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Exact solutions of the Dirac equation with
Poschl-Teller double-ring-shaped Coulomb potential
via the Nikiforov—Uvarov method
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Exact analytical solutions of the Dirac equation are reported for the Poschl-Teller double-ring-shaped Coulomb po-
tential. The radial, polar, and azimuthal parts of the Dirac equation are solved using the Nikiforov—Uvarov method, and the
exact bound-state energy eigenvalues and corresponding two-component spinor wavefunctions are reported.
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1. Introduction

There has been a continued interest in finding the an-
alytical solutions of the various wave equations of quan-
tum mechanics, including the Dirac, Klein—Gordon, Duffin—
Kemmer—Petiau (DKP), and spinless-Salpeter equations for
various potentials; see Refs. [1]— [29] and references therein.
Such studies are motivated by the phenomenological outcomes
of various potentials in different physical sciences, as well as
the deeper insights provided by the analytical techniques in
comparison with their numerical partners. A primary concern
in such studies is interaction. Radial potentials, despite all
their benefits, cannot account for some of the observations,
such as ring-shaped molecules or deformed nuclei.l?*3!1 A
good candidate for such cases is the Poschl-Teller double-
ring-shaped Coulomb (PTDRSC) potentiall® possessing the
form
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where A,C,D>1;0 >0;B>0; a=1,2,3,... are real posi-
tive parameters. When A =C =D =1 and B =0, the PTDRSC
potential reduces to the Coulomb potential, which is fre-
quently used in many studies. When A = C = D = 1, then the
potential reduces to the so-called Hartmann potential, which
is used in quantum chemistry.3!! When C = D = 1, the PT-
DRSC potential reduces to the double-ring-shaped Coulomb
potential. This potential is noncentral; its axial symmetry and
invariance under reflection make it a highly symmetric sys-
tem. Moreover, the accidental degeneracies in its energy spec-
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trum confirm that it possesses not only a geometrical symme-
try, but also a dynamical symmetry. Indeed, these interest-
ing features and the fact that exact solutions can be obtained
for the quantum mechanical problem warrant a closer study
of the double-ring-shaped oscillator. These potentials provide
a useful theoretical ground for describing the interaction be-
tween the ring-shaped molecules and that between distorted
nuclei. An important aspect of the use of the novel angle-
dependent potential is to study the rotational—vibrational dy-
namics of a diatomic molecule in noncentral potentials.[?4?]
Here, we intend to solve the Dirac equation under this poten-
tial. The structure of this paper is as follows. In Section 2,
we give a brief introduction to the Dirac equation, rewrite it
with scalar and vector PTDRSC potentials, and separate it in
the spherical coordinates. In Section 3, the Nikiforov—Uvarov
(NU) method[?!-32:331 g briefly introduced, and in Section 4,
we solve the radial, polar, and azimuthal parts of the Dirac
equation, respectively. Finally, conclusions are given in Sec-
tion 5.

2. The Dirac equation with scalar and vector po-
tentials

The Dirac equation with scalar potential S(r) and vector
potential V' (r) reads (h = ¢ = )4
[oc-p+BM+S(r)) —iBe-PU(r)]9p(r)
= [E=V(r)]4(r), 2

where E, p = —i1V, and M denote the relativistic energy of
the system, the three-dimensional momentum operator, and
the mass of the fermionic particle, respectively. o and 3 are
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where I is the 2 X 2 unitary matrix, and the spin matrices are

01 0 —i 10
In the Pauli—Dirac representation,
o(r) )
U(r)= . 5
m=( o0 ®
Substituting Eqs. (3)—(5) into Eq. (2) gives

o-px(r)=[E-V(r)-M-Sr)le(r),  (6a)
o-pp(r) =[E—V(r)+M+S(r)]x(r). (6b)

When scalar potential S(7) is equal to vector potential V (r),

equation (6a) becomes

o-px(r)=[E—-M-2V(r)¢(r), (Ta)
x(r) = o). (7b)

Substituting Eq. (7b) into Eq. (7a) yields**
[P +2(E+M)V(r)]o(r) = [E> - M]9(r). ®)

Now, by inserting the PTDRSC potential into Eq. (8), we have

6 1

<—V2+2(Enlm+M){_+r2|:

cos2 0

LD

sin 0

1 a’D(D—-1) a*C(C—1)
+ -2 -2 + 2
r’sin“@ | sin” ¢ cos? o
+M?* — E,%lm) @uim(r) = 0. 9)

To proceed further, let us consider a solution of the form(®!

Unlm(r) Hl(e)
- (singy2 () (10)

(Pnlm (7') =

The separation of variables in Eq. (9) results in
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+m2} ®,(9) =0, (llc)

where [ =0,1,2,...,andm=0,+1,£2,...

