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Asymptotic solution of a weak nonlinear model for the mid-latitude
stationary wind field of a two-layer barotropic ocean∗
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A weak nonlinear model of a two-layer barotropic ocean with Rayleigh dissipation is built. The analytic asymptotic
solution is derived in the mid-latitude stationary wind field, and the physical meaning of the corresponding problem is
discussed.
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1. Introduction
The variations of the coupled air–sea system have been

widely investigated in recent years.[1–7] An unusual atmo-
spheric wind will cause anomalous ocean flow. Many schol-
ars have discussed this phenomenon. Chase et al.[8] consid-
ered the wind stress-driven sine Sverdrup balance and the first-
order baroclinic Rossby wave as well as its impact on the At-
lantic Ocean. Qiu and Chen[9] used a wind stress-driven re-
duced gravity model to discuss the dynamic mechanism of
temporal and spatial variations of the sea surface height in the
South Pacific. The effect of mid-latitude surface west wind
stress on the sea flow is anomalous, which means that the mid-
latitudes have the largest wind stress which decays gradually
toward the north and the south. Therefore, wind stress in the
meridional shows nonuniform distribution. In order to over-
come the limitations of a one-dimensional horizontal model,
Lu et al.[10] and Zhang et al.[11,12] built a two-dimensional
barotropic quasi-equilibrium ocean linear model under wind
forcing, which involves the Rayleigh friction. The analytic so-
lution is given under the influence of a mid-latitude large-scale
wind field. The results show that, under the force of the west-
erly jet stream, in the upper flow field from the east to west
coast of the ideal ocean, there is a stronger eastward flow in the
westerly forcing, while near the west coast, there are streams
with cyclonic curvature and anti-cyclonic curvature on both
sides of eastward flow.

Recently, many scholars have studied the nonlinear prob-
lems. Many approximate methods have been developed, in-
cluding the boundary layer method, the methods of matched
asymptotic expansion, and the multiple scales.[13–18] Using the
perturbative and other methods, the authors[19–24] also consid-

ered a series of nonlinear problems. In this paper, we build a
two-dimensional barotropic quasi-equilibrium weak nonlinear
ocean model under wind force, which takes Rayleigh friction
into consideration, and solve its analytic asymptotic solution.

2. Wind field of a two-layer barotropic ocean
model
Consider the following weakly nonlinear model in the ab-

sence of base flow, mass change between two levels, as well
as Rayleigh friction induced by vertical stationary atmospheric
wind stress:[10–12]

( f0+βy)vk−
∂ (akΦ1+Φ2)

∂x
−µδk(u1−u2)=εFk(uk,vk), (1)

( f0+βy)uk+
∂ (akΦ1+Φ2)

∂y
+µδk(v1−v2)=εGk(uk,vk), (2)

∂uk

∂x
+

∂vk

∂y
= 0, (3)

where t denotes time; x is the zonal variable; y is the merid-
ional variable; k = 1,2 denotes the up and down level, respec-
tively; uk is the zonal wind speed; vk is the meridional wind
speed; µ is the Rayleigh friction factor (here, it is a constant);
f0 is the Coriolis parameter at y0 (β = (∂ f/∂y)y=y0); y0 is the
center position of the β channel; Φ is the geopotential height
at which a1 = 1, 0 < a2 = ρ1/ρ2 < 1; ρ1 and ρ2 are the den-
sity of the up and down level, respectively; tracer coefficients
δk are defined as δ1 = 1 and δ2 = −1; εFk and εGk are non-
linear perturbation wind stress which are sufficiently smooth
bounded functions; ε is a small positive parameter.

In this article, we consider an ideal ocean climate in
middle-high latitude under a stationary wind force, and
βchannel in the x direction is a semi-infinite space. Let the
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west coast be a rigid wall at (x = 0), and there exists a rigid
wall of the β channel at y = y0±M. Thus, the boundary con-
ditions of this model are

uk|x=0 = (−1)kacos
π

2M
(y− y0,vk|x=0 = 0, (4)

∂uk

∂y

∣∣∣ y=y0±M =
∂vk

∂y

∣∣∣ y=y0±M =0, (5)

where a and M are constants.

