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The spatially-dependent mass Dirac equation is solved exactly for attractive scalar and repulsive vector Coulomb
potentials, including a tensor interaction under the spin and pseudospin symmetric limits. Closed forms of the energy
eigenvalue equation and wave functions are obtained for arbitrary spin—orbit quantum number k. Some numerical results
are also given, and the effect of tensor interaction on the bound states is presented. It is shown that tensor interaction
removes the degeneracy between two states in the spin doublets. We also investigate the effects of the spatially-dependent
mass on the bound states under spin symmetric limit conditions in the absence of tensor interaction.
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1. Introduction

The solutions of the non-relativistic/relativistic wave
equations are most frequently used in quantum mechanics, =
and the Dirac equation has become the most appealing rela-
tivistic wave equation in the field of mathematical physics for
spin-1/2 particles. However, solving such a wave equation is
still very challenging, even though it was derived more than
80 years ago and has been utilized profusely. It is useful for
investigating relativistic effects.!*”] For example, in the rel-
ativistic treatment of nuclear phenomena, the Dirac equation
is used to describe the behavior of the nuclei in the nucleus.
It has also been used extensively in the studies of relativis-
tic heavy ion collisions, heavy ion spectroscopy, and more re-
cently laser—matter interaction (for a review, see Ref. [8] and
references therein), free electron lasers,®) and condensed mat-
ter physics.[']

On the other hand, systems with position-dependent mass
(PDM) have been found to be very useful in studying the
physical properties of various microstructures.''~18] Recently,
there has been increasing interest in searching for analytical
solutions of the Dirac equation with PDM or constant mass
under spin or pseudo-spin symmetries .1~

In this paper, we consider both PDM and tensor interac-
tion for attractive scalar and repulsive vector Coulomb poten-
tials under the spin and pseudospin symmetry limits. We give

some numerical results too.
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2. Review of the Dirac equation including tensor
coupling
The Dirac equation, which describes a nucleon in repul-

sive vector potential V (r), attractive scalar potential S (r), and
tensor potential U (r), is written as

[a-p+B (M(r)c* +5(r)) —iBa-7U (r)] 4 (r)

=[E-V(ly(r), ey

where M(r) is the effective mass of the fermionic particle, E
is the relativistic energy of the system, and p = —iAV is the
three-dimensional momentum operator.  and 3 are the 4 x 4
usual Dirac matrices give by

a=(29) 0-(22)

where I is the 2 X 2 unitary matrix, and o are three-vector spin

@

matrices

012((1)(1)>7 022(?_0i>> 632((1)01) 3)

The total angular momentum operator J and spin—orbit K =
(o-L+1), where L is the orbital angular momentum, of
the spherical nucleons commute with the Dirac Hamiltonian.
The eigenvalues of the spin—orbit coupling operator are kK =
(j+1/2) >0 and K = —(j+1/2) < 0 for unaligned spin
Jj=1—1/2 and aligned spin j = [+ 1/2, respectively. The
(H?, K, J?, J;) can be taken as the complete set of the con-
servative quantities. Thus, the spinor wave functions can be
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classified according to their angular momentum j, spin—orbit
quantum number K, and radial quantum number n, and can be
written as

fnk("') 71 F"K(V)Yl'm(67q))
¢mc( ) (gnk(’l“)) Cr (iGn,((r)ngm(&(p)) » @

where f, (r) is the upper (large) component and g, (7) is
. Y, (6,9)
and Y.l]-m (6, ) are spin and pseudo-spin spherical harmonics,

the lower (small) component of the Dirac spinors,

respectively, and m is the projection of the angular momentum
on the z axis. Substituting Eq. (4) into Eq. (1) and using the
following relations:!

