Chin. Phys. B Vol. 22, No. 3 (2013) 030201

Mei symmetry and conservation laws of discrete nonholonomic
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In this paper, Noether symmetry and Mei symmetry of discrete nonholonomic dynamical systems with regular and
the irregular lattices are investigated. Firstly, the equations of motion of discrete nonholonomic systems are introduced for
regular and irregular lattices. Secondly, for cases of the two lattices, based on the invariance of the Hamiltomian functional
under the infinitesimal transformation of time and generalized coordinates, we present the quasi-extremal equation, the
discrete analogues of Noether identity, Noether theorems, and the Noether conservation laws of the systems. Thirdly, in
cases of the two lattices, we study the Mei symmetry in which we give the discrete analogues of the criterion, the theorem,
and the conservative laws of Mei symmetry for the systems. Finally, an example is discussed for the application of the

results.
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1. Introduction

The applications of Lie group theory have been described
in many papers and books.!'=3 Lie group theory has been de-
veloped into a powerful tool to solve differential equations,
construct properties of their solution space, and to establish the
symmetric theory.*3] Symmetric theories are extremely use-
ful tools in mathematics, mechanics, and physics. These sym-
metric theories have primarily established the relationships be-
tween symmetry and conserved quantity in the dynamical sys-
tem. Noether symmetry theory and Lie symmetry theory are
built by the infinitesimal transformations with respect to time
and the generalized coordinates.[>~'?! Non-Noether theory is
a special type of symmetry theory, which keeps the equations
of motion invariant under infinitesimal transformations, rather

13,141 In recent years, these symmetry

than Hamilton action.!
approaches have been applied to discrete dynamical systems.
The Lie symmetry theory of difference equation, Noether-type
symmetry theory of a discrete system, and non-Noether sym-
metry theory of a discrete electromechanical system have been
investigated in many studies.!'>~28)

The form invariance (i.e., Mei symmetry) is a new sym-
metry, which was proposed by Mei.”*=3! The form invari-
ance of mechanical systems are the invariances of differen-
tial equations when we first take infinitesimal transforma-
tions of a group of physical quantities such as Lagrange,

non-potential forces, and generalized constraint forces. Re-
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cently, the study on Mei symmetry has become an active topic
in many systems, such as the Lagrange system,[*’-3*! Chap-

5] m’[36,37]

lygin system,*>! rotational relativistic syste general-

ized classical mechanics,?8401 Birkhoff system,*!! Tzénoff

[42

equations of holonomic system,/*? nonholonomic mechani-

cal system,*>#*4 and general discrete and continuum holo-

[4346] The relationship between Mei symme-

nomic system.
try and Mei conserved quantity is also given for the above
systems. However, the studies on Mei symmetry are mostly
considered in continuous dynamical systems. The purpose of
this paper is to extend these studies to Noether symmetry and
the Mei conservation law of discrete nonholonomic dynamical
systems.

The present paper is organized as follows. Section 2 de-
fines the transformation operators in the space of discrete vari-
ables, and the equations of motion of discrete nonholonomic
system are introduced through two types of discrete variables.
In Section 3, we give the discrete analogue of a generalized
variational formula of the systems, from which we derive the
discrete analogue of generalized Noether-type identity, and
then we obtain the discrete analogue of Noether theorems and
the discrete analogue of Noether conservation laws of the sys-
tem. In Section 4, the definition and criterion of Mei symme-
try of discrete nonholonomic dynamical systems are obtained
by an infinitesimal transformation group, and we study a new
type of conserved quantity which is directly induced by the
theorem of Mei symmetry of this system. In Section 5, we
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also discuss an example to illustrate the above results. Finally
some conclusions are drawn in Section 6.

2. Discrete transformation operators and equa-
tions of motion of discrete systems

Let us consider the space of discrete variables. Using the
simplest invariant mesh /4 in the ¢ direction, we write the oper-
ator of discrete transformation to the right and left as

oo hi . 3 oo _hi ;
S:ehD: T l’ S:ehD:Z(')D, (1)
+h i—o b —h -0 U
where
d 9 .50
D= g g+ g0+ )

which is a full differentiation operator of continuous variables,

the operators S and S commute with each other, and satisfy
~h

S-S=5- S = 1. It is also convenient to use the following

+h —h  —h +h

total shift and discrete differentiation operators:

s —1
S\ s _ *h
fhf(q)—f(qi),fh— T (3)

where hy =t —t and h_ =t —¢_. Two of the operators §,
+h

S, D, and D commute with each other, and D = D S obey
—h +h —h +h  Thth

the corresponding finite-difference Leibniz rule!>*!

