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We study the stability analysis and control synthesis of uncertain discrete-time two-dimensional (2D) systems. The
mathematical model of the discrete-time 2D system is established upon the well-known Roesser model, and the uncertainty
phenomenon, which appears typically in practical environments, is modeled by a convex bounded (polytope type) uncertain
domain. The stability analysis and control synthesis of uncertain discrete-time 2D systems are then developed by applying
the Lyapunov stability theory. In the processes of stability analysis and control synthesis, the obtained stability/stabilzaition
conditions become less conservative by applying some novel relaxed techniques. Moreover, the obtained results are for-
mulated in the form of linear matrix inequalities, which can be easily solved via standard numerical software. Finally,
numerical examples are given to demonstrate the effectiveness of the obtained results.
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1. Introduction

A two-dimensional (2D) model system could represent a
wide range of practical systems, such as those in water stream
heating, thermal processes, biomedical imaging, gas absorp-
tion, river pollution modeling, the process of gas filtration, grid
based wireless sensor networks, data processing and trans-
mission, and many others.!:2 Therefore, a considerable in-
terest in stability analysis and control synthesis of 2D systems
has emerged.®—>! Moreover, the 2D system theory is also fre-
quently developed as an analysis tool for new problems, for
example, the problem of H.. control for 2D discrete state delay
systems described by the second Fornasini-Marchesini (FM)
state-space model has been investigated in Ref. [6], and the H..
filtering design for 2D Markovian jump systems has also been
investigated in Ref. [7]. The stability analysis of 2D discrete
systems described by the FM second model with state satura-
tion was studied in Ref. [8]. However, all the above results are
only for linear certain 2D systems. As is well known, most
of the practical 2D systems in the real world belong to uncer-
tain systems, and the above results fail to work when uncertain
parameters affect the systems.

On the other hand, the Lyapunov stability theory has be-
come an efficient tool for dealing with the problem of sta-
bility analysis and control synthesis of usual 1D uncertain
systems.” 2!l Indeed, the earlier results on stability analysis
and control synthesis of uncertain 1D systems are based on the
so-called common quadratic Lyapunov function (CQLF).??]
However, this uses a single Lyapunov matrix for all uncer-
tain sub-models and hence the underlying results are rather
conservative. With the purpose of further reducing the con-
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servatism, the so-called affine parameter-dependent Lyapunov
function (APDLF) was proposed in Ref. [23], and its extension
versions have been developed in Refs. [24]-[29]. It is worth
noting that the information in the Roesser-type discrete-time
2D system propagates along two independent directions and
this fact makes the problem of stability analysis and control
synthesis more complicated than those in the usual 1D uncer-
tain systems. Due to the complexity of mathematical anal-
ysis, there has been little work on the stability analysis and
control synthesis of uncertain Roesser-type discrete-time two-
dimensional systems in the existing literature so far. There-
fore, this problem needs to be further investigated.

Motivated by the above discussion, we investigate the
stability analysis and control synthesis of uncertain Roesser-
type discrete-time two-dimensional systems applying the Lya-
punov stability theory in this paper. The mathematical
model of the discrete-time 2D system is established upon
the well-known Roesser model, and the uncertainty phe-
nomenon, which appears typically in practical environments,
is modeled by a convex bounded (polytope type) uncer-
tain domain. Firstly, linear matrix inequality (LMI) based
stability conditions are proposed by applying a common
quadratic Lyapunov function for the uncertain Roesser-type
discrete-time two-dimensional systems. With the purpose
of further reducing the conservatism, an affine parameter-
dependent Lyapunov function which suits the Roesser-type
discrete-time two-dimensional systems is proposed, and the
relaxed LMI-based stability conditions are obtained. Sec-
ondly, the control synthesis of the uncertain Roesser-type
discrete-time two-dimensional systems is investigated using
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the affine parameter-dependent Lyapunov function. Finally,
numerical examples are given to demonstrate the effectiveness
of the proposed results.