(c-A) (o B) =
(a-P)—a.f<r pP+iZ L>7 (5b)

A -B+ioc-(AxB), (53

r

with the properties

a Yim(e,(])) ( _1)Y1m(9 ¢)7
"'L{ . {—(x—m?l,m(e o).
i d Yim(0:0) _

Vi (0.9)

_Yim (97 ¢) )
we obtain two coupled differential equations for upper and

(6b)
_Yljm (97 ¢) )

lower radial wave functions Fy () and Gy (7)

(54 5-v0) Al

= (M(r)¢® + Enc — A (1) G (1), (Ta)
<(fl’r+U( )> GnK(l‘)
= (M(r)c* = Enc+ 2 (r)) Fux (1), (7b)
where
A(r)=V(r)=S(r), (8a)
E(rn)=V(r)+S(r). (8b)

Eliminating F, () and G, (r) from Eq. (7), we finally obtain
the following two Schrodinger-like differential equations for
the upper and the lower radial spinor components:

2 r
(frz—lc('(r;rl)jtsz(r)—(Hflf)—Uz(r)] Fu(r)
dM(r) dA(r)
dr dr d «
M)+ B A (aﬁr"f@) e (1)
- r)c? —A(r
= (hc)Z[(M( )2+ Ene — A (1))
X (M(r)c2—Emc+2(r))]Fm<(r), (92)
2 — r
C(ljrz_’c(’;l)+2f[](r)+‘ﬂéf)_uz(r)] G (1)

dM(r) dX(r)

dr dr d K
_M(r)_EnK+2(r) (d}"_r+U(r)> Gnk(r)
O i al

X (M(r)* = Enc+Z (1)) ] G () (9b)

1) =1(I+1) and k(k+1) =1(I+1). These
radial wave functions are required to satisfy the necessary

where k(K —

boundary conditions. The spin—orbit quantum number x is re-
lated to the quantum numbers of spin symmetry / and pseudo-
spin symmetry [ by

l+1 ( ) Sl/2ap3/27"')a
=1+ X aligned spin, (x<0),
c — | (10
(]—i— > (P1/2,d3/2; - --
1
j=1=3, unaligned spin, (x>0),

and the quasi-degenerate doublet structure can be expressed in
terms of pseudo-spin angular momentum § = 1/2 and pseudo-
orbital angular momentum I, which is defined as

_i: <]+ ) (Sl/2vp3/27 )7
=] X aligned pseudospin, (k <0),
K = | (11)
+(+1) =+ (H‘ 2) (d32,fs5/2,-- ),
~ 1
j=1+ > unaligned pseudospin, (x > 0),

where ¥ = +1,42,....
(1p3/2,0fs/5) can be considered as pseudo-spin doublets. In

For example, (lsl /2,0d3/2) and

the following, we will consider the spin and the pseudospin
symmetry cases.

3. Relativistic bound state solutions
3.1. Spin symmetry case

Equation (9a) cannot be solved analytically because of the

last term
dM(r)/drdA(r)/dr( Ur ))
M(r)+E;—A(r) dr
It is convenient to solve the mathematical relation

M(r)c?/dr = dA(r)/dr = dV(r)/dr?%3° By using the
above relation, we can exactly solve Eq. (9a). In this stage, we
take the vector potential in the form of an attractive Coulomb-
like field'>?!

£() = V() =",

gv=q, r#0, (12)
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where ¢~ is a vector dimensionless real coupling constant, and
fic is a constant in units of J - fm. The mass function should be
taken as'??!
M) =mo+ ™, i = modoh, Ao=——,  (13)
r myc
where m( and m; stand for the rest mass of the fermionic parti-
cle and the perturbed mass, respectively, b is the dimensionless
real constant to be set to zero for the constant mass case, and
Ag is the Compton-like wavelength in units of fm. The tensor
interaction takes the form
T  ZZne?

U =——., T=
(r) r’ 47'[80 ’

r >R, (14)
where R, is the Coulomb radius, and Z, and Z,, stand for the
charges of the projectile particle a and the target nucleus b,
respectively.