3. Perturbative solutions for a weak nonlinear
model
Let

uk =
∞

∑
i=0

ukiε
i, vk =

∞

∑
i=0

vkiε
i, (k = 1,2). (6)

Substituting Eq. (6) into Eqs. (1)–(5), expanding nonlinear
terms in ε , equating the coefficients of the same powers of
ε and let the coefficient of ε0 equal zero, we obtain

( f0 +βy)vk0−
∂ (akΦ1 +Φ2)

∂x
−µδk(u10−u20) = 0, (7)

( f0 +βy)uk0 +
∂ (akΦ1 +Φ2)

∂y
+µδk(v10− v20) = 0, (8)

∂uk0

∂x
+

∂vk0

∂y
= 0, (9)

uk0|x=0 = (−1)kacos
π

2M
(y− y0), vk0|x=0 = 0, (10)

∂uk0

∂y

∣∣∣ y=y0±M =
∂vk0

∂y

∣∣∣ y=y0±M =0. (11)

Based on Eq. (9), we set

uk0 =−
∂Wk0

∂y
, vk0 =

∂Wk0

∂x
, (k = 1,2). (12)

Substituting Eq. (12) into Eqs. (7) and (8), we have

( f0 +βy)
∂Wk0

∂x
− ∂ (akΦ1 +Φ2)

∂x
+µδk

(
∂W10

∂y
− ∂W2o

∂y

)
= 0, (13)

−( f0 +βy)
∂Wk0

∂y
+

∂ (akΦ1 +Φ2)

∂y
+µδk

(
∂W10

∂x
− ∂W20

∂x

)
= 0. (14)

Taking the derivation of Eq. (13) with respect to y and Eq. (14)
to x, and then add up them for the two sides, it follows

β
∂Wk0

∂x
+µδk∆(W10−W20) = 0.

Equivalently,

β
∂W10

∂x
+µ∆(W10−W20) = 0, (15)

β
∂W20

∂x
−µ∆(W10−W20) = 0. (16)

From Eqs. (15) and (16), we have

β
∂ (W10 +W20)

∂x
= 0, (17)

β
∂

∂x
(W10−W20)+2µ∆(W10−W20) = 0. (18)

Let

W10−W20 = X0(x)sin
[

π

2M
(y− y0)

]
. (19)

Substituting Eq. (19) into Eq. (18), we have

d2X0

dx2 +
β

2µ

dX0

dx
−
(

π

2M

)2
X0 = 0. (20)

Obviously, equation (19) has a bounded solution

X0(x) =C0 exp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]
,

where C0 is an arbitrary constant. Substituting the above equa-
tion into Eq. (19), we obtain

W10−W20 = C0 exp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

×sin
π

2M
(y− y0). (21)

Taking the derivation of Eq. (12) with respective to y, consid-
ering Eq. (12), and substituting x = 0 into Eq. (10), then we
obtain C0 =−4aM/π . Substituting it into Eq. (21), we have

W10−W20 = −4aM
π

exp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

×sin
π

2M
(y− y0). (22)

Taking the derivation of Eq. (22) with respective to y and x,
respectively, we have

−u10 +u20 = 2aexp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

× cos
π

2M
(y− y0), (23)

v20 = v10−
4aM

π

(
β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
× exp

[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

× sin
π

2M
(y− y0). (24)

From Eq. (17), we obtain

v10 =−v20. (25)

Thus, from Eqs. (24) and (25), we have

vk0 = (−1)k+1 2aM
π

(
β

4µ
+

1
2

√
(

β

2µ
)2 +(

π

M
)2
)

×exp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

×sin
π

2M
(y− y0), (k = 1,2). (26)

From Eq. (17), considering the condition (10), we have

u10 +u20 = 0. (27)

030205-2



Chin. Phys. B Vol. 22, No. 3 (2013) 030205

From Eq. (23), we obtain

uk0 = (−1)kaexp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

×cos
π

2M
(y− y0), (k = 1,2). (28)

Remark Substituting Eq. (24) into Eqs. (7)–(11), we
also derive functions Φ1 and Φ2. Nevertheless, their consti-
tutions are omitted.

