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In this paper, a sexually transmitted disease model is proposed on complex networks, where contacts between humans
are treated as a scale-free social network. There are three groups in our model, which are dangerous male, non-dangerous
male, and female. By mathematical analysis, we obtain the basic reproduction number for the existence of endemic equi-
librium and study the effects of various immunization schemes about different groups. Furthermore, numerical simulations

are undertaken to verify more conclusions.
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1. Introduction

Recently, the importance of mathematic models on mod-
eling and controlling epidemic diseases has been given a
lot of attention. For devising effective strategies to min-
imize the destruction caused by infectious diseases, many
mathematical models''=3! have been built to both under-
stand the observed mechanisms of infectious diseases and
predict the consequences of the introduction of public
health interventions to control the spread of diseases. The
susceptible—infected—susceptible (SIS) and the susceptible—
infected—recovered/removed (SIR) model are always conve-
nient mathematical models to describe the fundamental mech-
anism of diseases.*! For the SIS model, each individual can
exist in two states: susceptible and infected. At each stage, the
susceptible individual who contacts an infected neighbor will
be infected with rate A. Meanwhile, the infected individuals
may recover and become susceptible individuals with a rate 7.
For the SIR model, once an infected individual recovers, then
the individual will not be infected again.

Traditional models are based on the hypothesis that all
individuals undergo homogeneous random mixing, namely,
all individuals are equally likely to contact each other, and
therefore, if infected, are equally likely to infect susceptible
members of the population, which is rarely observed in real-
ity. Much effort has been made to explore more realistic math-
ematical models for the transmission dynamics of infectious
diseases.>71 In 1999, Barabési and Albert introduced a new
(BA) model of complex networks: scale-free networks.®! In a
scale-free network, the probability of a node which has k link-
ing to other nodes is distributed according to the power law
p(k)=Cf(k)k~" (r € (2,3]), where f (k) is the function of k.
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Many real complex systems have been shown to be scale-free
networks, such as the World Wide Web (WWW). Moreover,
many epidemic diseases occur in communities which also ex-
hibit characteristics consistent with a scale-free network. For
instance, human contact shows scale-free characteristics.!
Then, some epidemic models on scale-free networks come to
birth,[1%-13] which are more realistic.

A sexually transmitted disease model on complex net-
works has been studied by Liu,'3! who believed that the in-
fected rate only related to the number of contacts of an indi-
vidual, which means that an individual who has many neigh-
borhoods is more likely to be infected. However, in many
cases, the infected rate is affected by many other factors.
In particular, for sexually transmitted diseases, an individual
may have many sexual partners, but may contact his neigh-

14151 Furthermore, an individual can contact

bor frequently.!
his sexual partners with or without protection. In this paper,
we propose a sexually transmitted disease model with three
groups, which are dangerous male, non-dangerous male, and
female, in order to describe the spread of sexual disease more
realistically and find effective methods for disease control. A
dangerous male refers to a male who has many sexual contacts
or does not use protection when they have sexual contacts. A
non-dangerous male refers to a male who has few sexual con-
tacts or uses protection when he has a sexual contact.

In Section 2, we describe the epidemic model on a com-
plex network and discuss the existence of equilibria and basic
reproduction numbers. Section 3 is devoted to giving numer-
ical simulations. In Section 4, we discuss and compare the

immunization strategies. In Section 5, we discuss the results.
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2. Model
2.1. Model description

Our model will be proposed in this section. Firstly, the
nodes on our network are divided into three types which are
dangerous male, not dangerous male and female. For each
type of node, they are divided into susceptible individuals and
infected individuals. Then we can draw the transfer diagram,

which is shown in Fig. 1.
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Fig. 1. State-transition rules of the contact process.

The S1m represents susceptible individuals of dangerous
males, while Syy represents susceptible individuals of non-
dangerous males, and susceptible individuals of females are
denoted by Sg. Similarly, I1vm, L, and I represent infected
individuals of dangerous males, infected individuals of non-
dangerous males, and infected individuals of females, respec-
tively.