Substituting Egs. (12)—(14) into Eq. (9a), considering the
spin symmetry, A(r) = Cs = const., i.e., (dA(r)/dr = 0) 140411
Thus, the equation obtained for the upper component of the
Dirac spinor F;;(r) becomes

{(12 (k+T)(k+T+1)+b(b—q)
dr?

72

1 [g(moc® + Eng = C5) +b (Cs = 2moc?)]
fic r

— (hi)z(moé — Enx) (moc® + Epie — Cs) }FnK(r) =0. (15)

Further, defining new parameters

A2 =(k+T)(k+T+1)+b(b—q),

87 = = [q (moc® + Ene — Cs) b (Co — 2moc?)]

fic
1
e?= 72(771()6‘2 *Emc) <m06‘2 + Enx — Cs) , (16)
(hc)
and introducing Fy(r) = r'/2¢(r), we turn Eq. (15) into
a2 1d 1 22, 52 2
{drz rar T (e V) 1 9(r) =0, (17a)

2
V2= (K+T+;> +b(b—q). (17b)

Following Ref. [42], we can easily find that the energy eigen-
value solution of Eq. (17a) is
52
E=——"7-——. 18
(1+2n+2v) (18)
Using Eq. (16), we obtain the explicit form of the energy equa-
tion

(mOC2 - Enk‘) (mOCZ +Eni — Cs)

2
B l q (m002 +E,x — Cs) +b (CS — ngcz)
4 n—|—\/(K—|—T—|—1/2)2—|—b(b—q)—|—l/Z
n=0,1,2,... (19)

In the absence of the tensor interaction, i.e. T = 0, equation
(19) reduces to Eq. (34) of Ref. [22] when ¢ — 2¢. For the

constant mass case, i.e., b = 0, and no tensor interaction, we
have

(m062 - EnK) (m062 + Epye — Cs)

1 lq(moc%EnK—Cs)

2
— =0,1,2,... (20
n+ik+1 , I y Ly 4y ()

4

When C; =0, k = 1, Z(r) = V(r), moc*> — Eyx — —E,, and
moc? + Epe — my,, the above equation reduces to the non-
relativistic energy limit (in units of i=1)

2moq*
(n+1+1)%

Further, using Eq. (38) of Ref. [42], we obtain the radial wave
function

Ey=— 2D

o(r)=r"e ¥L2Y (2er), (22)

and hence from F,(r) = r'/2¢(r), we find the upper-spinor
component of the wave function as

F;ﬂ((r)
_ NeierrVH/zLiv(ZEI’)
r 2v+1

(n+2v+ )e—srrv+1/21F1
nl(2v+1)

= (—=n,2v+1,2¢er), (23)
where N is the normalization constant. We use the relation
between the Laguerre polynomials and the confluent hyper-
geometric functions L} (x) = Eﬁ';{;’:ll))lFl(—n, p+ 1,x) 4]
The normalization constant in Eq. (23) can be found by using

the relations]

| v wnryar =1, 24
/ 20+ e XLI(x)LY (x) dx
0

= @uigentitarls (25)

as shown in Appendix A. The wave function (23) satisfies the
boundary conditions, i.e., F,;(r =0) =0 and F,(r — o) — 0.
The lower spinor wave function can be obtained via

1

ficb
<m062 + it + Epc — CS)
r

v K—e+v+1/2+ K+T>F,,K(r)

G (r) =

r r
—2Nge V12 2V (2&)} , (26)
where we have used
L) =L 00 = - W)~ (k) L ().

In Tables 1-3 with & = ¢ = 1, we give some numerical
results for the energy eigenvalues from energy formula (19).
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Table 1. The bound state energy eigenvalues of the Coulomb potential under the spin symmetry limit for several values of n and x
withmg =5.0fm L, i=c=1,9g=1,T=(0,1,5,10),and C; = 1.

