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Asymptotic solution of a weak nonlinear model for the mid-latitude
stationary wind field of a two-layer barotropic ocean*
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A weak nonlinear model of a two-layer barotropic ocean with Rayleigh dissipation is built. The analytic asymptotic
solution is derived in the mid-latitude stationary wind field, and the physical meaning of the corresponding problem is

discussed.
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1. Introduction

The variations of the coupled air—sea system have been
widely investigated in recent years.!'””) An unusual atmo-
spheric wind will cause anomalous ocean flow. Many schol-
ars have discussed this phenomenon. Chase et al.l¥! consid-
ered the wind stress-driven sine Sverdrup balance and the first-
order baroclinic Rossby wave as well as its impact on the At-
lantic Ocean. Qiu and Chen! used a wind stress-driven re-
duced gravity model to discuss the dynamic mechanism of
temporal and spatial variations of the sea surface height in the
South Pacific. The effect of mid-latitude surface west wind
stress on the sea flow is anomalous, which means that the mid-
latitudes have the largest wind stress which decays gradually
toward the north and the south. Therefore, wind stress in the
meridional shows nonuniform distribution. In order to over-
come the limitations of a one-dimensional horizontal model,
Lu et all'' and Zhang er al'"'? built a two-dimensional
barotropic quasi-equilibrium ocean linear model under wind
forcing, which involves the Rayleigh friction. The analytic so-
lution is given under the influence of a mid-latitude large-scale
wind field. The results show that, under the force of the west-
erly jet stream, in the upper flow field from the east to west
coast of the ideal ocean, there is a stronger eastward flow in the
westerly forcing, while near the west coast, there are streams
with cyclonic curvature and anti-cyclonic curvature on both
sides of eastward flow.

Recently, many scholars have studied the nonlinear prob-
lems. Many approximate methods have been developed, in-
cluding the boundary layer method, the methods of matched
asymptotic expansion, and the multiple scales.['>~8] Using the
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perturbative and other methods, the authors! 1 also consid-
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ered a series of nonlinear problems. In this paper, we build a
two-dimensional barotropic quasi-equilibrium weak nonlinear
ocean model under wind force, which takes Rayleigh friction
into consideration, and solve its analytic asymptotic solution.

2. Wind field of a two-layer barotropic ocean
model

Consider the following weakly nonlinear model in the ab-
sence of base flow, mass change between two levels, as well
as Rayleigh friction induced by vertical stationary atmospheric

wind stress:110-12]
d(ay P +D
(fO"‘ﬁ)’)Vk_W_.uak(”l_”2):3Fk(”ka"k)a )
d(a; D)+ P
(f0+ﬁY)uk+W+#5k(V1—V2)ZSGk(Mk7Vk)» (2)
Buk ka o
o + Iy 0, 3

where ¢ denotes time; x is the zonal variable; y is the merid-
ional variable; k = 1,2 denotes the up and down level, respec-
tively; uy is the zonal wind speed; vy is the meridional wind
speed; U is the Rayleigh friction factor (here, it is a constant);
fo is the Coriolis parameter at yo (B = (d.f/dy),—y,): Yo is the
center position of the 8 channel; @ is the geopotential height
at which a; = 1, 0 < a; = p1/p2 < 1; p1 and p; are the den-
sity of the up and down level, respectively; tracer coefficients
Oy are defined as 6; = 1 and 6, = —1; €F} and €Gy, are non-
linear perturbation wind stress which are sufficiently smooth
bounded functions; € is a small positive parameter.

In this article, we consider an ideal ocean climate in
middle-high latitude under a stationary wind force, and
PBchannel in the x direction is a semi-infinite space. Let the
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west coast be a rigid wall at (x = 0), and there exists a rigid
wall of the 8 channel at y = yp - M. Thus, the boundary con-
ditions of this model are

T
tlmo = (1) acos 2 (v =yo,vilm0 =0, (4)
u v
Tyk y=yotM = 7; y=yo£tM :O, (5)

where a and M are constants.