D(FG) = (F)S( )+FD(G)
+h +h
=D<F)G+ (F)D(G),
+h  +h
D(FG) = Q(F)_Sh( )+FD(G)
=D(F)G ( )D (G)~ 4)

We now introduce the infinitesimal transformations with re-
spect to time and the generalized coordinates:

" =t+A ¢ =¢"+Ag’, (s=1,2,...,n), (5)

and their expanded form is

t* :t+£‘£0(t7qs)7 qs* :qs—’_ggs(taqs)a (S: 1727-“7’1)7(6)

which constitutes the single-parameter Lie group of infinitesi-
mal transformation, where £°(¢,¢*) and £°(¢,¢*) are infinites-
imal transformation generators, and € is the infinitesimal pa-
rameter. The group G, is completely defined by the operator

é“ +€Y (7)
We can extend the operator (7) into the space of discrete vari-
ables (1,4°,q7, 9,7, - 1y, h-) as
8 d d
er—éo +€S EF -i-gzay +---

8 8
where
_ _ 4 —q _
q —ﬁ(q =T i = DhPh(Q)
G =D(E)-aiDE), @ =Dla) =gy DE). ©)

The discrete mechanical system with Lagrangian

Lq(t,4°,q;), subjected to the discrete nonholonomic constrains
of the form

fg(t7qs’qi) = 07

satisfies the Appell-Chetaev conditions

B=12,...g), (10)

0, (s=1,2,...,n), (11)

fﬁ5 o
Iq;

where d¢° is the discrete virtual placement which satisfies

8¢’ =Ag — At = €(&’ — &), (12)

The equations of motion of a discrete nonholo-
nomic dynamical system in the space of discrete variables

(t.¢°. @ @ - h ) arel426)

dLy JdLg4 ,
Zd = —AS 13
(9(]3 Bl< aq;{) d» ( )
Ly . ILg
ot +%( k(? : —Lq) :Adq/;» (14)
where 3
/i
Ad —}lﬁ a B

is the force corresponding to dlscrete nonholonomic con-
strains, with Ag being the discrete constraint multiplication.

Discrete variables in the form (r_,7,74,4° ,4°,¢’,.) corre-
spond to the following operator:

d 8
0 0 0 s
‘g 8l_ & +§+at +€

+¢ quJré*E’ (15)

where

(69, &= 8 (5. (16)
The discrete nonholonomic constraint is given by

ft,d'.q%) =0, (B=12,....8), 17

which satisfies the Appell-Chetaev condition

0 fg
d D(q*)
+h

0¢°=0, (s=1,2,...,n), (18)
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where 8¢° is the discrete virtual placement which satisfies!>!

0¢' =Aq" —q; —8<~’§S 5) (19)

The equations of motion of a discrete nonholonomic
dynamical system with the space of discrete variables

(t-,t,11,4° ,q°, ¢’ ) are given by!*+20]
dLy h_dLg . h
TC]S_FE 97 :_(Aé+h+AY ), (20)
oLy Ly h_ e  \q¢—q
= T E—g(Ld) Ad+h Al @D
where Ly = Sh[Ld(t7t+,q“}q“‘+)} = Ly (t-,t,¢",q"), and

A (- 1,4° q°) = _Sh(/\é)-

3. Noether symmetry of a discrete nonholo-
nomic dynamical system

The discrete Hamilton action on a regular lattice
Md = ZLd(tqu7qz)h+a (h+ = h*) ) (22)
Q
h

which is defined on a domain Q of a one-dimensional lattice.
h

The discrete Hamilton action My in the group G of in-
finitesimal transformation can be derived by

M; = ZLd(t*vqs*’qi*)hj-’ (hj- = h*—)7 (23)
>
where hy # h' ,h_ # h* , and My # M}.

Definition 1 If the quasi-invariant Hamilton action of the
discrete nonholonomic dynamical system with a regular lat-
tice is generalized under the infinitesimal transformation (6),
and equation (11) holds, i.e., the infinitesimal transformations
satisfies

AMy = M} — Mg
n
=) (D(G)
s=1 Th

where Gq = Gq(t,4°, ¢, )is the discrete gauge function, then we

+Aci6q‘)h+a (h+ = h*)7 (24)

call the infinitesimal transformation (6) the discrete analogue
of the generalized Noether quasi-symmetrical transformation.
According to the method used in Refs. [22] and [24], the
invariance condition of a discrete functional on the regular lat-
tice is expressed as follows:
ot p(E) 5+ (Lma 5 ) BE)
+AJ(E —qiE") + D(Ga)

oL JL g
=¢&° { 2+ ) (qi qd Ld> —Aéq};]
- k

e {aLS h(gﬁi)“d]

+D ELy + (&'~ 48" (gﬁ;}% ) +Gyl, (25)
DD(E") =0.