The meaning for each parameter is given below. At each
time step, a susceptible dangerous male individual is infected
with probability A; and a susceptible non-dangerous male in-
dividual is infected with probability A, if it is connected to an
infected female individual. The probability of a susceptible fe-
male individual being infected is Az if she contacts an infected
dangerous male, and the probability is A4 if she contacts an
infected non-dangerous male. The probability of infected in-
dividuals becoming susceptible individuals is ; for dangerous
males, 7 for non-dangerous males, and Y3 for female individ-
uals. The probability of an infected dangerous male becoming
an infected non-dangerous male is P, and the probability of an
infected non-dangerous male becoming an infected dangerous
male is P». For this susceptible situation, the rate from Syy to
Som is Oy, and the rate from Sy to Sy is Q». The network
we study in this paper is a scale-free network, and we obtain a
model with the transfer diagram from Fig. 1 as follows:

dSimx
% =Nhmxi— llkSlM7k@3 — 01Simk + Q28oMm ks
dSome Y

dr Yl — A2kSon 03 + Q1Simx — Q2Somks
ds

d};]( = ')/3IF,k - )~3kSF,k®1 — )’4kSF,k®27

dlimk

d“:r = MkSimik©3 — nhmx — Pilimk + Pk,
dhm k

” — = AZkS2M7k®3 = Yolbovk +Pilivx — Palomg,
dh

dFtk = A3kSE kO1 + AakSE 1O — Valr i, D

where Siyx denotes the density of susceptible dangerous male
individuals for degree k in the network. The situation is simi-
lar for Som k. Skk» limks fomk» and Ig ;. Furthermore, in order
to facilitate the study of disease spread, it is assumed that the
total densities of nodes which are male and female are fixed,
which implies that

Simi +Samx + ik + v = A,
Sk +HIpr=1-A,

The probability 0 < @1,0,,0; < 1
describes a link pointing to an infected dangerous male, an in-

(©))

where A is a constant.

fected non-dangerous male, and an infected female. Accord-
ing to Refs. [5] and [6], ©1, ®,, and O3 satisfy

0, = <k1>2k11MkP(k)
<17> %kle ip (k) 3
0; = w%kl}:kp( )

where p (k) is the connectivity distribution, and (k) is the av-
erage degree of the network.

2.2. Equilibria and basic reproduction number

Firstly, we can obtain the disease-free equilibrium of
model (1) with the left side of model (1) as zero.

o_( AQZ AQl
01+0,"01+0,’

Note that only the compartments Iin x, Iomk, and Igy are in-

1—A,0,0,0>. @)

volved in the calculation of the so-called basic reproduction
number Ry, which is defined by Diekmann, Heesterbeek, and
Metz.[) According to the concepts of next generation matrix
and solving methods for Ry in Refs. [17] and [18], we can
compute the basic reproduction number for model (1)

R (k*) (1-A)Ax
T\ @) PP Y

where p represents the spectral radius of a matrix. Next we

&)

discuss the existence of the endemic equilibrium. The endemic
equilibrium must satisfy the equilibrium status of Egs. (1) and
(2), then we can derive

A
Simx = o (k71 PO+ 1P, 0 + 117202+ 1P102),

A
Somx = ﬁ(k/ll}’zPl@3+}’2P1Q1 +7n101+nP01),

Y3

Sex = (1=4) k(A301 +400) + 93’
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A
Iy = ﬁk(klllzpz@s +0 Q2 +MP0>

+ A01P2)6%3, (6)
A
Dy = ﬁk(k/ll MP1O3 + 2,011 + AP0 Skk
+ A102P1)653, (7
k (13@1 + l4@2)

Ipy = (I*A)k( ®)

301+ 1460:) + 73’

where

H = [(pP+ 102 +P02+P02) A
+ (P01 +Pyi +P1Q1 +1101) 1] kO3
+(Q1+ Q) (nr+nP+nrP)
+ KM A (P +P) OF.