3. Perturbative solutions for a weak nonlinear
model

Let
we=Y ue', ve=Y vue', (k=12). (6)
i=0 i=0

Substituting Eq. (6) into Eqs. (1)—(5), expanding nonlinear
terms in €, equating the coefficients of the same powers of
€ and let the coefficient of £° equal zero, we obtain

d(ay P + P
(fo+By)vio — % — 1O (u10 —u20) =0, (7)
d(ay P+ D
(fo+By)uo + (akalyz) + 1 (vio —v20) =0, (8)
8uk0 kao o
ox oy ®
T
thole—0 = (—1)acos 7 (y=y0), Viole=0=0, (10)
8uk0 8vk0
Ty y=yo=M — Ty y=yotm =0 (1)
Based on Eq. (9), we set
oW, oW,
Mk():—T;O, Vko = 8;0’ (k=1,2). (12)

Substituting Eq. (12) into Egs. (7) and (8), we have

8Wk0 8(ak b, + ¢2) an() 3W2(,
(fo+By) e I +#5k< - )

dy dy
=0, (13)
Wi | d(ar P+ P,) Wi W
—0. (14)

Taking the derivation of Eq. (13) with respect to y and Eq. (14)
to x, and then add up them for the two sides, it follows

P dx
Equivalently,

+ [.LSkA(Wl() — Wz()) =0.

Wi
B Jx
W
B ox
From Egs. (15) and (16), we have
9 (Wio +Wa)
B ox

J
ﬁa(Wlo—Wzo)-ﬁ-ZuA(W]o—Wzo) =0. (18)

+ HA(Wig — W) =0, (15)

— ‘UA(Wlo — Wzo) =0. (16)

=0, A7)

Let
[T
Wio — Wao = Xo(x) sm[ﬁ(y—yo)} . (19)
Substituting Eq. (19) into Eq. (18), we have
d2X0 ﬁ dXo T \2
—— — | =— ] Xo=0. 20
a2 T ou dx (337) %o (20)

Obviously, equation (19) has a bounded solution

sr=cronl-(5+ 3 (£)" ()]

where Cy is an arbitrary constant. Substituting the above equa-

tion into Eq. (19), we obtain

=t = Coemp [~ (3 () (57) M

v/
in —(y—0)- 21
xsin 5 (v 0) @

Taking the derivation of Eq. (12) with respective to y, consid-
ering Eq. (12), and substituting x = 0 into Eq. (10), then we
obtain Cyp = —4aM /. Substituting it into Eq. (21), we have

o=t = = Cewp (3 (5) + () M

T
X sin — (y —yo)- 22
s (y=yo0) (22)
Taking the derivation of Eq. (22) with respective to y and x,
respectively, we have

—u10 + U0 = 2aexp [—(4[; +% (ZIL)Z—F (%)z)x}

T
X cos W()’ —Y0), (23)

== e () G))

con (B LB ()
x sin % (y—o)- (24)
From Eq. (17), we obtain
V10 = —V20. (25)

Thus, from Egs. (24) and (25), we have

wo = (- 2 B ()

T \4u 2u
<o (1 + 31/ () + (7))
xsin%(y—yo), (k=1,2). 26)

From Eq. (17), considering the condition (10), we have

u0 +uz0 = 0. 27
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From Eq. (23), we obtain
1 ‘B 2 T2
= 0faesnl - (51 () + (3))
upo = (—1)"aexp 4H+2 2 ) )*
T
—(y— k=1,2). 2
X €OS ZM(y y())v ( ) ) ( 8)
Remark Substituting Eq. (24) into Egs. (7)—(11), we
also derive functions @ and &,. Nevertheless, their consti-
tutions are omitted.
Substituting Eq. (6) into Egs. (1)—(5), expanding nonlin-

ear terms in &, and equating the coefficients of the same pow-
ers of €. Let the coefficients of €'(i = 1,2,...) equal zero. We

obtain
d(ay P + P _
(fot+ By)vii — w — 18w —uz) = Fa,  (29)
d(ayd, + D _
(fo+ By)ui + (akalyz) + U8 (vii —v2i) = Gy, (30)
dug; Iy
3 ay = G1)
duy; OV
ukilx:O:Vki|x=0:aL; y=yotM = av)lj y=yoxm =0, (32)
where
F.= 1 0! F S J S
M) [asi—l k(;”"s ’;V"‘?)L:o’
- 1 0! =
. j
G (i—1)! [ dei= 1Gk<zuk6 kae)L:o’

(k=1,2, i=1,2,...).

