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New approach for deriving the exact time evolution of the density
operator for a diffusive anharmonic oscillator and its Wigner
distribution function®
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Using thermal entangled state representation, we solve the master equation of a diffusive anharmonic oscillator (AHO)
to obtain the exact time evolution formula for the density operator in the infinitive operator-sum representation. We present
a new evolution formula of the Wigner function (WF) for any initial state of the diffusive AHO by converting the WF
calculation into an overlap between two pure states in an enlarged Fock space. It is found that this formula is very convenient
in investigating the WF’s evolution of any known initial state. As applications, this formula is used to obtain the evolution
of the WF for a coherent state and the evolution of the photon-number distribution of diffusive AHOs.
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1. Introduction

As one of most important nonlinear models, the anhar-
monic oscillator (AHO)!' 3 is defined with the relationship
between force and displacement, which is not linear but de-
pends on the amplitude of the displacement. In the last few
decades, the AHO has become a widely studied model in the
literature, and intensive investigations have been carried out
with the AHO because of its role in the modeling of quan-
tum field theory and its usefulness in atomic and molecular

s.[414] One example is the derivation of the approximate

physic
analytical formulas describing the squeezing, the principal
squeezing, and the quasiprobability distribution Q-function for
the AHO model by Tanas et al*! For a system of coupled
AHOs, Chung and Chew!! derived a basis set for describing
the quantum states of the system by performing the Bogoli-
ubov transformation on the bosonic operators of each oscilla-
tor. In addition, Jentschura ef al.l% presented a unified treat-
ment of AHOs of arbitrary even and odd degrees in terms of a
dispersion relation and found a series of explicit new results,
including the general behavior of the large-order perturbation
theory for arbitrary levels of odd AHOs. On the other hand,
these studies adopted many different effective approaches to
treating AHO models. For example, the state-dependent di-
agonalization method was developed to find the energy eigen-
values and eigenstates of a quantum AHO.”! Green’s function
and equation of motion approach was used to address whether
the moment sum rule can help to obtain a result closer to the
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exact solution.!®] The effective operator methods were also
introduced to analyze the one-dimensional AHO in both the
strong and the weak coupling limits [

Recently, the diffusive AHO, which is defined as the
AHO coupled to a thermal bath of oscillators in equilibrium,
has drawn much attention.!'>~'4! Under the conditions of small
nonlinearity strength and weak coupling to the reservoir de-
grees of freedom, the master equation describing the diffusive
AHO in the interaction picture reads

5 (t) = —ig[(a’a)®,p(t)] +k(i+1)
x [2ap (t)a" —a'ap (t) —p (t)a'd]

+kit[2a"p (t)a—ad'p (t)—p (t)aa'], (1)

where the density operator p (¢) represents the state of the sys-
tem at time ¢, a (a') is the annihilation (creation) operator, 7
is the average number of thermal photons in mode @ of the
reservoir ( is the natural frequency of the oscillator), & is the
damping constant, and g is a nonlinearity constant which can
be related to the nonlinear susceptibility x®) of the medium.
In contrast to the previous work, here we shall use the newly-
introduced thermal entangled state representations (TESRs) to
treat the diffusive AHO and obtain the exact time evolution of
the density operator and the Wigner function (WF). Our moti-
vations for choosing this topic come from two facts. First, to
the best of our knowledge, an investigation of the exact time
evolution of the density operator for a diffusive AHO has not
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been reported due to the complicated calculations involved,
not to speak of the evolution of the WF. On the other hand,
the master equation describing the diffusive AHO in Eq. (1)
is a more general one in the sense that many important master
equations in quantum optics can be treated as Eq. (1) with par-
ticular values of 7z and k. For instance, in the diffusive limit,
i.e., k — 0, 1 — oo, while keeping the product K = k7 finite,
the master equation (1) becomesH?

a)%,p(1)] +2lap (1)’
—p(t)a'a—p(0)]. (2

o) = —ig[(a
+a'p(t)a—d'ap (1)

Using the Baker—Campbell-Hausdorff formulas''>! to expand
the evolution operator, Peixoto de Faria 121 golved the above
master equation (2) and obtained the general solutions for the
classical and quantum dynamics of the diffusive AHOs. On
the other hand, when 77 — 0 and £ is kept finite, equation (1)

becomes the master equation for a dissipative Kerr medium!!3!

o) = —ig[@'a),p(0)]
+k|[2ap (t)a" —a'ap (1) —p (t)aTa] .3

Therefore, it is of interest to derive the exact time evolution
of the density operator and the WF for the diffusive AHO by
virtue of the TESRs.