If the left-hand side of Eq. (25) equals 0, i.e.,
oS pE) 5+ (a5 ) B(E)
+A§(&8° — 6];}5 )+ Rz(Gd) =0, (26)

it is called the discrete analogue of generalized Noether-type
identity for the discrete nonholonomic dynamical system. On
the right-hand side of Eq. (25), when

JdL ;0L .
0| 9% d _ASS
o[ (g —to) i

[ Ly JL4

§ — Aj| =0, 27
e {qu Dh(f?qk>+ d} @0

it is called the quasi-extremal equations of the discrete non-
holonomic dynamical system. From Egs. (25)—(27), this sys-
tem possesses the discrete analogy of conserved quantity

Iy=ELy + (&' —qi&°) (%IZI ) +Gg =const.  (28)
k
Now we present the following theorem.

Theorem 1 If the Lie group (8) of the infinitesimal trans-
formation (6) for the discrete system (13) and (14) with regu-
lar lattice and a discrete gauge functionGy satisfy the discrete
analogue of generalized Noether-type identity (26) and the
discrete analogue of Appell-Chetaev condition (11), then the
nonholonomic dynamical system possesses the discrete ana-
logue of Noether conserved quantity (28).

If discrete variables have the form (11,1 ,4° ,¢°, 4’ ),
the lattice in not regular, and we have the following definition.

Definition 2 If the quasi-invariant Hamilton action of the
discrete nonholonomic dynamical system with an irregular lat-
tice is generalized under the infinitesimal transformation (6),
and equation (18) holds, i.e., the infinitesimal transformations

satisfy
L h_
AMg=Mj—Ma=—Y [D(G)+Ai+ Ay 8¢ s,
s=1 th h+
h+ = (p(t7t+7qsaqi)a (29)

where Gq = Gq(t,14,9°,¢°.) is the discrete gauge function,
then we call the infinitesimal transformation (6) the discrete
analogue of the generalized Noether quasi-symmetrical trans-
formation with variable form (r_,t,7,,¢* ,¢%,¢".).

If the Lagrangian has the form Ly(¢,71,q°,¢’ ), under
the discrete nonholonomic constraint (17), according to the
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method in Refs. [24] and [26], the invariance condition of a
discrete functional on the irregular lattice is given by

oL oL &L oL
g TG e G e LD (e
N h_ S— N
+ <Ad+h/\d ) (5 é >+3(Gd)
0Ly OLy h_ s he N\Na—¢
—§ |: TE—D(Ld) (Ad"f‘thAd ) . :|
dLy4 aLd h_ o ho
<l )
oLy 8L’
+ D [éOLd +E0%h_ 4 4 ¢ } (30)
+h ot
e 59
2 (1-52)- §°<1+) e gt
= 0. (€2))
If the left-hand side of Eq. (30) equals 0, i.e.,
oL JL BL 8L
OOt S e 8 S LD (&)
A h7 s— N
+C%+mAd>G 5)+ﬂmﬁ
— o, (32)

it is called the discrete analogue of a generalized Noether-type
identity for the discrete nonholonomic dynamical system with
an irregular lattice. If the right-hand side of Eq. (30) equals 0,
1.e.,

dLy ILy h_ h_ S g
0 d Y5 = s—\ 4 q-
s {8t 8th P( a)= <Ad+h Ad) h_ }

[9Ly Ly h- e\
e {361“+3‘h+ <Ad+h+A ﬂo,

it is called the quasi-extremal equations corresponding to the

(33)

equations of motion (20) and (21), then this system possesses
the conserved quantity

Ly

Iy=EL; +h_ §°—+h ésaLi

=const. (34)

Theorem 2 If the Lie group (15) of the infinitesimal
transformations (6) for the discrete system (20) and (21) with
an irregular lattice, where there is a discrete gauge function
Gy, satisfy the discrete analogue of the generalized Noether-
type identity (32), and the discrete analogue of the Appell—
Chetaev condition (18) holds, then the discrete nonholonomic
dynamical system possesses the discrete analogue of a Noether
conserved quantity (34).