. En <0
1 n,k<0 Lj=1+1/2 m .
(1, /2) 1 T=0 T=1 T—s T=10
0.0 4.47059 3.20000 4.86154 4.97231
0.2 4.64226 3.35948 4.91032 4.98224
1 0, -2 Op3/2
0.4 4.79160 3.55969 4.94917 4.98999
0.5 4.85392 3.68198 4.96463 4.99305
0.0 4.75676 3.20000 4.86154 4.96498
0.2 4.84084 4.64226 4.84084 4.97752
2 0,-3 0ds
0.4 4.90920 4.79160 4.90920 4.98733
0.5 4.93670 4.85392 4.93670 4.99120
0.0 4.86154 4.75676 4.47059 4.95431
3 0.4 0f7/ 0.2 4.91032 4.84084 4.64226 4.97065
0.4 4.94917 4.9092 4.79160 4.98345
0.5 4.96463 4.9367 4.85392 4.98850
0.0 4.91089 4.86154 3.20000 4.93793
0.2 4.94254 4.91032 3.35948 4.96007
4 0,-5 0g9/2
0.4 4.96753 4.94917 3.55969 497747
0.5 4.97742 4.96463 3.68198 4.98434
0.0 4.75676 4.47059 4.91089 4.97756
0.2 4.83851 4.58615 4.94243 4.98561
1 l, -2 1p3/2
0.4 4.90714 4.70744 4.96743 4.99189
0.5 4.93519 4.76907 4.97735 4.99437
0.0 4.86154 4.75676 4.86154 4.97231
0.2 4.90991 4.83851 4.90991 4.98223
2 1,-3 1ds
0.4 4.94881 490714 4.94881 4.98999
0.5 4.96437 4.93519 4.96437 4.99305
0.0 4.91089 4.86154 4.75676 4.96498
0.2 4.94243 4.90991 4.83851 4.97752
3 1,-4 1f7/5
0.4 4.96743 4.94881 490714 4.98733
0.5 4.97735 4.96437 4.93519 4.99119
0.0 4.93793 4.91089 4.47059 4.95431
0.2 4.96003 4.94243 4.58615 4.97063
4 1,-5 1g9/2
0.4 4.97743 4.96743 4.70744 4.98344
0.5 4.98431 4.97735 4.76907 4.98849

Table 2. The bound state energy eigenvalues of the Coulomb potential under the spin symmetry limit for several values of n and x
withmg =5.0fm™ !, g=1,h=c=1,T =(0,1,5,10),and Cs = 1.

Ey x>0
I n,Kk>0 Lj=1-1/2 m K>
: (L:J /2) I =0 T—1 T=5 T=10
0.0 475676 4.86154 4.96498 4.98671
0.2 4.84084 491032 4.97752 4.99148
2 0,2 0ds
0.4 4.90920 4.94917 4.98733 4.99521
0.5 4.93670 4.96463 4.99120 4.99667
0.0 4.86154 4.91089 497231 4.98854
0.2 491032 4.94254 4.98224 4.99266
3 0,3 0fs
0.4 4.94917 4.96753 4.98999 4.99587
0.5 4.96463 4.97742 4.99305 4.99713
0.0 4.91089 4.93793 4.97756 4.99001
0.2 4.94254 4.96007 4.98561 4.99360
4 0,4 0g7/2
0.4 4.96753 4.97747 4.99190 4.99640
0.5 4.97742 4.98434 4.99437 4.99750
0.0 4.93793 4.95431 4.98144 4.99122
0.2 4.96007 4.97065 498811 4.99438
5 0,5 Ohg»
0.4 4.97747 4.98345 4.99330 4.99684
0.5 4.98434 4.98850 4.99535 4.99780
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Table 2. (Continued)