Substituting Eq. (6) into Eqs. (1)–(5), expanding nonlin-
ear terms in ε , and equating the coefficients of the same pow-
ers of ε . Let the coefficients of ε i(i = 1,2, . . .) equal zero. We
obtain

( f0 +βy)vki−
∂ (akΦ1 +Φ2)

∂x
−µδk(u1i−u2i) = F̄ki, (29)

( f0 +βy)uki +
∂ (akΦ1 +Φ2)

∂y
+µδk(v1i− v2i) = Ḡki, (30)

∂uki

∂x
+

∂vki

∂y
= 0, (31)

uki|x=0 = vki|x=0 =
∂uki

∂y

∣∣∣ y=y0±M =
∂vki

∂y

∣∣∣ y=y0±M =0, (32)

where

F̄ki =
1

(i−1)!

[
∂ i−1

∂ε i−1 Fk

( ∞

∑
j=0

ukε
j,

∞

∑
j=0

vkε

)]
ε=0

,

Ḡki =
1

(i−1)!

[
∂ i−1

∂ε i−1 Gk

( ∞

∑
j=0

ukε
j,

∞

∑
j=0

vkε

)]
ε=0

,

(k = 1,2, i = 1,2, . . .).

These are successively determined functions. From Eq. (31),
we set

uki =−
∂Wki

∂y
, vk0 =

∂Wki

∂x
, (k = 1,2). (33)

Substituting Eq. (33) into Eqs. (29) and (30), we have

( f0 +βy)
∂Wki

∂x
− ∂ (akΦ1 +Φ2)

∂x
+µδk

(
∂W1i

∂y
− ∂W2i

∂y

)
= F̄ki, (34)

−( f0 +βy)
∂Wki

∂y
+

∂ (akΦ1 +Φ2)

∂y
+µδk

(
∂W1i

∂x
− ∂W2i

∂x

)
= Ḡki. (35)

We take the derivation of Eq. (34) with respective to y, and
that of Eq. (35) with respective to x. Then, summing the two
resulting equations leads to

β
∂Wki

∂x
+µδk∆(W1i−W2i) =

∂ F̄ki

∂y
+

∂ Ḡki

∂x
.

That is,

β
∂W1i

∂x
+µ∆(W1i−W2i) =

∂ F̄1i

∂y
+

∂ Ḡ1i

∂x
, (36)

β
∂W2i

∂x
−µ∆(W1i−W2i) =

∂ F̄2i

∂y
+

∂ Ḡ2i

∂x
. (37)

From Eqs. (36) and (37), we obtain

β
∂ (W1i +W2i)

∂x
=

∂

∂y
(F̄1i + F̄2i)+

∂

∂x
(Ḡ1i + Ḡ2i), (38)

β
∂

∂x
(W1i−W2i)+2µ∆(W1i−W2i) =

∂

∂y
(F̄1i− F̄2i)

+
∂

∂x
(Ḡ1i− Ḡ2i). (39)

From Eqs. (33) and (38), we obtain

v1i + v2i =
1
β

[
∂

∂y
(F̄1i + F̄2i)+

∂

∂x
(Ḡ1i + Ḡ2i)

]
. (40)

Let

W1i−W2i = Xi(x)sin
π

2M
(y− y0). (41)

Substituting Eq. (41) into Eq. (39), we have

d2Xi

dx2 +
β

2µ

dXi

dx
− (

π

2M
)2Xi

=
1

2µ

[
∂

∂y
(F̄1i− F̄2i)+

∂

∂x
(Ḡ1i− Ḡ2i)

]
. (42)

Obviously, equation (42) has a bounded solution

Xi(x) = Ci exp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

+
1

2µ

∫ x

0

[
∂

∂y
(F̄1i(ξ ,y)− F̄2i(ξ ,y))