Based on the expressions (3) and (8), one can obtain

8(0s)
(1-4) k(2301 +1402)
(K Xk"kp %) k(A301 +240,) + 73

(1-A) 2
o Lk (")<1_k<13@1+x4@z>+%>' ®

It is obvious that ®; = 0 is a solution of the self-
consistency equation. ®; (i = 1,2,3) are all equal to zero or
non-zero. Next,

The condition we are interested in is that a nontrivial solution
of the self-consistency equation exists. To allow a nontrivial
solution ® (O € (0, 1]), the inequality must satisfy

dg(6s)

=R>1.
d6s |g_g

At this point, we can have the following theorem: if and only
if Rg > 1, there exists an endemic equilibrium.

3. Numerical simulations and sensitivity analy-
sis

In this section, we perform numerical simulations with
the model (1) to verify our result and some sensitivity analysis
in terms of the model parameters. Our simulations are based
on the BA network.

Firstly, we follow the algorithm developed by Barabasi
and Albert®! to generate a network. Suppose the initial net-
work has 2 nodes. In every step we add 2 nodes into the net-
work. The final network size is N = 1100. The degree distri-
bution p(k) is given in Fig. 2, where p’ (k) = (n —1)p1~ 1k 1
for p =2 and n = 3. From Fig. 2, it can be seen that
p (k) ~ p'(k), which can be calculated to be (k) = 3.9746, and
(k*) = 46.1801.
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Fig. 2. (color online) The degree distribution of network N.

In Fig. 3, the simulations about the solutions are done.
The parameters are taken as A} = 0.17, A, = 0.02, A3 =0.12,
Ay =0.06,71 =0.11,1,=0.12, 3 =0.13, A =4/5, 0; = 0.1,
0, =0.1, P, =0.1, P, = 0.1, and the initial values are
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Fig. 3. (color online) Solutions from a numerical simulation when
Ro = 3.7107. (a) Simulation solutions for the sum of Sy, the
sum of Soyx, and the sum of Sg; with the time series; (b) simu-
lation solutions about the sum of /iy «, the sum of Ly, the sum
of Ir with the time series; (c) the density of the infected nodes is
regarded as a function of k and time.

Simk(0) =0.28, Sim(0) = 0.36, Spx(0) = 0.18, Iim(0) =
0.12, I1mx(0) = 0.04, and g x(0) = 0.02. Then, the reproduc-
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tion number is Rg = 3.7107, and we can see that there is an The density of the infected nodes is regarded as a function
endemic equilibrium when Ro > 1. of time ¢ and parameters A, A2, A3, and A4, which is simulated

In Fig. 4, the parameters and initial values are taken as in Fig. 5, where A1, A2, A3, and A4 vary from O to 0.2, and the
A1 = 0.025, A, = 0.008, A3 = 0.035, 44 = 0.01, y; = 0.11,
$»=0.12,5=0.13, A =4/5,0,=0.1,0, =0.1, P, = 0.1,
P, = 0.1, Simx(0) = 0.12, Som(0) = 0.16, S (0) = 0.08,
Iimi(0) = 0.28, Ivii(0) = 0.24, and Iy (0) = 0.12. Here
Rp = 0.6020 is the reproduction number, and we can see that

other parameters and initial values are the same as Fig. 3. In
Fig. 6, the relationship between the basic reproduction number
Ro and parameters 71, 7>, and 73 is shown. Here, 71, 75, and 13