3. Nikiforov-Uvarov method

As frequently noted, this mathematical technique solves
the second-order differential equations. Let us consider the
following differential equation:>!-3%33]

o —ops d 1

d? )
R e Fr e ML)
¥ =0. (12)

According to the NU method, the eigenfunctions and eigenen-
ergies are obtained vial?!-32-33]
w(s) = s“2(1 — a3s)*0‘12*06|3/a3

XPygam*lvall/a}*am*l)(l_2a3s)’ (13)

opn—(2n+1)os+ (2n+1)(y/ow + a31/0%)
+nn—1)oz+o7+2008+2\/ogog =0, (14)

where
1 1 2
06425(1—061)7 065=§(052—20‘3)7 o = o5 + 61,
o7 =20405 — &, og=ai+&,
O£9=(X3Ot7+0632,058+0567 oo = 0 + 204 +2+/03,
(0401 =OC2—2065—|—2(\/O£9+063\/OC3), O = 0y ++/0g,

a3 = s — (/oo + az+/03). (15)
In the rather more special case of oz = 0,

o
(0‘10*1,%31*(110*])

o}ffop” (1—2035) = L4 Y(0ys), (16a)
o, M3 )
lim (1—ogs) 27 & = e®3s, (16b)
a3 —0
From Eq. (14), we find
Y = s%2eM3 L %0 (g ). 17)

4. Solutions
4.1. Solution of the radial equation
To obtain the solution of Eq. (11a), we first introduce the
parameters
A, =2(Eym+M)S,
B, =1/4-1
C,=E?, —M>, (18)

nlm

and bring Eq. (11a) into the form

&Uum(r) | (Ar | Br
dni,l«;n()_‘_ <r+}’2+cr) Unlm(r) =0. (19)

By comparing Eq. (19) with Eq. (12), we find

o= =0=0, gl =-Cy, 52:14,«, 53 =—B,,
1

(X4:§7 (Xs:O, a6:§l7 a7:_62,
1

oy =4 +83, 00 =G,
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/1
(X10:1+2 Z+§37 allzz\/élv
apn = lJr\/ l+§
12_2 4 3,

a3 =—+&r, (20)

—Coz? (—Ag+Bg+C A
o 492 +( 6 49 9)Z+79 H;(z) =0. (26)

By comparing Eq. (26) with Eq. (12), we find

1 C
. . . . a1:77a2:17 a3:1,€1:i,
which, from Eq. (14), determine the radial energy eigenvalues 2 4
—Ag+Bg+Co) A
as _ (—Ag +Bg +Cy __“4e
éZ 4 ’ 63 4 )
2 _F2 _ 1 1 1
(2t D)y M> = By = 2(Enim + M)S U=, Gs=—7,0=—-+&, p=—-—-&,
S 4 2 4 4
+24/1*(M*—E;, ) =0, 21 1 1
oy = R+§37 0y = E+51—§2+§3,
or 1
M(4n2 +41 + 412 + 1 — 482+ 4n+ 8nl) a0 =1+24/ 76 +&,
Enlm = 2 2 2 (22)
462+ 1+4l+4n+412+8nl +4n 1 1
From Eq. (17), the radial eigenfunction is found to be o =2+2 (\/16 Ho -G t+Et \/16 + §3> '
1 J1_ 24/ 1-Br 1 1
Upim(r) = r2 TV aBre=V=Grp N30 /_Cr). (23) =7+ 1+
4.2. Solution of the polar equation 1 1 1
polared oc13=—2—<\/16+€1—5z+§3+\/16+é3>.<27>
In this case, we have
d’H(0) Ag Bo . .
Co VH/(0)=0 24 Thus, substituting Eq. (27) into Eq. (14), we find
102 " lcoszg T azg T €0 1(0)=0, (24) g Eq. (27) q. (14)
where 1 B 1 A
W+ (20 +1)/2+ (20 +1) ( 16—49+\/16—4"
Ag = —2(Eyn+MA(A - 1),
Bo = 1/4—2(Eyp +M)B—m?, +n/(n/_1)_1_(_f‘e+w+2<l_f‘9>
2 4 4 16 4
Co=1". (25)
1 Apg 1 By
Using transformation z = cos” 8, we write Eq. (24) as + 2\/(16 N 4) (16 B 4) =0, (28)
d’Hy(z) = (1/2—2z) dH(z) N 1
dz2 2(1—z) dz (z(1—2))2 where
|
1= (1/2) [( 161" + 5+ 161" \/2BE n + 2BM +m2 + 81’/ 1 + 8E A2 — 8E,ymA + 8MA2 — 8MA
X 8\/2BE i + 2BM + m? + 47/ 1 + 8E ;A2 — 8E A + 8MA2 — 8MA + 161 + 8E A% — 8E A + 8MA>
1/2
— 8MA + 8BE,,;,, + 8BM + 4m* + 4\/ (14 8E, ;A% — 8EnA + 8MA2 — 8MA) (2BE,,, + 2BM + mz)} (29)
Substituting Eq. (27) into Eq. (13), we obtain | Cop = m* 31