+
∂

∂ξ
(Ḡ1i(ξ ,y)− Ḡ2i(ξ ,y))

]
×exp

[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
(x−ξ )

]
dξ ,

where Ci is the arbitrary constant. Substituting the above ex-
pression into Eq. (41), we obtain

W1i−W2i =
[
Ci exp

[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

+Hi(x,y)
]

sin
π

2M
(y− y0), (43)

where

Hi(x,y) =
1

2µ

∫ x

0

[
∂

∂y
(F̄1i(ξ ,y)− F̄2i(ξ ,y))

+
∂

∂ξ
(Ḡ1i(ξ ,y)− Ḡ2i(ξ ,y))

]
×exp

[
−( β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2
)(x−ξ )

]
dξ .

Taking the derivation of Eq. (48) with respective to y and con-
sidering Eq. (33), we have

−u1i+u2i =
π

2M

[
Ci exp

[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

+Hi(x,y)
]

cos
π

2M
(y− y0)+

∂Hi

∂y
sin

π

2M
(y− y0).

Substituting x= 0, and considering the condition (32), we have
Ci = 0. Substituting it into the above expression, then we ob-
tain

−u1i +u2i =
π

2M
[Hi(x,y)]cos

π

2M
(y− y0)

+
∂Hi

∂y
sin

π

2M
(y− y0). (44)
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From Eq. (38), we have

β

(
∂u1i

∂x
+

∂u2i

∂x

)
=− ∂

∂y

[
∂

∂y
(F̄1i + F̄2i)+

∂

∂x
(Ḡ1i + Ḡ2i)

]
.

Similarly, we have

u1i +u2i = −
1
β

∂

∂y

∫ x

0

[
∂

∂y

(
F̄1i(ξ ,y)+ F̄2i(ξ ,y)

)
+

∂

∂x

(
Ḡ1i(ξ ,y)+ Ḡ2i(ξ ,y)

)]
dξ . (45)

Thus, according to Eqs. (44) and (45), we then obtain

uki =−
1

2β

∂

∂y

∫ x

0

[
∂

∂y
(F̄1i(ξ ,y)+F̄2i(ξ ,y))

+
∂

∂x
(Ḡ1i(ξ ,y)+ Ḡ2i(ξ ,y))

]
dξ

+(−1)k π

4M
[Hi(x,y)]cos

π

2M
(y− y0)

+
(−1)k

2
∂Hi

∂y
sin

π

2M
(y−y0), (k=1,2, i=1,2, . . .).(46)

Taking the derivation of Eq. (43) with respective to x and con-
sidering Eqs. (32), (33), and (40), and Ci = 0, we have

vki =
1

2β

[
∂

∂y
(F̄1i + F̄2i)+

∂

∂x
(Ḡ1i + Ḡ2i)

]
− (−1)k

2
∂Hi

∂x
sin

π

2M
(y− y0),

(k = 1,2, i = 1,2, . . .). (47)

Based on Eqs. (26), (28), (46), and (47), substituting uk and vki

into Eq. (6), we obtain perturbative solutions ukmper and vkmper

for the original problems (1)–(5) as follows:

ukmper = (−1)kaexp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

cos
π

2M
(y− y0)

+
m

∑
i=1

[
− 1

2β

∂

∂y

∫ x

0

[
∂

∂y
(F̄1i(ξ ,y)+ F̄2i(ξ ,y))+

∂

∂x
(Ḡ1i(ξ ,y)+ Ḡ2i(ξ ,y))

]
dξ

+(−1)k π

4M
[Hi(x,y)]cos

π

2M
(y− y0)+

(−1)k

2
∂Hi

∂y
sin

π

2M
(y− y0)

]
ε

i +O(εm+1), (48)

vkmper = (−1)k 2aM
π

(
β

4µ
+

1
2

√
(

β

2µ
)2 +(

π

M
)2
)

exp
[
−
(

β

4µ
+

1
2

√(
β

2µ

)2
+
(

π

M

)2)
x
]

sin
π

2M
(y− y0)

