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Two new discrete integrable systems
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In this paper, we focus on the construction of new (1+1)-dimensional discrete integrable systems according to a

subalgebra of loop algebra Aj.

By designing two new (1+1)-dimensional discrete spectral problems, two new discrete

integrable systems are obtained, namely, a 2-field lattice hierarchy and a 3-field lattice hierarchy. When deriving the two
new discrete integrable systems, we find the generalized relativistic Toda lattice hierarchy and the generalized modified
Toda lattice hierarchy. Moreover, we also obtain the Hamiltonian structures of the two lattice hierarchies by means of the

discrete trace identity.
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1. Introduction

It is well known that an important and attractive topic in
the soliton theory is the search for as many new integrable sys-
tems as possible. The discrete integrable systems have many
applications in various scientific contexts ranging from math-
ematical physics, numerical analysis to quantum physics, as
well as statistical physics.!'#! Searching for new discrete in-
tegrable systems is of course very meaningful. Many dis-
crete integrable systems have been presented and studied, such
as the Toda lattice,"~7! which possesses many beautiful in-
tegrable properties, the Volterra lattice,!"-8! and the discrete
Kadomtsev—Petviashvili (KP) lattice.’]

vides a powerful method for generating discrete integrable

The Tu scheme pro-

Hamiltonian systems of soliton equations in the frame of the
discrete zero curvature equation.’! Following this technique,
some discrete integrable systems with Significance in physics
have been established and investigated,!'%'°! and the Hamilto-
nian structures of the discrete integrable systems can be con-
structed by the discrete trace identity. The key step of using
Tu scheme is to design proper spectral problems. Construct-
ing subalgebras of loop algebras, which is presented by Guo
and Zhang,'! is a simple and efficient method for designing
proper spectral problems and generating integrable systems.

In this paper, we consider two (1+1)-dimensional discrete
spectral problems:

E@y = Uy (up,A) @, A =0,
0 A
Un(un;l): (_rnl Az—Pn)’ (1)

and

Egp, = Un(uml)q)n; 24 =0,

fCorresponding author. E-mail: xhchspring@163.com
© 2013 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/22/3/030203

A%+ pn quh
Un(un,l)=< o ) @)

where u, is a potential function, A is a spectral parameter, and
E is a shift operator defined as follows:

Ef(n7t) :f(l’l+ lat) :fthla
E~'f(n,t)=f(n—1,1) = fu1, (n€Z,1 €R).

To the best of our knowledge, the above discrete spectral prob-
lems are new. By using the Tu scheme, we obtain the new
(1+1)-dimensional discrete integrable systems and the Hamil-
tonian structures.

2. A new discrete integrable system

Loop algebra A; with the following basis is frequently
used to construct the discrete spectral problems by the Tu
scheme.

[e1(m),es(n)] =0, [e3(m),es(n)] = —e3(m+n)
[e1(m),ex(n)] = e2(m+n),

le1(m), e3(n)] = —e3(m+n),

[e2(m), e3(n)] = e1(m+n) — es(m+n)

[e2(m), e4(n)] = es(m+n),

degle;(n)]=n, (i=1,2,3,4)

In this paper, we choose the subalgebra of A; as

e = (% 0). et = (5% ).
e3(n) = <12(3+1 8>, e4(n) = (8 ;L(;n)a
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[e3(m),eq(n)] = —e3(m+n),

Consider the discrete spectral problem (1)
E(Pn = Un(un7)~)(pona a't =0,

Uity = (3 32",
=e4(1)+e2(0) — ryes(0) — pres(0).

a, byA
= (cnl an>

= aye|(0) +b,ez(0) +ce3(0) — ayes(0),

Let

where
an = Z aﬁtj)lizja by = Z blgj)lizja Cn = Z ng)lizj-
j=0 Jj=0 Jj=0

Solving the discrete stationary zero-curvature equation
Erv,-uU,r =0, (3)
we obtain the recursive relationship
l2crz = —rnﬂ,zb,,+1,
2v(an+1 +an) + l3bn+1 — PnAbny1 =0,
Ara(ani1 +an) — A3y + paden, =0,

lzcrﬁl - )“z(anJrl - an) +pn(an+1 - an)
+A%r,b, = 0. %)