These are successively determined functions. From Eq. (31),
we set

IWy IWy,

i = =5 V= (k=1,2). (33)

Substituting Eq. (33) into Egs. (29) and (30), we have

8Wk, d(a; P + D7) oW IWy;
(fo+By)—5 =~ o +u5k( > o )
= Fjq, (34)
8Wk, 8(ak€b1 + @2) an,' 8W2i
~(o+B)5 oy (5~ 0)
= Gy. (35)

We take the derivation of Eq. (34) with respective to y, and
that of Eq. (35) with respective to x. Then, summing the two
resulting equations leads to

8Wk, _ aFki aG_ki
B o + UGAW; —Wai) = PR +—
That is,
IWy; _JdFy; Gy
B a +HA(W11 WZI) = Ty + ax 5 (36)
&Wz,' . aF2i aGZi
ﬁ ax _[,LA(WII - WZl) — Ty ax . (37)
From Egs. (36) and (37), we obtain
IWu+Wo) 9 - - d -
ﬁT —$(F11+F21)+$(G11+G21)7 (38)

d J  _ _
Ba(wli —Wai) + 2uA(Wy; — W) = jy(Fli —Fy)
0, - _
+£(G1i_G2i)- (39
From Egs. (33) and (38), we obtain
0 - _ 0 - -
V1i+V2i:E a*y(Fli—Fin)-Fa(Gli-FGzi) . 40)
Let
Wi — W ” 41
2 = Xi(x)sin oo (v = o). (41)

Substituting Eq. (41) into Eq. (39), we have
dZXi ﬁ dX; T

Ll — (=),
dx?2  2u dx (2M) X
110 - o -~ A
= 5 L3y Fir= B+ 5. (Gu= Gl @)

Obviously, equation (42) has a bounded solution
) = o= (3+ 3 () + () M
+1]T5m@w—a@m

+ 2 (GulE.2) — GulE.2)]

w2 () + () )e-9)
—(—+ =1/ — -&)|d
XeXp[ (4u+2 o) ) Je=2)]ds
where C; is the arbitrary constant. Substituting the above ex-
pression into Eq. (41), we obtain

v - el (518 G

+Hi(x.) ] sin 5 (=30 “3)
where
1 [*rd _
Hiwy) = 3 [ 5 (uEy) - Fu()

+;§(c‘;“(§,y) ~Gai(&)]

xexp{—(lﬁl +% (i)ﬁ (%)2)(%5)} dé.
Taking the derivation of Eq. (48) with respective to y and con-
sidering Eq. (33), we have

salGoo [ (2 (30) + () )

—uyitug = >

JH; T
)] cos 57 (= y0) +5 T sin 2z (v = yo).

2M 2M
Substituting x = 0, and considering the condition (32), we have
C; = 0. Substituting it into the above expression, then we ob-
tain

§(,)] 08 = (3 — y0)

—uytuy = [ M

2M
dH,;

T
+7 sin M (y—yo)- (44)
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From Egq. (38), we have

B+ 5e) =5y [ B B+ G Ga]

Similarly, we have

uy+uz =

é;y/o {jy( Fii(8,y)+ Fu(8,y))

J , - _
+$(G15(§,Y)+G2i(5,)’))}dé- (45)
Thus, according to Eqgs. (44) and (45), we then obtain

1 4 d

wi==55 55 (55 P& +FalE)

12 (GulE.y) + Gl )]

kT o
+(=1) W[H’(x’y)]COSZM(y o)
~1)koH; . :
(2) 5, 5in 27;/[@ o), (k=1,2, i=1,2,...).(46)

Taking the derivation of Eq. (43) with respective to x and con-
sidering Eqgs. (32), (33), and (40), and C; = 0, we have

0 Jd ~ | A
Vki = ﬁ[ (Fii+ F) + a(GliJeri)}
(-1)koH; gin "

7 ox ZM(y Y0),

(k=1,2,i=1.2,..). A7)