For simplicity, the notations used are fairly standard. For
example, X > 0 (X > 0) means matrix X is symmetric and
positive definite (symmetric and positive semidefinite), and
XT denotes the transpose of X. Symbol I represents an
identity matrix with appropriate dimensions. For a matrix X,
min(X) (max(X) ) means the smallest (largest) eigenvalue
of X. A star * in a symmetric matrix denotes the transposed
element in the symmetric position.

2. System description and preliminaries

Consider a class of uncertain Roesser-type discrete-time
2D systems described by

xt (k1) = A(a)x(k,]) + B(a)u(k,l), (1)
with
_ 2"k 1) 2k +1,0)
(I!(k,l) - |:wv(k7l):| ) :l:+(k,l) - |::13V(k,l+1):| )

where z! is the horizonal state in R™, " is the vertical state in
R, ny and n, are the dimensions of the horizonal and the ver-
tical state vectors, respectively, w is the control input in R"3,
and k, [ are two integers in Z". The coefficient matrices A (cx)
and B(a) are not precisely known, but have the following
structures:
All(a) A (a B'(«a
Ala) = [Azlgag Azzga;] ; Bla)= [Bzgaﬂ 5

with A () € R A2 (o) € RM*™, A%l (o) € R,
A% (a) e R Bl(a) € R, B2 (a) € R, Fur-
thermore, matrices A'l(a), A’ (a), A% (a), A?*(a),
B'(a), and B?(a) belong to a convex bounded (polytope
type) uncertain domain & given by

7= {(A", A" A’ A® B' B*)(a):
(A”,A127A21,A22,B17B2)(a)
.
=Y a(Al' A*, A} A7 B! \B}); ac A}, (2)
i=1
|

where A, is the unit simplex given by
A,:{aeR’:Za,-: 1, 0>0; i= 1,...,r}. 3)
i=1

Moreover, the boundary conditions along two indepen-
dent directions are defined as z"(0,/) = f(I) and z"(k,0) =
g(k), where f(I) and g(k) are the corresponding boundary
conditions along the two independent directions.

Denote Xy = sup{||x(k,/)|| : N = k+1}, then we give
the definition of robust asymptotical stability for an uncertain
Roesser-type discrete-time 2D system (1).

Definition 113!
time 2D system (1) is robust and asymptotically stable if

The uncertain Roesser-type discrete-

. hn/l Xy = 0 with the initial conditions and the boundary
—yo00, [—o0

conditions z"(0,1) = f(I) and x"(k,0) = g(k).

We end this section with a useful lemma.

Lemma 183! For two symmetric matrices P > 0, P, >
0, the inequality AT P, A — P < 0 holds if there exists a ma-
(%)

trix GG such that GA G+GT— P,

> 0.

3. Main results

3.1. Stability analysis of uncertain Roesser-type discrete-
time 2D systems

In this subsection, LMI-based robust stability conditions
for an uncertain Roesser-type discrete-time 2D system (1) with
u(k,l) = 0 are developed by means of the Lyapunov stability
theory. Firstly, LMI-based stability conditions are given by
applying a common quadratic Lyapunov function for the un-
certain Roesser-type discrete-time two-dimensional system.

Theorem 1 The uncertain Roesser-type discrete-time
2D system (1) with u(k,l) = 0 is robust and asymptotically
stable if an appropriate-dimensional matrix P > 0 exists with

P Lok 1 nyxn 2 ny Xn 3 npXn
P[P3 PZ],P e R p- e R?*™ P2 ¢ R
such that the following LMIs hold:

Al AP s 1AM AR] [P s
[AZI A,22:| [P3 PZ] |:A_21 A,22:| o |:P3 P2:| <0, i=12,..n 4)
1 1 1 ]
Al AP PY 1 [ A Al P' P2 o
He(l o1 42| | p3 p2| | 421 A2 -2 P’ p? <0, I<i<j<r ()
13 1 ] ]

Proof Consider the following Lyapunov function for

the uncertain Roesser-type discrete-time 2D system (1):
V(x(k 1)) =o' (k,1) Pa(k,1), (©)

where the Lyapunov matrix P has the form

Pl o«
P:|:P3P2:|

Then, the variation of V (x(k,[)) can be written as
AV (z(k, 1) =z (k,1)(A(a)TPA(a) — P)x(k,1). (7)

From Eq. (7), it can be concluded that AV (x(k,l)) < 0 holds
if

A(a)TPA(a) - P <0. ®)

On the other hand, we have
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A(a)TPA(a

i=1j>i

Thus, if the LMI-based stability conditions (4) and (5)
hold, inequality (8) obviously holds, which guarantees the
robust asymptotical stability of the uncertain Roesser-type
discrete-time 2D system (1). This completes the proof.