A B
Hi(6) = (cos0) V16~ (1 —cos? @)+ Vi ¥

(T,

X Py,

1-2cos?0). (30

4.3. Solution of the azimuthal equation
To obtain the solution of Eq. (11c), we first introduce the
parameters
Ap = =2(Epm+M)a?C(C—1),
B¢’ = _Z(Enlm —|—M)(X2D(D— 1)7

to write Eq. (11c) as

d?®,(0)
dg? - <

Ao
cos2 o

By
.2
sin ag

+C¢> Dy (@) =0. (32)

We now apply the transformation z = cos> a.¢ to bring Eq. (32)
into the form for the NU method

d*P,(z) | (1/2-2) d'i’m(Z)Jr 1
dz? z(1—-z) dz (z(1—72))?
—Cypz>  (—Ap+By+C A
x [ oo e r B v Gk m"’z] () =0,(33)
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and the required parameters are

1 C
==, =1, cz=1 =2
1 23 2 ) 3 7&1 4(12’
(—Ag+By+Cy) Ay 1
= _ ' oy = —
52 402 a€3 402’ 4 4’
PR AL N AN
5 27056—4 L 07 =7 2,

1 1
Ots—R-i-&, 069—%4-51—524-53,

0610=1+2\/1i6+<§3,
0611=2+2(\/]+§1—€z+§3+\/1+§3),
16 16
a12=1+\/i+53,
4 16

1 1 1
—— =1/ = — — . (34
5 (\/16+51 §2+§3+\/16+§3) (34)
Thus, substituting Eq. (34) in Eq. (14), we find

a3 =

1 By

" " "
n'+(2n"+1)/24+(2n —|—1)< TR
1 A

16 _4£2> (" 1)

I (A +By+Cp) (1 _ A¢)

4 402 16 402
1 Ay 1 By _
+\/<16‘4az) (16‘4az> =0 (35)
|
_ Unlm(r) H;(e)
(pnlm('r.) r (S1n9)1/2 m(‘p)
— 1 }’%+ %*Br —\/TCrrLZ\/ %7Br(2 g r) 1
r " "7 (sin@)1/2
1 %"r 1 Al

x (1 —cos? 9)%+ 6™

B‘q (cos? au)

and the total wavefunction obtained from Eq. (7b) is

Wnlm(ra 97¢) = ;

X

A
><(cosz()5(j))%+ LT

5. Conclusion

We obtained exact solutions of the radial, polar, and az-
imuthal parts of the Dirac equation for the PTDRSC potential
by using the Nikiforov—Uvarov method. We found that the

AEEE)

16 402 (1 — cos? th))Z

1
1 [réﬂ/ﬁemrlj\/E(z\/—iCrr)] (
[(COSZQ)H lflé_f‘Tg(l—cosze)%+

1 1By
16~ 202 2 T\ 167 152 1
402 (1 —cos” o) 4a op |-
Ejm+M

Using Eq. (35), m is found as

m = (1/2){6 — 8EmD + 160"
+ 81"\/1+ 8D2E,yy, — 8EyymD + 8D2M — 8MD
+ 81" \/1+ 8C2E,py — 8EymC + 8C2M — 8MC
+4\/1+8D2E,y, — 8E D +8D*M — 8MD
+ 47/ 1+ 8C2Eyy — 8EynC + 8C2M — 8MC
+ 161" 4 8C?E i — 8EpimC + 8C*M — 8MC
+ 8D?E, + 8D*M — 8MD +2[1 + 128C2E,;,,D*M
— 128C2EpyMD — 128EnCD*M + 128 E, s CMD

— 8EnC — 8MC — 8E,;,,D — 8MD + 64C°E2, D?
— 64C?E2,,D — 64E2, CD* + 64E2, CD + 64C*M>D?

— 64C*M?D — 64M*CD? + 64M>*CD + 8C?E

+ 8C?M + 8D?Ey, + 8D*M]'/?}1/2D. (36)

Substituting Eq. (34) into Eq. (13), we obtain

11 A 1y /1 B
(COSz(X¢)4 16 40‘2(170052(145)4 16 ™ 402

1A 1B
<2\/ﬁ‘ﬁ72 s
(1

X P,

¢m<¢) =
—2cos>ag). (37)

Therefore, ¢, (r,0,9) is

A
1 —2cos? 0)(cos? 9)%Jr -

) )
Y X <2\/ﬁ*m72 16 52
4a Pn (

1—2cos’ ). (38)

) 1By
1 (2 167 322\ 16 352
P

sin9)1/2""

. A 1 _B
%,ﬁTGP’EZ\/ﬁ@\/ﬁ)(l —2cos? 9)}

>(1 —2cos’ag)

(39)

problem is solved simply without having to deal with any nu-
merical programming. Our solution yields the results for the
Coulomb and Hartmann potentials as special cases and can be

directly applied to the study of deformed nuclei.
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