http://dx.doi.org/10.1103/PhysRevA.80.032318
http://dx.doi.org/10.1103/PhysRevA.80.032318
http://dx.doi.org/10.1088/1674-1056/20/2/024203
http://dx.doi.org/10.1103/PhysRevLett.98.030502
http://dx.doi.org/10.1103/PhysRevLett.98.030502
http://dx.doi.org/10.1103/PhysRevA.67.062320
http://dx.doi.org/10.1103/PhysRevA.67.062320
http://dx.doi.org/10.1103/PhysRevLett.93.130409
http://dx.doi.org/10.1103/PhysRevA.65.042304
http://dx.doi.org/10.1080/09500341003654435
http://dx.doi.org/10.1088/1674-1056/21/2/024203
http://dx.doi.org/10.1364/JOSAB.25.001955
http://dx.doi.org/10.1103/PhysRevA.84.012302
http://dx.doi.org/10.1364/JOSAB.27.000286
http://dx.doi.org/10.1016/j.optcom.2011.02.080
http://dx.doi.org/10.1016/j.optcom.2009.08.004
http://dx.doi.org/10.1103/PhysRevA.82.043842
http://dx.doi.org/10.1103/PhysRevLett.10.277
http://dx.doi.org/10.1103/PhysRevLett.18.752
http://dx.doi.org/10.1088/1674-1056/21/8/084204
http://dx.doi.org/10.1088/1674-1056/21/8/084204
http://dx.doi.org/10.1016/0375-9601(87)90016-8

	1. Introduction
	2. The normalization of the M-SSVS
	3. The quantum statistical properties of the M-SSVS
	3.1. The photon-number distribution of the M-SSVS
	3.2. The Wigner function of M-SSVS

	4. The decoherence of M-SSVS in a thermal environment
	5. Conclusions
	References