. En x>0
l n,k>0 l,j=1-1)2) m =0 ro— s 770
0.0 4.86154 4.91089 4.97231 4.98854
2 1.2 13 0.2 4.90991 4.94243 4.98223 4.99266
0.4 4.94881 4.96743 4.98999 4.99587
0.5 4.96437 4.97735 4.99305 4.99713
0.0 4.91089 4.93793 4.97756 4.99001
3 1.3 1fs)5 0.2 4.94243 4.96003 4.98561 4.99360
0.4 4.96743 4.97743 4.99189 4.99640
0.5 4.97735 4.98431 4.99437 4.99750
0.0 4.93793 4.95431 4.98144 4.99122
4 1.4 1212 0.2 4.96003 4.97063 4.98810 4.99438
0.4 4.97743 4.98344 4.99330 4.99684
0.5 4.98431 4.98849 4.99535 4.99780
0.0 4.95431 4.96498 4.98440 4.99222
5 1.5 Ty, 0.2 4.97063 4.97752 4.99000 4.99502
0.4 4.98344 4.98733 4.99437 4.99720
0.5 4.98849 4.99119 4.99609 4.99805

Table 3. The bound state energy eigenvalues of the Coulomb potential for several states under the spin symmetry limit with my =
50fm™!, g=1,h=c=1,m =(0,0.5),and T = (0,10).

En,K‘<0

l n,k <0 (l,j=1+1)2) Cs T=0 T=0 T=10 T=10
m; =0 m; =0.5 m; =0 m; =0.5
1.00 4.47059 4.85392 4.97231 4.99305
1.25 4.48529 4.85798 4.97308 4.99324
1.50 4.50000 4.86204 4.97385 4.99344
1 0,-2 0p3)2 1.75 4.51471 4.86610 4.97462 4.99363
2.00 4.52941 4.87015 4.97538 4.99382
2.25 4.54412 4.87421 4.97615 4.99401
2.50 4.55882 4.87827 4.97692 4.99421
2.75 4.57353 4.88233 4.97769 4.99440
1.00 4.86154 4.96463 4.95431 4.98850
1.25 4.86538 4.96561 4.95558 4.98882
1.50 4.86923 4.96659 4.95685 4.98914
3 0,4 0f7/ 1.75 4.87308 4.96757 4.95812 4.98946
2.00 4.87692 4.96856 4.95939 4.98978
2.25 4.88077 4.96954 4.96066 4.99010
2.50 4.88462 4.97052 4.96193 4.99042
2.75 4.88846 4.97150 4.96320 4.99074
1.00 4.75676 4.93519 4.97756 4.99437
1.25 476351 4.93699 4.97818 4.99453
1.50 4.77027 4.93879 4.97880 4.99468
1 1,-2 1ps» 1.75 4.77703 4.94059 4.97943 4.99484
2.00 4.78378 4.94239 4.98005 4.99499
2.25 4.79054 4.94419 4.98067 4.99515
2.50 4.79730 4.94599 4.98130 4.99531
2.75 4.80405 4.94779 4.98192 4.99546
1.00 4.91089 4.97735 4.96498 499119
1.25 4.91337 4.97797 4.96595 4.99144
1.50 491584 4.97860 4.96693 4.99168
3 1,4 1f;)5 1.75 491832 4.97923 4.96790 4.99193
2.00 4.92079 4.97986 4.96887 4.99217
2.25 4.92327 4.98049 4.96984 4.99242
2.50 4.92574 498112 4.97082 4.99266
2.75 4.92822 4.98175 4.97179 4.99291
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3.2. Pseudo-spin symmetry case

To avoid the repetition in solving Eq. (9b), we can obtain
the negative energy solution for pseudospin symmetry directly
from the above positive energy solution for spin symmetry us-
ing the parameter mapping!>?!
Fm((r) < GnK(r);

K+1—K;

V(r) = =V(r)(qg — —q);

Epe — —Epx; Cs 5 —Cps. @7

Following the previous results with the above transformations,
we finally arrive at the energy equation

(mocz + Emc) (m002 —Epc+ Cps)
1 q (mOC2 —Epx + Cps) +b (Cps + 27’”002)

n+\/(K+T71/2)2+b(b+q)+l/2
n=0,1,2,...