This paper is organized as follows. In Section 2, we
briefly review two newly-introduced TESRs and their prop-
erties. In Section 3, we use the TESRs to derive the exact time
evolution of density operator p(¢) with its infinitive operator-
sum representation as the solution of the master equation (1).
In Section 4, we present a new evolution formula of WF for
any initial state of the diffusive AHO by expressing the WF
for p(r) as an overlap between two pure states in a two-mode
enlarged Fock space. In addition, the analytical evolution of
the WF for the initial coherent state and the evolution of the
photon-number distribution (PND) of the diffusive AHO are
also presented by using this formula. Finally, we draw some
conclusions in Section 5.

2. Two thermal entangled state representations

In order to obtain the general solution of the above master

equation (1), we now introduce a new kind of two-mode TESR

in an enlarged Fock spacel!6-18]

1 ; ; P N
m) = exp (- 3P +na~n'a +a'a’) 00

= D(n)n =0), “4)

where | = 0) = exp(a’d")[0,0) = D(n) =
exp(na’ —n*a) is the displacement operator (1] is complex),
a' is a fictitious mode accompanying the real photon creation

:10:0|n7ﬁ>’

) is annihilated by @, [@,a"] = 1, and [d@,a"] = 0.
The |n) state is the common eigenvector of (a —a') and
(a" — a) due to the commutative relation [(a —a'), (a" —a)] =
0, so it yields the following eigen equations:

nn). ®

Using the technique of integration within an ordered product

(@—a")ny=mnn), (a" —a)n) =

of operators and the normally ordered form of vacuum projec-
tor [0,0) (0,0
normal ordering, we can prove that the state |1) is complete

=: exp(—a'a—a'a): , where : : denotes the

and orthogonal, i.e.,

dzn / / * 1%
/7ln><n|=1, (" [n) ==d(n—n")8(n"—n"). (6)

Further, from Eq. (4), it is easy to see that the state |1 = 0)
possesses the properties

aln =0)=a'|ln =0), a'|n=0)=an=0),
a'aln =0) =a'ajn =0). (7)

Similarly, to obtain Eq. (4), we introduce another new kind
of two-mode thermal entangled state |£) conjugated to |7),
which is defined as

&) = e~ 5180+ 0 g wala ) 00
= D(E)[E=0) = (~1)"“|n = —&). ®)

This also possesses the completeness relation and the orthog-

onal property
dzé !/ / * 1%
[ 2180 E =1, (& 18) =78(E~E)8(E" &) ©)

3. The evolution of the density operator of diffu-
sive AHO

In this section, we show how an initial state pg evolves
based on the newly introduced state (4). Operating both sides
of Eq. (1) on the state |7 = 0) = |I), and denoting |p(¢)) =
p(t)|I), we have

L1pw) = {-ig (@), p(e)] +k(a+1)
x [2ap (t)a' —d'ap (t) —p (1) d'd]
+kii [2a'p (t)a—ad'p (1) — p (1) aa"]}|1)
= {—ig[(d'a)* - (@"a)’]
+k(i+1)(2ad —a'a—a'a)
+kit(2d'a" — aa —ddT)} lp(2)), (10)
so its formal solution is
Ip()) = exp{—igt[(a’a)* - (a'a)’]
+k(i+1)t[2ad —a'a—a'al
+kit[2d"a" — ad" —aa'}|po), an
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where |po) = poll), and py is the initial density operator. By

introducing the following operators:

K, =d'd", K. =uaa,

7

1
K, = E(aTa—i—ElT&—Fl), Ky=da'a—d'a, (12)

where K, K_, and K; yield the following SU(1,1) Lie algebra
[K_,K;] =2K, and [K;,K+] = £K, and Kj is the Casimir
operator, which is commutative with generators K+ and K, of
SU(1,1). We can rewrite Eq. (11) as
lp(1)) = exp{—igt[Ko(2K: — 1)] +k(a+ 1)1
X (2K_ — 2K, + 1) + kit (2K — 2K, + 1) }|po)
= expligtKo + k(2 + 1)t]
x exp(7+ Ky +¥K:+7-K-)|po), (13)

where Y, = 2kit, y- = 2k(ii+ 1)t, and y, = —2¢[igKo + k(27 +
1)]. By using the disentangling theorem for SU(1,1) Lie
algebra,'”! we have

|p()) = expligtKo+k(27+ 1)t]exp(I K4 )

x exp[(2In\/T;)K ] exp(_K_)|po), (14)
where I. = (2y:sinh¢)/(2¢ cosh¢ — y,sinh¢g), /I; =
2¢/(2¢ cosh¢ — 7.sinh @), and 9> = y2/4 — y,y_. In order

to deprive the state |I) from Eq. (14), substituting the com-
pleteness relation of the Fock states in the enlarged space
Yown—o |m, i) (m,ii| = 1 into Eq. (14) and noticing a'lln) =
V(n+ j)!/nln+ j), we arrive at