+
m

∑
i=1

[ 1
2β

[
∂

∂y
(F̄1i + F̄2i)+

∂

∂x
(Ḡ1i + Ḡ2i)

]
− (−1)k

2
∂Hi

∂x
sin

π

2M
(y− y0)

]
ε

i +O(εm+1). (k = 1,2, 0 < ε � 1). (49)

4. Example

Observations show that there is max surface westerly in-
tensity nearby 40◦ N over the west Pacific Ocean. Thus, we set
the center of β channel as 40◦ N, half width as M = 103 km,
µ = 3×10−7 km−1·s−1 and β = 1.7536×10−8km−1·s−1.[12]

For convenience, we set the nonlinear perturbative wind stress
as Fk = εβ exp(−u2

k), Gk = 0, geopotential height Φi = 0 (i =
1,2), and a = 1. Thus, the weak nonlinear maritime climate
model under the atmospheric wind stress (1)–(5) can transform
into

( f0 +1.7536×10−8y)vk−3×10−7
δk(u1−u2)

= εβ exp(−u2
k), (50)

( f0 +1.7536×10−8y)uk +3×10−7
δk(v1− v2) = 0, (51)

∂uk

∂x
+

∂vk

∂y
= 0, (52)

uk|x=0 = (−1)k cos(y− y0), vk|x=0 = 0, (53)
∂uk

∂y
|y=y0±106 =

∂vk

∂y
|y=y0±106 =0, (54)

where k = 1,2. Then, let us solve the approximate perturbative
solutions for the model (50)–(54). Let

ukper =
∞

∑
i=0

ukiε
i, vkper =

∞

∑
i=0

vkiε
i, (k = 1,2), (55)

Let the coefficient of ε0 be equal to zero, through substitut-

ing Eq. (55) into Eqs. (50)–(54), expanding nonlinear terms in

ε , and equating the coefficients of the same powers of ε , we

obtain

( f0 +1.7536×10−8y)vk0−3×10−7
δk(u10−u20) = 0, (56)

( f0 +1.7536×10−8y)uk0 +3×10−7
δk(v10− v20) = 0, (57)

∂uk0

∂x
+

∂vk0

∂y
= 0, (58)

uk0|x=0 = (−1)k cos(y− y0), vk0|x=0 = 0, (59)
∂uk0

∂y
|y=y0±105 =

∂vk0

∂y
|y=y0±106 =0. (60)

From Eqs. (26) and (28), the solutions uk0 and vk0 for

Eqs. (56)–(60) are

uk0 = (−1)k exp
[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2)
x
]

× cos
π

2×103 (y− y0), (61)

vk0 = (−1)k 2×103

π

(1.7536
120

+
1
2

√(1.7536
60

)2
+
(

π

103

)2)
× exp

[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2)
x
]

× sin
π

2×103 (y− y0). (62)
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Let the coefficient of ε1 equal to zero. Substituting Eq. (55)
into Eqs. (50)–(54), expanding nonlinear terms in ε , and
equating the coefficients of the same powers of ε , we obtain

( f0 +1.7536×10−8y)vk1−3×10−7
δk(u11−u21)

= β exp(−u2
k0), (63)

( f0 +1.7536×10−8y)uk1−3×10−7
δk(v11− v21) = 0, (64)

∂uk1

∂x
+

∂vk1

∂y
= 0, (65)

uk1|x=0 = vk1|x=0 =
∂uk1

∂y
|y=y0±106 =

∂vk1

∂y
|y=y0±106 =0. (66)

From Eqs. (46) and (47), we obtain the solutions uk1 and vk1

for the problem (63)–(66) as

uk1 =
π

103 uk0 exp(−u2
k0)exp

[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+(

π

103

)2)
x
]

sin
π

2×103 (y− y0)

−
(−1)kπ cos

π

2×103 (y− y0)

1.7536
60

(1.7536
60

+

√(1.7536
60

)2
+
(

π

103

)2 )[1− exp
[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2)
x
]]

− (−1)k 1.7536
60

sin
π

2×103 (y− y0), (67)

vki =
1

2β

[
∂

∂y
(F̄1i + F̄2i)+

∂

∂x
(Ḡ1i + Ḡ2i)