Remark 1 In Theorem 1, LMI-based stability condi-
tions for the uncertain Roesser-type discrete-time 2D sys-
tem (1) are developed by means of a common quadratic Lya-
punov function. However, it uses a single Lyapunov matrix P
for all the r sub-models, hence the obtained result is rather
conservative. In the following, a new parameter-dependent
Lyapunov function for the uncertain Roesser-type discrete-
time 2D system (1) will be proposed with the purpose of fur-
ther reducing the conservatism.

Theorem 2 The uncertain Roesser-type discrete-time
2D system (1) with w(k,l) = 0 is robust and asymptotically
stable if appropriate-dimensional matrices exist P; > 0, G;
(ie{1,2,...,r}) with

1
R: |:il’; ;2:| , Pil 6l{l’l]X}’l]7 -Pi2 eanxnz’ 131‘3 eanxnl’

G1 G:
Gi |:G3 G4:| Gl eRn]Xm G2 eRnlxnz G3 Eanxnl
Gl e R
such that the following LMIs hold:
B - 0,i=1,2,. 10
A Gral-p |70 (10
R‘FPj *
T T >0,
GiA+GiA; Gi+G;+G; —|—Gj - P - P;
1<i<j<r (11)
|
P(a) *
G(a)A(a) G(a)+GT(a) — P()
S o
I;oc, [GA G—i—GT }4—;;%0@

Thus, if the LMI-based stability conditions (10) and (11)
hold, inequality (15) obviously holds, which guarantees the
robust asymptotical stability of the uncertain Roesser-type
discrete-time 2D system (1). This completes the proof.

3.2. Control synthesis of uncertain Roesser-type discrete-
time 2D systems

A new state-feedback control law for the uncertain

Roesser-type discrete-time 2D system (1) is proposed as fol-

T
e[ AR L[ A5 )
A2l A? P3 P| | A2 A? P’ p

r=1 All g21Tr pt All Al2 p! p2
"‘}ZZ“!’O‘J' He |:Al21 Al_zz} [P3 Pz] Aél Aé_z _2[P3 Pz} :
i i J J

©))

Proof Consider a new Lyapunov function for the uncer-
tain Roesser-type discrete-time 2D system (1)

V(x(k,1) =" (k1)) P(c)z(k, D),

where the applied Lyapunov matrix P(c) has the form
" P1 *

P Za’B Za’|:P3 P2:|
Firstly, let us check the validity of the affine parameter-
dependent Lyapunov function (12). Notice that if the LMI-
based stability conditions of Theorem 2 hold, it follows from
inequality (10) that P () > 0 always holds, which ensures the

fact that min(P,(h)) > 0 exists. Therefore, we can write

Az (k,Dz(k,1) < V(z(k,1) < Az"(k,Dz(k,1), (13)

where A = min(P(a)) and A = max(P(c)). Thus, inequality
(10) ensures V (x(k,1)) is a candidate Lyapunov function.

12)

Then, the variation of V (x(k,[)) can be written as
AV (@(k,1)) = 2" (k 1)(A(@)"P() A(a) - P(a))
xx(k,1). (14)

From equality (14), it can be concluded that AV (x(k,1)) < 0
holds if

A(a)TP(a)A(a) — P(a) <0.