> I(m,n)
lp(t)) = Z #

Jm;n=0

x A/ (mn Z +ahah|m i) (m, ii|a’ poa™|I)

expligtKo + k(27 + 1)1]

m—"_l m-n
= ,],,;,’l 0\/ m‘n' F 1 (m, n)
i J
x W;(mn) explig(m—n)t + k(2 +1)1]
X |m+ i, /i 4 i) (m, ii|a’ poa™|I), (15)
where
I  (m,n) = 2kt (m,n)sinh ¢ (m,n),
I:(m,n) = Q(m,n)¢(m,n),
I'_(m,n) = 2kt(i+1)Q(m,n)sinh ¢ (m,n),
Q(m,n) = [¢p(m,n)cosh¢(m,n)+tlig(m—n)
+ k(274 1)]sinh ¢ (m,n)] !,
9(m,n) = t[~g*(m—n)*
+i2gk(2ii41)(m—n)+£2)'/2. (16)
Using the identity
(@A) = |n), 17

we have

(m,it|a’ poa™|1) = (mla’ poa™ (fi|l) = (m|a’ poa'/|n), (18)

so equation (15) reduces to

m+1i)!(n+1i)!
wmzu%OJ DR it o, )
1—‘1 I_‘/
X W explig(m —n)r + k(2 + 1)t]

X m i/t + i) (mla’ poa™|n). (19)
Using Eq. (17) again, we can rewrite Eq. (19) as

(m+i)!(n+i)! T (m, )Y (m,n)
m!n! ilj!

p(1)) = Z

i,j,m,n=0

x A/ " (m,n) explig(m — n)t + k(27 + 1)t]

x (m|a’ poa’’|n) |m + i) (i +ilI). (20)

After depriving |I) from both sides of Eq. (20), the solution of
master equation (1) appears as

> i (m,n)I?(m,n)
p(t) = Z +T
i,j,mn=0 S

x expligt(m —n) + k(2i+ 1)t]

a'1|m) (m|a’poa’T ) (nld,

" m,n)

ey

which is just the infinitive operator-sum representation of den-
sity operator p(¢) in terms of the super-operator theory de-
scribing the evolution of the density operator from an initial
po into a final state p(r).>") Therefore, once the initial state
po of the diffusive AHO is given, the evolution density oper-
ator p(t) is easily calculated from Eq. (21). Further, we can
formally express Eq. (21) as

Z Mm;” l,JPOSUtm M0

i.jmn=0

(i) = (22)

are defined as

where the two operators My, , ; ; and zmm i

%mwmﬂwmﬁ%mm
i

Mm,n,i,j = 6Xp[k(l’_l+ 1/2)[]
x explm(igs +Iny/Ts(m, m)a m el (23)

; L)L mm)E P mn)
My = { i explk(ii+1/2)1]

x exp[n(igt +1In+/I;(m, n))]a“|n><n|a/} .2

The operators M, , ; ; and om’
to each other. However, they still hold the normalization con-

mon,i,j A€ not Hermite conjugate

dition, i.e.,

Z M’"’”] mf’llj =1, (25)

i,j,mn=0
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which means that they are trace-preserving in a general sense,
so My, ;. j and m’

mn,i,j
erators. In particular, on the condition that k — 0, 77 — oo, and

can be called the generalized Kraus op-

the product k = kii is finite, let

A=ig(m—n)+2K, A=[A—4x?'2  (26)

2k sinh At
A coshAf + A sinh At
A
Iy(t) = 27
00) = A coshar + Asimhar’ 27
we have
p(t) = i \/ (m+i)!(n+i)!(m+j)!(n+]j)!
i jm=0 m'n'ﬂ]'

x T ()T (1) explig (m — )t + 2x]
x (m+ jlpo|ln+ j)|m+i)(n+i, (28)

which is just in agreement with the exact time evolution of the
density operator of the diffusive AHO in the condition of the
diffusive limit."?! In addition, when 77 = 0 and  is kept finite,
equation (21) reduces to the density operator’s evolution gov-
erned by master equation (3) for a dissipative cavity with a
Kerr medium, i.e.,

o) = ¥ T expligm® )
J,m,n=0 J:
— (m+ n)kt]|m) (m|a’ poa™ |n) (n|, (29)
where I1(¢) = k{1 — e 2li8tn=m+Kl} /[i0(m — n) + k).