Then, according to Eq. (4), we have

aﬁl{:]]) _ar(1j+l) = pn(ai{zl _al(1j)) +rnbi(1n+]> - rn+lb£1{r+21)7
o ) . .
WD — it~ a4l
1
aglo) ==, bl(10) _0, agl) —
B ==1, b = —pu—(rasr 4 1),
\
J— 0 pu(l=E)ry,
T \ET=Dpy rETV =D +E)r, )
prl
L=|1 1

2
(151):pnrn+pnflrn+rﬁ+rnrn+l+r"rn*l7"" ®)

Note that

m () )
(m) ay’ bp'A N\, o
= ! AT
oL (b,i” A a}(p)
r™ =r-r\,
then equation (3) can be written as
eruv,-uv,r™ = —-er™uv,+u,r'™.

As a result,

er™u,-u,r™
— 7b(m+1) 0 m+1 0 (m) o (m) 0 6
n+1 e2(0) +c, " es( )+Pn(an+1 ap ' )e4(0). (6)
Taking

Vi =" 1 Aln, A = b e (0),

then we obtain

EV,"U, - U,V,"
= (b ) es(0) + pulal” —all?) )ea(0).

Let the time evolution of the eigenfunction ¢, of Eq. (1) satisfy
_ym
e M

The compatibility conditions (1) and (7) give the following
discrete zero curvature equation:

Uy, =EVa" U, ~ U, V™. ®)

Then, equation (8) determines the Lax integrable system as
follows:

DPnin \ _
Tn ity

(m)
(m) (m) b,
pnlan ” —a,
< ( +1) )) =J (m)

(biriTl) B bﬁ,’“” an
I'n
m—1 1
*b£z+1 ) . 7b£z-21
— JL D =JL FORNE 9
¥n 'n
where
(E+Dry

—(E=1)" (1 E=ruE")py —(E=1)" (pu(E—1) = (mE~" =11 E)(E +1))ry

I'n In
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It can be verified that JL = L*J, thus the system (9) is
Liouville integrable. Taking m = 1 in Eq. (9) gives rise to

Pnt; = pn(rn *rnJrl);

't = rn(pn—l —Pnt+Tn-1 —F,H_]),

which is similar to the relativistic Toda lattice equation,m SO
we call Eq. (9) the generalized relativistic Toda lattice hierar-
chy.

In the following, we construct the Hamiltonian structure
of Eq. (9). A direct calculation reads

an(ﬁ;z);pn)ern _%
V,=LU,"'= " "
Aen(A“—pn) an e
rpA2 n n
U,
B AL
apn I'n
<V, 20,
ory, n
U, cah  Cupn
Vi, =7 >=— - .
< oA > n raA

Substituting the above formula into discrete trace identity and
comparing the coefficients of A ~>"~! yields

o (m)
—b
5pn _Cﬁngrl) . pncgm) B n+1
| T |
ory, n

Setting m = 0 leads to ¥ = 0. Therefore, we obtain the Hamil-
tonian structure of Eq. (9) as

SH,Em)
un_’lm - <pn> == J
t"l

n Su ’

_(m+1) (m)
2 Ao E— (10)
2mry,
3. Another new discrete integrable system

Consider the spectral problem (2)

E(pn:Uﬂ(u)l)(pnv 2’l:07

A2+ p, g
v,y = (* 5 o)

= e1(1)+pye1(0) +gne2(0) +r,e3(0) + es(0).

a, b,A
= <cn), —an>

= aye|(0)+byez(0) + c,e3(0) — a,es(0),

Let

where

an = Z aﬁlj)/lizja by = Z bl(i]’))tizja Cn = Z Cgi)172j~
j=0 =0 Jj=0

Solving the stationary discrete zero curvature equation (3), we
obtain the recursive relationship
(A2 + pu) (@1 — @) + A2 rubni1 — A2 G, =0,
Aqnans 1+ Abyiy — (A% + pp) Aby + Agnan =0,
(12 + pn)Aent1 —Arp(ans1 +an) — Ac, =0,
A2 qucnit — A2 ruby — (ant1 —ay) = 0. (11)

It follows from Eq. (11) that

G+D _ U+ (+1)

D _ gl g ol G _ 0y _ . pUD)