Using Lemma 1 with A = A(«) and G = G(«), inequality
(15) is ensured by the following inequality:

s)

Pla) y ~0.  (16)
G(a)A(a) G(a)+GT(a) — P(a) '
On the other hand, we have
P+ P, x
T T . a7
GjA,’JrG,'Aj Gi+Gj+Gi +Gj *.Pi*Pj
‘lows:
u(k,l) = FG 'x(k,1), (18)
where F' = [Fl P ] with F; e R™>™M and F, e R»*™ G =
1 2
[23 gz} with G! € R">*m G2 € R, G3 € R,
G* € R"™*™_ Thus, the uncertain Roesser-type discrete-time
2D system (1) has another closed-loop form
xt (k1) = (A(a)+ B(a)FG (k). (19)
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Theorem 3 Under the control of Eq. (18), the uncer-
tain Roesser-type discrete-time 2D system (1) is robust and
asymptotically stable if there exists any given number d € Z+

appropriate-dimensional matrices P, >0 (i=1,...,r), F and
G with
-Pil * 1 nypxnj 2 nyxny 3 nyxny

B: P3P2 7.PlER ,RGR ,RER 5

1 I
F = [Fl Fz] , Fl e R Fy, ¢ R,

1 (32
G = |:g3 g2:| ; Gl c Rnl><nl7 G2 c Rn]><r127 G3 c R’l2><’l17

G4 c Rn2><n2
such that the following LMIs hold:
P, * .
[A,G'—}—IB,F G+GT—P,J >0,i=12,....,r. (20)

Proof Consider a new Lyapunov function for a closed-
loop system (19)

V(z(k,1) =z" (k)G P()G 'w(k,1), (1)

where the Lyapunov matrix P is a positive definite matrix with

the structure

1
P: |:£3 ;2:| , Pl eRanﬂl, P2€Rn2><n27 P3 eanXrH.

Then, the variation of V (x(k,[)) could be written as
AV (z (k1)) = 2" (k,[)(Z"G TP()G™'®
-G "P(a)G Nz (k,1), (22)
where X = A(a) + B(a)FG™.
Now, it is easy to see that the closed-loop system (19) is
asymptotically stable if the following inequality holds:

TG TP(a)G 'Y -G TP(a)G™' <0. (23)

By multiplying left by GT and right by G to inequal-
ity (23), it is easy to verify that the closed-loop system (19)
is asymptotically stable if the following inequality holds:

(A(0)G+B(a)F)'GTP(a)G ' (A(a)G + B(a)F)
—P(a) <0. 24

Using Lemma 1 with A = G~'(A(a)G + B(a)F), a suffi-
cient condition ensuring inequality (24) is
[ P(a) *
A(a)G +B(a)F G+G" - P(a)
On the other hand, reordering the expression of

[ P(a) * }
A(a)G+B(a)F G+G"-P(a) |’

] >0. (25)

we get

P(a) *
[A(a)GJrB(a)F G+G"-P(a) }

~ Y o y (26)

- &7"\|AG+BF G+G'-P | )
From expressions (23)—(26), if the LMI-based stabiliza-
tion condition (20) holds, inequality (23) obviously holds,
which guarantees the robust asymptotical stability of the un-

certain Roesser-type discrete-time 2D system (1). This com-
pletes the proof.

4. Numerical example

Consider the following nonlinear differential equation:1*?!

9%q(x,t) ~dq(x,1) a dq(x,1)

oxor o ox
+agsin®(B)q(x, ) + buc(x,1),

where the initial and the boundary conditions ¢(x,0) = g (x)
and ¢(0,7) = g2(¢), g(x,t) are the variable function, ag,a;,a2,b
are real coefficients, uc(x,7) is the input function, and f3 is an
uncertain value.

First, we establish the state space model for the above
nonlinear differential equation. Let us define

XB(X,Z‘) = # _an(xat)a

XZ(X,[) = C](X,f),

then the following 2D state space model can be easily ob-
tained:

[axg(x,t)/ax] _ {al a1a2+aosinz(ﬁ)} [fc}cl(x7;)}+{g}uc(x,t)

1 ay

daxY(x,1) /0t

where o = sin?() and & = 1 —sin?(B).