4. The evolution of WF for diffusive AHO

In the phase space, the WF description of quantum states
of light is a very powerful tool to study nonclassical effects,
such as quantum squeezing, interference, and entanglement.
In this section we shall use two TESRs to obtain the time evo-
lution of the WF of the diffusive AHO. In order to achieve this
goal, we first derive a new expression of WF in the TESR. The
WF of density operator p is given as

W(a,a")=TrA(a,a”)p], (30)

where A (¢, a*) is the single-mode Wigner operator in the co-

herent state representation, whose normal ordering form is de-

fined ast?!!

Ala,a*) = —: exp[-2(a—a)(a* —d')]:

¥

Da) (1) 31)

G

From Egs. (8), (30), and (31) we derive the WF in the TESR

oo

Y, (n.alA(a,af)plm, i)

m,n=0

W(a,a*) =

(n =0|D(2a)(~1)"p|n = 0)

= _{f=2alp). (32)

Equation (32) is the WF in the context of thermal dynamics, in
which the WF for the density operator is simplified as an over-
lap between two pure states in an enlarged Fock space, rather
than using the ensemble average in the system-mode space.
This seems to be a new approach and is very convenient for
calculating the time evolution of WFs. Inserting the overcom-
plete relation (9) into the inner product between (& = 2¢| and
|p(#)), we derive the time evolution of the WF of the diffusive
AHO

2
W (e, o) :4'/¥K(a,ﬁ*7t)w(ﬁ7ﬁ*,0), (33)
where W (83, B*,

W(B,B,0) = — (& = 2Blp), G4

0) is the WF at the initial time

and
K(a,B",1)
= (& =20|expligtKo + k(2 + 1)) exp([LK+)
x exp[(2In\/T})K Jexp(C_K_)|E' =2B).  (35)

From Eq. (15) we can rewrite K(a, B*,¢) as
K(a,f",1)

= i /I (m, n) expligr (m — n) + k(27 + 1)1]

m,n=0
x (€ =2a|exp[[y (m,n)a’
x (m,ii|exp[["_(m,n)ad]|E" = 28). (36)

To obtain the matrix element in Eq. (36), for convenience we

a'l|m, )

use the generating function formula of the two-variable Her-
mite polynomials!'®!7]
state |£) as

&) = e IEF2 Z

m,n=0

H,n»(n,1*) to expand the entangled

Hyn(8,87)m, /i), (37)

aTm n

where |m, i) = |0 0) is the two-mode Fock state. Thus,

from Eq. (37) we derlve the overlap
1 2
i) = ——— * —l51°/2
(Elm, i) = ﬁm!n!Hm,n(é 6)e . (33)

Then, using Egs. (36) and (38), we can arrive at
K(a,B*1)

Y /T ) expligt(m — )

m,n=0

_ i Fk(m,n)l—',l(m,n)
+k(2a4 1)t Z +T
) e
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x (& =2at|a™a™|m, i) (m,i|d d |E" = 2B)

i /I (m, n) expligt (m — n) + k(27 + 1)1]

m,n=0
> TFm,n)C(m,n)
" imin) ¢
Km0 k!l'm!n!

X Hm+k’n+k(206*7206)Hm+17n+1(2ﬁ,Zﬁ*). (39)

CnlyI2_nIRI2
y 2la2-2/B|

Further, using a new sum formula

)

X
FHm+l,n+l (ya Z)
1=0""

exyz/(x-%—l) y
(x+ 1)(mtn+2)/2 m”<\/ﬁ \/7) (40)

we can reduce Eq. (39) to

K(o,B".1)

I Em-‘rn-‘rl (m,n)

m§;0 mn!\/{[C(m,n) + 1][_(m,n) + 1]} m+n+2)
x expligt(m—n) + k(27 +1)t]

o T G )
2a* 2a
XHm’n[\/Er(m,n)—Fl’ \/F+(m,n)+l}
2B 2B*
XHm’n[\/F_(m,n)—i—l’ \/F_(m,n)—i—l} @0

Finally, substituting Egs. (33) and (41) leads to the exact
evolution formula of W (o, o*,¢) for the diffusive AHO. It is
obvious that when k — 0, i1 — oo, the k = ki1 product is kept fi-
nite, and equation (33) becomes the time evolution of the WF
of the diffusive AHO in the condition of a diffusive limit as
expected in Ref. [12], i.e.,

W(o, o, t)

oo 41—~m+n+l (I)
mZ 1](m+n+2)

mn![lC

1
X exp [1gt(m n)+2xt+2 8+1(X|2}
XHmn|: 20 ’ 20 ]
“LVT@)+1 /T(t)+1

X/ ;Bexp{ E%

{ 28 213*}
e VIO +17/T{)+1

However, when 77 — 0 and k is kept finite, equation (43) re-

]W(ﬁ,ﬁ*,m. )

duces to

W(a, " 1)

> 4H,,, 2207, 2a)
Z 1](m+n+2)/2
m,n=

exp|—igt(m* —n?)
om!n![II

i —2laf] [ Lesp (2710

I(r) + )
283 2B* )
Hm"[\/ﬂ(t)ﬂ’ \/n(t)JrJW(ﬁvﬁ 0),  43)

which is just the evolution of the WF in a dissipative channel

with a Kerr medium.