4. Mei symmetry of the discrete nonholonomic
dynamical system

In the following, we study the Mei symmetry of a discrete
nonholonomic dynamical system with a regular lattice. Under

the infinitesimal transformations (6), Ld(t,qs,qi), fg, hy, h_,
and Aj become Lj(t*,¢"*, q}"), e, k%, h*, and AJ*, and we
obtain the following equations:

15 ¢ a0 ) =0, (35)
oL oL; .

— = —Aj 36
aqs Ph (&q]i) d > ( )
8L* aL* * §% 8

ot +P( k& y Ld):Ad qka (37)
.y (38)

Expanding L}, Aj, fd*, and i%. — A%, one obtains

Li=Li(r",q" qi") = La(t,4",q}) +eprX (La) + O(€?),
AT = A (1,6 a) = Ad +EprX (AD) + O(e?),
fd* = fg*(t*’qs*’Qi*) = fg(t,é]s,é]i) +8er(fg) + 0(82)’
B —h* =hy —h_+eprX(hy —h_)+O0(€?). (39)
Substituting Eq. (39) into Egs. (35)—(38), ignoring €% and
higher-order infinitesimal terms, we have the following crite-
rion.

Criterion 1 If the infinitesimal generators £° and &* sat-
isfy the following relationship:

prX(f5(t,4" @) =0, (40)
8er(Ld) B aer(Ld) o s

aqs 91 aQi - er (Ad)> (41)
dpr(Lq)  Opr(Ly) B L

o DTG~ prlla) = priAdd, 42

prX(hy —h_)=0, (43)

then the form invariance is called a form invariance of the sys-
tem with a regular lattice, i.e., the Mei symmetry of the dis-
crete nonholonomic system with a regular lattice. Equations
(40)—(43) are called the determining equations of Mei symme-
try of the discrete nonholonomic system with a regular lattice.

Theorem 3 For the discrete nonholonomic dynamical
system with a Lie group (8), if the infinitesimal generators
£ and &* of Mei symmetry and a discrete gauge function
Ga = Gy(t,4°,q;) satisfy the structure equation

prX(La) D (&) + prX[prX (La)]

+ prX (A& — i) + D(Ga) =0, (44)

then the Mei symmetry of the system with a regular lattice will
lead to the following discrete conserved quantity:

_ dprX
1y = prx(eg)0+ 225 )

= const.

“) (e %)+ Gy
k
45)

We prove it below.

dprX(Ly)

ph) = B |prrag)e+ P g
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prX(La)§Y — prX (Ly)&° L 9prX(Ly)
hy Iq;,
7:€°) — prX(La) 31(50)
dprX(Lg
(&g p (2ot
— prX(A)(E° — 8"
prX(La)&Y — prX (Ly )50 IprX (La)
hy Iq;,
x [D(&*) —q; D(E”)] — prX(La) D (E")
+h +h +h
_qzkgoaeréLd) +(§S_qi§0)_Dh (ap’(’;;fsfad))

x D&~

) ~ prXIprX (L))

0 3er(Ld) dprX(Lq)
dq,
s s dprX(Lq)
- (p(E) gt (e P
— prX(A})(&’ —q1E)
B dprX(Ly) L OprX(Ly)
S S

- -

- prX(La)| - prx(ag)e

s 9prX(Le) <9pr (La
é{ dq* 5 Iq;

= 0.

)+ prxiap )
(46)

In a similar way, if the Lagrange function has the form
Lq(t,t+,4°, 4’ ), and generally the lattice is irregular, under the
infinitesimal transformations (6), we obtain

d* % L% * *
fB (t 7t+aqs 74%):07 (47)
oL* _oJL* _
a  hoola’ Ad+h A (48)
dq*  hy dqg; hy
JdLy OJL;" h_ h_ g —q°
= DL = (A + AT 49
at at h+ Bl(d) (d+h+d ) h 7( )
W= ot 15, q"  q')). (50)
Expanding Lj, A" + 3 h- AS * f;*, and /%, we have
Ly=Li(t" 13,9 .qY)
:Ld(t*atiaqs*7qi)+£er(Ld)+0(£2)7
h_ * h_ .
AF*+ A=A AT e [X(A5)] o(?),
fd*_f (t t+7 7q+)
:h+_(P(t ,t+,6[ 7q—:)
=eX(hy —(t",11,4" ,q%)) + O(€?). (51)

Substituting Eq. (51) into Egs. (47)—-(50), ignoring €% and
higher-order infinitesimal terms, we have the following crite-
rion.