The above uncertain Roesser-type 2D system can be dis-
cretized with sampling times 77 and 7, corresponding to vari-
ables x and ¢, respectively. The obtained discrete-time uncer-
tain Roesser-type 2D system is given by

{i:gi,—lk—fl—’ll” = Zzlai (Ai [f;gi:;” —‘v‘Biuc(k’l)) )

i=1

o G | e R e K sl R

where
A — l+a1Ty (a1a2+ao)T)
1= T 1+a D ’
| 1+aTh aiaxTy _ | bh
A2_|: T 1+aT5 |’ Bi=B,= 0 |-
Consider the following parameters: ag = —2, a; = —3,

b=—1,T; =0.3, T, = 0.5, then we can calculate the feasible
parameter intervals by evaluating the feasibility of the associ-
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ated LMI problems with Theorems 1—4 for varying values of
ap . Moreover, the initial conditions and the boundary condi-
tions in this numerical example are set as x"(0,1) = cos(/) for
[ < 50 and x"(k,0) = sin(k) for k < 50; x"(0,1) = —0.15 for
1 > 50 and x"(k,0) = 0.1 for k > 50.

4.1. Stability analysis

With u(s,l) =0, Table 1 shows the parameter feasible in-
tervals of a, in which the uncertain Roesser-type discrete-time
2D system’s asymptotically stability can be ensured by apply-
ing the approaches provided by Theorems 1 and 2 respectively.
From Table 1, it can be seen that Theorem 2 provides a less
conservative result than Theorem 1. Figures 1 and 2 show
the state trajectories of the system state variables x"(k, I) and
xV(k,1) with ay = —2.179, respectively. From Table 1, we can
find that a, = —2.179 is out of the calculated stable region of
Theorem 1 but within that of Theorem 2. The state trajecto-
ries of the system state variables are asymptotically stable, as
shown in Figs. 1 and 2. Therefore, the effectiveness of the
proposed approach given in Theorem 2 is illustrated in the nu-
merical example.

Table 1. Feasible stability parameter intervals of a, via meth-
ods proposed in this paper.

Theorem 2
[—2.179, —0.415]

Method

Interval

Theorem 1
[—2.172, —0.423]

30
o 20

k

Fig. 1. (color online) State trajectory of system state variable
M (k1) with ay = —2.179.

4.2. Control synthesis

From Table 1, we can find that a = —2.60 is out of the
calculated stable regions of both theorems. Indeed, the state
trajectories of the system state variables are not asymptotically
stable, as shown in Figs. 3 and 4.

Let a; = —2.60, the following control matrices can be ob-
tained by solving the LMI-based stabilization condition (20):
_132.3952 4.1180

4.1180 34.3169 |-
Under the control of Eq. (19) with the above matrix parame-
ters, the state trajectories of the system state variables x"(k, 1)
and x"(k,l) with a = —2.60 are shown in Figs. 5 and 6, re-
spectively. The state trajectories of the system state variables

F =[38.8010 234.7276], G

are asymptotically stable, as shown in Figs. 5 and 6. There-
fore, the effectiveness of the proposed approach given in The-
orem 3 is illustrated in the numerical example.

xP(k,1)

Fig. 3. (color online) State trajectory of system state variable
X (k1) with ay = —2.60.

Fig. 4. (color online) State trajectory of system state variable
xV(k,1) with ay = —2.60.

Fig. 2. (color online) State trajectory of the system state variable
xV (k1) with ap = —2.179.

Fig. 5.

(color online) State trajectory of system state variable
x(k,1) with ay = —2.60.
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zV(k,l)

Fig. 6.

(color online) State trajectory of system state variable
xV (k,1) with ay = —2.60.

5. Conclusion

The problem of stability analysis and control synthesis of
uncertain Roesser-type 2D systems has been studied by using
the Lyapunov stability theory. The mathematical model of the
discrete-time 2D system is established upon the well-known
Roesser model, and the uncertainty phenomenon, which ap-
pears typically in practical environments, is modeled by a con-
vex bounded (polytope type) uncertain domain. By applying
the Lyapunov stability theory, LMI-based stability and stabi-
lization conditions of uncertain discrete-time 2D systems are
developed, which can be easily solved via the standard numer-
ical software. In the processes of stability analysis and control
synthesis, the obtained stability/stabilzaition conditions be-
come less conservative by applying some novel relaxed tech-
niques. Finally, numerical examples are given to demonstrate
the effectiveness of the proposed results.
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