Now we want to discuss the applications of the WF evo-
lution formula (33). We take the coherent state |z) as the initial
state, whose WF reads W (B, 8*) = 1 exp[—2|B —z|?]. Substi-
tuting W(B,B*) into Eq. (33) and considering Eq. (41), we
immediately arrive at the evolution of the WF for an initial
coherent state

W(ea, ", 1)

. Fzm+n+1 (

im0 Tmin!\/ [Ty (m

m,n)

,I’l) + 1]m+n+2

x expligt(m —n) + k(27 + 1)t] exp [2F+(m’”) -l oﬂ

I (m,n)+1
“H { 20" 2a ]
o /Ty (m,n) Y1’ VI (mn)+1
2" exp{[I(m,n) —1]|z*}, (44)

which indicates that it is very convenient to obtain the evo-
Iution of the WF for the diffusive AHO by using evolu-
tion formula (33) if the WF for the initial quantum state is
given. In particular, when t = 0, I;(m,n) = 1, and I\ (m,n) =

I"_(m,n) = 0, equation (44) becomes

D0aP=[z>
e 2"z P

W(e,of,0) =
(a0 =—— ¥ T

H,,,(2a",2a). (45)

Using the generating function formula of the two-variable Her-
mite polynomials, we find that equation (45) just returns to the
WF for the initial coherent state. On the other hand, using the
WEF’s evolution formula, we derive the time evolution of the
PND of the diffusive AHO. In terms of the thermo-field dy-
namics, the PND p(s,t) =
the following matrix element:

Tr[p()|s){s|] can be converted into

oo

Y. (s.5lp (1) |m. )

m=0

p(s;t) = = (s,3]p(1)). (46)
Inserting the overcomplete relation of |§) in Eq. (9) into
Eq. (46) leads to

p(s,t) = / &

EE (s Elp ). @)

From Eq. (32), we can see that (£ |p (7)) /7 is the WF of density
operator p(t), and (s,§|&) /7 is the WF of the number state,?]
ie, Wi (o, ") = (—1)“'e’2|"“2LS(4|a|2)/7r. So the relation
between the PND and the WF of the density operator p(z) is

ps,1) 4/d2

e e L (4laP)W (o, a1). (48)

030307-5
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Substituting Eq. (33) into Eq. (48) and performing the integra-
tion, we arrive at the exact time evolution of the PND of p ()
for the diffusive AHO

p(s;1)
0o 4(_])(3m+n>/2s!\/l—ém-s-n+1(m7n>1—:£2s7nfm) (m’n)
B m,;;o m!n!(s — m)!\/[li (m n) + 1}(m+n+2)
x expligt(m —n) + k(2 +1)1]
I (mn)—1
x /d2[3 exp <2W|ﬁ|2>
2p 2B*
XHm?n[\/F(m,n)—F 1 /T (m,n)+1

which shows that the evolution of the PND can be directly ob-
tained from Eq. (49) if the initial WF is known.

}W(ﬁ,ﬁ*,omw

5. Conclusion

In summary, by virtue of two newly introduced TESRs,
we presented a new approach to solve the quantum master
equation of density operator p(¢) of the diffusive AHO, and
obtained the exact time evolution of density operator p(¢) with
its infinitive operator-sum representation. In our approach, the
WF for any density operator is simplified as an overlap be-
tween two pure states in a two-mode enlarged Fock space,
rather than using the ensemble average in the system-mode
space. In this aspect, our approach seems to be self-consistent
and concise. Using this new approach to derive the WF, we
have obtained a new formula for calculating the time evolution
of the WF for the diffusive AHO, which brings much conve-
nience to the investigation of the WF’s evolution for any given

initial state. In addition, as the applications of this formula, we
discussed the analytical expression of WF for the initial coher-
ent state and the evolution of the PND for any initial state of
the diffusive AHO. In terms of the above discussion, we be-
lieve that the TESR is useful in treating other master equations
in quantum optics theory.
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