Based on Egs. (26), (28), (46), and (47), substituting u; and vy;
into Eq. (6), we obtain perturbative solutions u,pe, and vig,per
for the original problems (1)—(5) as follows:

e = 1ol (G 3 (B) (5 gt

sm—(y yo)} g+ o), (43)

LY+ (G psn o

sin %(y yo)]s"+0(e’"+1). (k=1,2,0<e<1). (49)

Jrgi[zlﬁ;y/x[;y(ﬂl(é y)+Fi(E.y) + aa (Gli(gaY)JrG_zi(é,y))} dé
+(—1)k47;/1[H(x y)]cos%(y Yo) + —21) oH,
2aM /1 B 1 B ﬁ
e = 05 (g3 G+ G e+
+§‘i[2lﬁ[;y(ﬁ1i+ﬁzz) j (Gr-+ G| - 2)
4. Example

Observations show that there is max surface westerly in-
tensity nearby 40° N over the west Pacific Ocean. Thus, we set
the center of 8 channel as 40° N, half width as M = 103 km,
u=3x10"km s and B =1.7536 x 10~ 8km~!.s~1 [12]
For convenience, we set the nonlinear perturbative wind stress
as Fy = e exp(—u?), Gy = 0, geopotential height &; =0 (i =
1,2), and a = 1. Thus, the weak nonlinear maritime climate
model under the atmospheric wind stress (1)—(5) can transform
nto

(fo+1.7536 x 1073y)v — 3 x 1077 8 (ug — u2)
=€f exp(—u%), (50)

(fo+1.7536 x 107 8y)up +3 x 10778 (v —v2) =0, (51)
8uk 8vk

— 4+ ===0 52
ox + dy ’ (52)
ugle=o = (—1)*cos(y—y0), Vilx=0 =0, (53)
8uk 8vk

7y|)’:}*0i106 = Ty|y:y0i]06 =0, (54)

where k = 1,2. Then, let us solve the approximate perturbative
solutions for the model (50)—(54). Let

Ukper = Z ukigia Vkper = Z Vkisia (k = 172)7 (55)
i=0 i=0

Let the coefficient of €° be equal to zero, through substitut-
ing Eq. (55) into Egs. (50)—(54), expanding nonlinear terms in

€, and equating the coefficients of the same powers of €, we

obtain
(fo+1.7536 x 1073y) vk — 3 x 1077 8 (10 — u20) = 0, (56)
(fo+1.7536 x 1073 y)ugo +3 x 1077 8 (vig — vao) = 0, (57)
dury . Ivko
L) 58
o Iy ) (58)
uolx=0 = (—1)*cos(y=y0), violv=0 =0, (59)
8uk0 avko
oy V=105 = oy ly=yo106 =0- (60)

From Eqgs. (26) and (28), the solutions uzy and vi for
Egs. (56)—(60) are

(e (Y () )
e o), (61)

Vko:(_l)kzx;m(1.172536+;\/(12)36> (1()) )

<o~ (1230 T (B 4 () )]

y—)0)- (62)

uro = (—1)*exp

X COS

+

X sin = (
in——
2x103
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Let the coefficient of ! equal to zero. Substituting Eq. (55) duyy + vk -0 (65)
into Egs. (50)-(54), expanding nonlinear terms in &, and dx dy
equating the coefficients of the same powers of €, we obtain

Juyy il
Ut [x=0 = Vi1 =0 = Ty|y:y0:tlo6 = Tyly:yoilof’ =0. (66)

1.7536 x 1078 —3x 10778 (uy; —
(ot % e x (1 =121 From Eqs. (46) and (47), we obtain the solutions uy; and vy
= Bexp(—uy), (63) " for the problem (63)—(66) as
(fO +1.7536 x 10’8y)uk1 —3x 10776]((1/11 —V21) =0, (64)