]
− (−1)k

2
∂Hi

∂x
sin

π

2M
(y− y0),

vk1 =
π

103 uk0[exp(−u2
k0)]× exp

[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

sin
π

2×103 (y− y0)

+
(−1)k1.7536(y− y0)

60
(1.7536

60
+

√(1.7536
60

)2
+
(

π

103

)2 ) exp
[
−
(1.7536

60
+

√(1.7536
60

)2
+
(

π

103

)2 )
x
]
× sin

π

2×103 (y− y0), (68)

where uk0 is determined by Eqs. (61) and (62).
Thus, from Eqs. (55), (61), (62), (67), and (68), we then obtain the first approximate perturbative solutions uk1per and vk1per

for the weak nonlinear maritime climate model (48)–(52) under stationary atmospheric wind stress as follows:

uk1per = (−1)k exp
[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2)
x
]

cos
π

2×103 (y− y0)

× ε

[
π

103

[
(−1)k exp

[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

cos
π

2×103 (y− y0)
]

× exp
(
−
[
exp
[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

cos
π

2×103 (y− y0)
]2)

× exp
[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

sin
π

2×103 (y− y0)

−
(−1)kπ cos

π

2×103 (y− y0)

1.7536
60

(1.7536
60

+

√(1.7536
60

)2
+
(

π

103

)2)[1− exp
[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]]

− (−1)k 1.7536
60

sin
π

2M
(y− y0)

]
+O(ε2), (0 < ε � 1, k = 1,2), (69)

vk1per = (−1)k 2×103

π

(1.7536
120

+
1
2

√(1.7536
60

)2
+
(

π

103

)2)
× exp

[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

sin
π

2×103 (y− y0)

+ ε

[
π

103 uk0[exp(−u2
k0)]× exp

[
−
(1.7536

120
+

1
2

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

sin
π

2×103 (y− y0)

+
(−1)k1.7536(y− y0)

60
(1.7536

60
+

√(1.7536
60

)2
+
(

π

103

)2 ) exp
[
−
(1.7536

60
+

√(1.7536
60

)2
+
(

π

103

)2 )
x
]

× sin
π

2×103 (y− y0)

]
+O(ε2), (0 < ε � 1, k = 1,2). (70)
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Fig. 1. Numerical solution of (u–v)10. Fig. 2. Numerical solution of (u–v)20.
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Fig. 3. (color online) Perturbative solution of u11per. Fig. 4. (color online) Perturbative solution of v11per.
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Fig. 5. (color online) Perturbative solution of u21per. Fig. 6. (color online) Perturbative solution of v21per.

According to Eqs. (69) and (70), the simulated figures of ap-
proximate perturbative solutions for the weak nonlinear mar-
itime climate model (50)–(54) under stationary atmospheric
wind stress are shown in Figs. 1–6 (ε = 0 and ε = 0.5).

5. Physical significance of the asymptotic solu-
tion
The results of the asymptotic solution calculate a strong

flow near the west boundary and fit better with the actual flow
situation. The flow in the upper layers converges to the center
dimensions (40◦ N) and then moves to the east. The asymp-

totic solutions of the low-layer flow reverse their direction but
have the same size as the upper-layer flow. The asymptotic
solution of the flow are qualitatively consistent with the real
situation, because the asymptotic solution close to the west
boundary is given a strong partial flow. By contrast, the inte-
rior gyres appear much weaker.

6. Summary
The anomalous atmospheric mid-latitude western wind

field will cause anomalous mid-latitude upper layer ocean
flow. This is a complicated natural phenomenon. In order
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to study the nonlinear model for the mid-latitude upper layer
ocean flow, we sometimes need to solve them using the ap-
proximate method. In this paper, the perturbation method is
a simple and valid method. This method differs from general
numerical methods. The obtained analytic solution from the
asymptotic perturbation method can be a continuous analytic
operation. Thus, we can further study relevant physical quan-
tities in a thorough way.
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