)

(28)

In the absence of the tensor interaction, i.e. 7 = 0, equation
(28) reduces to Eq. (52) of Ref. [22] when ¢ — 2g. For the
constant mass case, i.e., b = 0, and no tensor interaction, we

have
(moc® + Enic) (moc* — Enie + Cps)
1 | g (moc* — Epc+ Cps) 2
= - 2 n=0,1,2,... (29)
4 n+K
The lower-spinor component of the wave function is
G (r)
— Neférrf/Jrl/ZL’ZlV(zér)
I'(n+2v+1) 4 5 - ~
= N—— e & V2 R (—p, 20 +1,28r), (30
araven © ¢ Fi(en2va 28, G0
where
~ 1
g = (h )2 (mOC2 +EnK) (m06‘2 _EnK+Cps) )
c

: 1?2
v2=<K+T—2) +b(b+q),

and N is the normalization constant calculated in Appendix A.
The upper-spinor wave function can be obtained via

1

Fa (1) = hich
<m062 + e —Eux +Cps)
. V+1/2 x+T
N[ERER AP

—2Nge &1/ 20 (2@)] : 31)
4. Numerical results
In Tables 1-3, we can see that bound states

such as  (npy2,np32),  (ndsja,ndspy),  (nfs,nfy)),

(ng7/2,120/2) ;- (Where each pair is considered as a spin
doublet) in the absence of the tensor potential are degenerate,
but in the presence of the tensor potential the degeneracies
are removed. We also investigate the effects of parameters m;
and Cs on the bound states under the conditions of the spin
symmetry limits for 7 = 0. The results are given in Tables 1—
3. It is readily seen that if parameters m; and Cs increase,
the bound state energy eigenvalues for several states of this
potential increase, and it is shown that the energy eigenval-
ues decrease with decreasing m and increase with increasing
tensor strength 7 for k¥ > 0 and x < 0. The increase in the
energies is slight when strength 7 is large, and small when
strength T is small. In Table 3, for constant values of Cs and
T, the energy increases as m; increases. The decrease in the
energy values is large without the tensor interaction, while
small in the presence of the tensor interaction. Furthermore,
when C; increases, the energy increases.

5. Conclusion

In this paper, the relativistic equation for particles with
spin 1/2 was solved exactly with both spatially-dependent
mass and tensor interaction for attractive scalar and repul-
sive vector Coulomb potentials under the spin symmetry limit.
Some numerical results were also given. The effects of ten-
sor interaction on the bound states were presented (the ten-
sor interaction removes degeneracy between two states in spin
doublets). We also investigated the effects of the spatially-
dependent mass on the bound states under the conditions of
spin symmetry limits for 7 = 0.

Appendix A: The normalization constant of the
radial wave function

Unlike the non-relativistic case, the normalization condi-
tion for the Dirac spinor combines the two individual normal-
ization constants N, in one single integral.[*#! The radial wave
functions are normalized according to formula (24), which
explicitly implies for the two-spinor components fy(r) and
gnx(r) in Eq. (4) that'*¥]

[ (B +g2)Pdr= [ (Bl + i) dr = 1. (A1)
0 0
The upper full radial wave function is

Fuc(r) = NPV ™12 e~ \Fy (—n;2v + 1;2¢r) (A2)

with € and v defined in Egs. (16) and (17b), respectively. Fur-
ther, the lower radial wave function is

Gi(r) = NrV 12 =80 By (—n; 20 + 1;28r) (A3)
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with € and V following Eq. (30). Therefore, inserting relations
(A2) and (A3) into Eq. (A1) gives

r@v+1) \2 7 B >
Nl (2 / 2+ o —2er 1 2V (o d
nll(2v +1 ooz 028 [127 g 2ol
+ (F(n+2v+1 ) O/r L2 (28r)|dr| =1,
(A4)
and we finally obtain
v [(T@+D Snl(2n+2v+1)
B (2e)v+1 C(n+2v+1)
L (T@v+) Znl2n+2v+1)]712 A5)
(2&)v+1 L(n+2V+1)
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