S| (50 T o) s -

Ugl =
(—1)tmeos s (v = o) _
T 17536 /17536 2?.17(')5336 2 12 {lfeXp[ (1172536+;\/(1ng36)2+(17(§3)2)’€”
60 ( 60 +\/( 60 )‘L(ﬁ))
(1 sin s T (- 30), (©7)
VkiZZIB[(i}(Fli‘f'FZi)"‘ic(G_li"‘Gﬁ)}_(_2]>k %H i 27;/1@ Y0),
s = Tesfexp(ad)] exp (1730 L 1 J(LTRON (A YTy g T ()
I ol (25 () (5 ] i

M 60( 1.7536 N \/(1.7536)2+ (L>2 )

60 60 103

where uy is determined by Egs. (61) and (62).
Thus, from Egs. (55), (61), (62), (67), and (68), we then obtain the first approximate perturbative solutions ugiper and viiper

for the weak nonlinear maritime climate model (48)—(52) under stationary atmospheric wind stress as follows:
% 1.7536 1 1.7536\2 T \2 b1
tetper = (= 1) eXp{_( 20 2 ( 60 ) +(W) )x]c052x103(y—y0)
T ‘ 1.7536 1\/ 1.7536\2 [ 7 \2 n
XSLW[( 1texp |~ ( 20 2 ( 60 ) +(1T)3) )x}coslem(y )|
1.7536 1 1.7536\2 T 2
Xe"p(_[e"p[_< 120 2\/< ) (103) Hcoszx103(y_y°)”

_|_
coxp (17230 1 JTI0Y (2 e sins R0

(~1meos " (v—0) | ,
11,7536 /1.7536 2><1.1705336 2 2 [1eXp{(135()36+;\/(176f)36)2+(17or3)2)x}}
m(<m+¢(6o) +(i5) )
—(—1)k1'765036 in%(y yo)]+0(ez), O<e<1,k=1,2), (69)

= O (03 () + (55))
con[- (17336 1 (M0Y (2 Y sy o0
e s uolexp(- o[- (10 L (E0Y (20 ) sin s E (v

(—1)k1.7157356§2—y0) _ exp[(1.76236+\/(1,76?)36)2+(1753)2)x}

Ca(iEe [ (X))

@—mﬂ+m&x O<e<1,k=12). 70)

><sinL
2% 103
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50N 77

46N1{:

42N

Latitude

38N

34N

30N
180W

174W  168W 162W  156W

Longitude 10

Fig. 1. Numerical solution of (u—v)¢.

Fig. 5. (color online) Perturbative solution of us1per.

According to Egs. (69) and (70), the simulated figures of ap-
proximate perturbative solutions for the weak nonlinear mar-
itime climate model (50)—(54) under stationary atmospheric
wind stress are shown in Figs. 1-6 (¢ =0 and € = 0.5).

5. Physical significance of the asymptotic solu-
tion
The results of the asymptotic solution calculate a strong
flow near the west boundary and fit better with the actual flow

situation. The flow in the upper layers converges to the center
dimensions (40° N) and then moves to the east. The asymp-

50N
46N{}:
Q
2 :
£ 42N
s
=
38N
3aN{fi
30NHE :
180W 174W 168W 162W 156W
Longitude 10
Fig. 2. Numerical solution of (u—v)yg.
1.5 !
1.0 |
0.5 T
0 S
—0.5
1.0
U g _4 g
1’905 10 ,x()
2o -1 o warP
20 Acro®

Fig. 4. (color online) Perturbative solution of vy yper-

Fig. 6. (color online) Perturbative solution of vyper-

totic solutions of the low-layer flow reverse their direction but
have the same size as the upper-layer flow. The asymptotic
solution of the flow are qualitatively consistent with the real
situation, because the asymptotic solution close to the west
boundary is given a strong partial flow. By contrast, the inte-
rior gyres appear much weaker.

6. Summary

The anomalous atmospheric mid-latitude western wind
field will cause anomalous mid-latitude upper layer ocean
flow. This is a complicated natural phenomenon. In order
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to study the nonlinear model for the mid-latitude upper layer
ocean flow, we sometimes need to solve them using the ap-
proximate method. In this paper, the perturbation method is
a simple and valid method. This method differs from general
numerical methods. The obtained analytic solution from the
asymptotic perturbation method can be a continuous analytic
operation. Thus, we can further study relevant physical quan-
tities in a thorough way.
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