change from 0 to 0.4, and their critical values are calculated to

the disease dies out. be )/IC =0.187, )/ZC =0.182, and }é: =0.139 for Ry = 1.
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Fig. 4. (color online) Solutions from numerical simulations when Ry = 0.6020. (a) Simulation solutions for the sum of Sy x, the sum of Sy g, and the
sum of Sg with time series; (b) the simulation solutions for the sum of Ijy «, the sum of Iy, and the sum of Ir; with time series; (c) the density of
the infected nodes as a function of k and time.
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Fig. 5. (color online) Density of the infected nodes as a function of time and parameters 4, A, A3, and A4. (a) Simulation result of parameter A;; (b)
simulation result of parameter A;; (c) simulation result of parameter A3; (d) simulation result of parameter A4.
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Fig. 6. (color online) Relationship between the basic reproduction number Ry and parameters ¥, 7>, and 3. (a) Simulation results of Ry and 7;; (b)
simulation results of Ry and 7»; (c) simulation results of Ry and 3.
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4. Effect of vaccination strategies

In this section, we compare the effect of different immu-
nization schemes for different groups in the cases of Barabdsi
and Albert network.

4.1. Proportional immunization

Proportional immunization strategy is the simplest immu-
nization scheme. Fu,['! Pastor-Satorras,?%! and Madar’?!! dis-
cussed it with their model for disease control. Let us use oy,
02, and 03 to denote the immunization rate for Sinvx, Simk.

and Sgy, where k = 1,2,...n. Then the model (1) becomes

% =Ylnvg— A (1—01) kSim 3
= O181mk + D2Somk,

% = phvi— 2 (1 — 02) kSom s
+O151mk — Q252M ks

dil;k = PBlrx — A3 (1 — 03) kS 4Oy
— 24 (1= 03) kSp 40,

% =41 (1 - 01) kSinp®s — Vil
—Pulivg+Pabowg,

% = (1—02) kSom @3 — volomik
+ Pl — P,

d(Iil;k = A3 (1 — 03) kSp k@1 + Aak (1 — 03) Sp 4O,
— Vslg i,

Using the same method introduced in Section 2.2, we then cal-
culate the reproductive number to obtain

7 k2> A)A
(01 +02) ym+Pn/z+Pm)73

where
g2 (1-03) (A3(Q21h (1-01) + P02 (1 - 01)
+ P01 (1—02))+A(0111A (1 —07)
+ P01 A (1—02) + P02 (1 —01))).

Comparing the expressions of Ry and Ry, we can find that
Ry =Ry if 61 =0, 6» =0, and 03 = 0, which means that there
is no immunization; for 0 < o; < 1 (i = 1,2,3), Ry < Ry, that
is, the immunization scheme is effective; if 6y — 1, 0o — 1 or
o3 — 1, then Ry — 0, namely, in the case of a full immuniza-
tion, it would be impossible for the epidemic to spread in the
network.

Figure 7 shows the comparison of immunization for dif-
ferent groups, where the parameters are chosen as A; = 0.09,
A2 = 0.008, A3 = 0.07, A4 = 0.005, v; = 0.11, p» = 0.12,
B = 0.13, A = 4/5, Q1 = 0.1, Q2 = 0.1, P1 = 0.1, and
P, = 0.1. From this figure, one can find that the effects of
immunization for Sim and Sy are better than the effects of
immunization for Som .

4.2. Targeted immunization

Another immunization strategy is targeted immunization.
Ful'” and Pastor-Satorras”®”! have mentioned targeted immu-
nization and found that it is effective. The strategy is to im-
munize the most highly connected nodes, i.e., the ones that
are more likely to spread the disease. For the network, we
introduce lower and upper thresholds ¢ and oy, such that if
k > o, all nodes with connectivity k are immunized, while if
oy <k <o, (0<cp <1)portion will be immunized, and ¢
is defined as the fraction of individuals to be immunized, i.e.,
we define the immunization rate ;4 for different susceptible
groups, Oy x for Sim, 62k for Sim k., and O3 ¢ for Sgy.