—pnlay Ly —an’ ) —raby
br(1j+l) = CIn(“S,Q] +ar(1j)) - pnbl(zj> + biﬁ]a
(+D) () () ) ()

a

Cht1 = rﬂ(an+1 +an ) — PnCppy +an’,
" " . .
qnei ) —rabd™V = dl), —alf)

ar(ggl _aﬁlo) = q,,cg,o) - rnbﬁlo+>1>

pO 0 _g g0 L0

n =Cn = n" = {n,

n _Ea
(1) (1)

Cn :]"n_l’ ay :_rn—lqm
2
b}(’t )= Gn(=TnGni1 = Tn—1Gn) = Pndn — Gn+1,

()
Cot1 = rn(Qnrn—l - rn‘]n—H) —Pntn+Tn—t,----

Note that

m () )
(m) _ A Y
ry _Z()<b£;f)7t _ (.f))’L g

i= i
2
" =pr—-r™.
According to

eruv,-uv,r™ = -er"uv,+u,r',

we obtain
eru,-u,r™
_ p"(a;ni)l —a;m))el(()) +b;(1m+1)62(0)
— " e3(0) 4 (al —a™), )ea(0).
Taking

Vi ="+ A, A = a"eq(0),
then we obtain

E‘/;,(m) Un _ Un V;,(m)

= pulal) —ai")er (0) + (—gual™ + b V)ea (0)
1
(s =57 )es(0).
Let the time evolution of the eigenfunction ¢, of Eq. (2) sat-
isfy Eq. (7). The compatibility conditions (2) and (7) give the
discrete zero curvature equation (8) and determine the Lax in-
tegrable system as follows:

Prin pa(alty —a™)
nin | = —qna,(qm) + bf{"*” . (12)
wa) el
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Setting m = 1 in Eq. (12) gives rise to

Py = pn(”n—l% - rnQn+1)7
qnt = qn(*rnCIrH»l - 2rn71Qn) — Pnqn +Qn+la
Tty = —Tnqntn—1+ Pntn — Tn—1- (13)

Let g,r, = 1, we can show that the consistency condition
d(gnrn)/dr = 0 holds. It follows from Eq. (12) that

d(gnr
(%’l n) = "nqntm+ Gntntm
t
1 1
= _Qnrnagzm) +rnb£1m+ ; +Qn’"na£:j_)1 _anglr_r:_-r )7

and then it follows from the last of the recursive relationships
(11) that d(g,r,)/dt = 0. Thus, we see that equation (12) re-
duces to

Pnty\ _ | Pn (a’(:}r)l - a}(’lm)) (14)
Gty - _C]z1a£1m) +b£lm+1) .

When m =1, g, — e, r, — e~ 9" and p, — e’ equation
(14) is rewritten as

Py = edn—4qn-1 _ eanrl_‘]n7 Gnt = —ePn 726%1_%1—17

which is similar to the modified Toda lattice equation,m

SO we
call Eq. (14) the generalized modified Toda lattice hierarchy.
In the following, we construct the Hamiltonian structure

of Eq. (14). A direct calculation reads

‘/n = FnUn_l
_ i (Cl,, - rnxzbn _Qnﬂvan + )~3bn +pn2~bn>
Pn \ACy+rAay, —guArc,—A%a, —ppay )’
< an % >= al — @’
apn Pn Pn{n
U, A%c,  Ala,
<Vu,5—>= )
8Qn Pn Pnqn
ay, 2A%b
< Vn»T; >=dap+1 —an+ o =,

Substituting the above formula into discrete trace identity and
comparing the coefficients of A ~2"~! gives

1)

6 2b(m+1)
Pn y (a(m) _gm 2o >
S n+1 n q

nez n
8qn

aglm) bglm+1)

i Pn Pndn

==y e
cn a
Pn Pndn

Setting m = 0 leads to Y = 0. Therefore, we obtain the Hamil-
tonian structure of Eq. (14) as

(m)
Pn OH,
¥ = = J 5
u ,tm <qn> . 6”

H — _“Eﬁ)l +ay" n —pymth
2m mqy

4. Conclusions

In this paper, we have constructed two new discrete spec-
tral problems by the subalgebra of loop algebra A; and two
new discrete integrable systems, namely a 2-field lattice hi-
erarchy and a 3-field lattice hierarchy. We have considered
reductions of our discrete integrable systems, and found the
generalized relativistic Toda lattice hierarchy and the gener-
alized modified Toda lattice hierarchy. Furthermore, we have
also obtained the Hamiltonian structures of the two lattice hi-
erarchies by means of the discrete trace identity.
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