1, (k> 062),
8i,k: Ci,kv (al <k§a27 i:17273)7
0, (k<o)
(a)

1.0 1.0

Fig. 7. (color online) The influence of parameters oy, 0>, and 03 on
Ry.
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and §; = Y. 8, p (k) is the average immunization rate. Now the
3

epidemic model (1) becomes

% =Nl — A1 (1= 814) kSin 43
— 0181k + OQ2SoM ks
+Q1Simx — Q2Somik,

di];,k = Blrg— 3 (1 — 834) kSp 4O
— 24 (1= 854) kSp 402,

% =1 (1= 81 4) kS1ma®s — Nlim
—Pilivi + P,
+Pilimi — Polomiks

—Vslpk,

Then, it is easy to calculate the basic reproductive number

(1 —A)A (E1E2+ﬁ3f4)
»B(Q1+Q)nr+Prn+hn)

-

Fo=T

where

K| = %kzp (k)23 (1= 834)
Ky = %kzp (k) (@212 (1= 81 4) + P2 022y (1= 814)

+P01 2 (1-824)),
K3 = %kzp (k) A4 (1= 834)

K4 = );kzp (k) (017122 (1 = 80) + P1Q1 22 (1 — 821
+Pi Q21 (1= 814)).

Note that (k*(1—8;x)) = 5; (k*) + 8/, where & =
{(8ix— &) (K*—(k*))) is the covariance of & and k. If
we let 0; = 6;, then

Iré() < Ro,
which means the targeted immunization scheme is more effi-
cient than the proportional scheme for the same average im-
munization rate.

When we setc; =c;fori=1,2,3, k= 1,2,...,n,Ryasa
function of o, and c; is sketched in Fig. 8 with the parameters
being p =2, 1 =3, n =100, ; =0.09, 4, = 0.008, A3 =
0.07, A4 =0.003, y, =0.11, , = 0.12, 5 = 0.13, A = 4/5,
0,=0.1,0,=0.1, P, =0.1, P, =0.1, and a; = 10 on the
Barabdsi and Albert network with p (k) = (n —1)p" k=1,
One can see from this figure that Ry is an increasing function
of ap but a decreasing function of ¢;. In other words, if ¢; is
large or o is small, more people receive a vaccination, and
consequently the disease can be controlled. Moreover, it can

be seen that the effects of immunization for Sy and Sg are
better than the effects of immunization for Som k.

(@)

100

" 100

~100

00 e

Fig. 8. (color online) The influence of parameters ¢y, ¢z, and c3

with o on ko.

5. Discussion

In a previous work,[!3] the authors also proposed a sexu-
ally transmitted disease model on complex networks, and they
held the idea that the male and the female are in different net-
works, and the model they studied is based on the two BA
networks. However, the disease spread depends on the con-
tact between humans. The contact between humans forms the
network. If the male and the female are in different networks,
it means that they would not contact each other. Furthermore,
we propose our sexually transmitted disease model about com-
mercial sex on complex networks, where contacts between hu-
mans are treated as a scale-free social network. Moreover, dif-
ferently from the other disease model on complex networks,
we believe that the disease spread is not only related to the
degree of the individuals, but also to the different behavior
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of individuals. Thus, in view of different sexual behavior of
males, there are three groups of people in our model, which
are a dangerous male, a non-dangerous male, and a female. A
dangerous male represents a male who has many sexual con-
tacts or does not use protection when they have sexual contact.
A non-dangerous male represents a male who has few sexual
contacts or uses protection when they have sexual contact. A
female refers to the sex workers. Then, the basic reproduc-
tion number Ry for the existence of the endemic equilibrium,
which numerical simulations confirm, is obtained. Finally, the
effects of various immunization schemes for different groups
are studied. Through comparing them, we find that the tar-
geted immunization scheme is more efficient than the propor-
tional scheme for the same average immunization rate, and the
effects of immunization for Sty and Sgy are better than the
effects of immunization for Sy k.
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