Criterion 2 If the infinitesimal generators £ and &°

satisfy the following relationship:

X(fg(t7t+aqs7q§,->):0> (52)
0X(Lg)  h_ 9dX(Ly) N S
o7 h 9g —X(Ad)—ax(/\d ), (53)
0X(Lg) h-0X(Ly) g
81‘ H at 7711[ (Ld)}
- h_ - S _ 45
= |®(ap+ x| T, (54)
+ —
X(hy —o(t,11,4°,4%)) =0, (55)

then the form invariance is called a form invariance of the sys-
tem with an irregular lattice, i.e., the Mei symmetry of the
discrete nonholonomic system with an irregular lattice. Equa-
tions (52)—(55) are called the determining equations of Mei
symmetry of the discrete nonholonomic system with an irreg-
ular lattice.

Theorem 4 For a discrete nonholonomic dynamical sys-
tem with a Lie group (15), if the infinitesimal generators &°
and &°* of Mei symmetry and a discrete gauge functionGy =

Ga(t,t4,4°,q’.) satisfy the structural equation
- oo - he o,
£(La) g<é°>+X[x<Ld>}+ R+ mxap)
+
S —
< (=T 5e) 4 pGa -0, 56)
+

then the Mei symmetry of the system with an irregular lattice
will lead to the following discrete conserved quantity:

oX(Ly)
aq*

Iy = £°X(

+&n_

oX(Ly
Ly)+&E% Std) + Gy

= const. (57

This can be proved as follows:

D (Iyy)

+h
=D [éof((Ld)—i-é:Oh_ ax{gfg) +&h a};(qu) +Gd:|
=X(Ld) D(E")+8" DX (L)

e e 245

+ E {éthr a)gng) éshaxa(;sd)} JrBl(Gd)
:X(Ld)Jlr)h(é 9+&°D D[X X (Lq)]
P X (Ly
[ 2 g, )
[ém 8§;id) é‘h—(”;(q[}‘;)}
i o 00X (La)
+X(Ly) (") &,
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e 3’251:1) B 5s3)~;(qlzd)

- [fap+ x| (g5

B IX(Ly) h_oX(Ly) .,
= ¢ ot hy ot -5

CRAD+ T xay )]qs“’s—}

(La)

oX
§+ a

h h_
fOR(La) 0o 9R(Lg) o o g,
¢ { ag h g +{ (A XA )H
- 0. (58)
5. Example

We consider a discrete nonholonomic system with regular
lattice. The discrete Lagrange function in the form

1

La= 5 [(g0)* +(a0)%);

hy=h_, (59)
is limited by the discrete nonholonomic constraint

Y=gt +btg; —bg* +1 =0, (60)

where b is constant.
The equations of motion of the discrete nonholonomic
system with a regular lattice are given by

afd ard
1 2
—g 22—~ 29k —o,
kk aqi kk aq]%
aft o,
6]1£¢1,£,;+61i6]i1;2187116]11+1 P a4 61
k k

The discrete constraint multiplication 4 is solved based
on Egs. (60) and (61), which equals

1
A= (62)

From Egs. (61) and (62), we can obtain

1 1 1 2 bt

_ _ A2
4k _1+b2t2 =Ag, qk/}__1+b2,2_Ad' (63)

Using Noether-type identity (26), we obtain
1
D(ENqr + D(E%)gi — 5 1(aw)* + (4)*) D(E°)
+h +h +h

2
+ A{(E —q£€°>+A§<52—q%€°)+3(Gd) =0. (64)

Equation (64) has the following Noether symmetry gen-
erators:

1
§'=0, &' =1, &=0, Gy=argtan(br), (65

1
E9=o0, £l=0, E2=1, Gd:%m(wbzﬂ), (66)
E°=0, &'=—bt, E=1, Gy=bq'". (67)

Substituting Eqs. (65)—(67) into Eq. (28) leads to the dis-
crete analogue of Noether conserved quantities as follows:

1

I = qk + - 5 argtan(bt) = const, (68)
1

=g+ % In(1+b*?) = const, (69)

Iy = —btq; +q; +bq" = const. (70)

The Appell-Chetaev condition (11) is expressed as

E' — &’ +br(E2 —g2E") =0. (71)

Substituting Eqgs. (65)—(67) into Eq. (71), we obtain the gen-
eralized Noether quasi-symmetries of discrete nonholonomic
dynamical systems (59) and (60).

As for the Mei conservation law, we can have the follow-
ing relationship under the operator (8):

prX(La) = qi[ﬂ(él)—qifh(éo)}

+qi[D(E*) —q; D(EO)),
+h +h
2bt 1—b*?
prX(Af) = 71+b2t2§0’ prX(Af) = — bztzéo (72)

Using determining equations in expressions (40)—(43),
one obtains

D&Y~ g D(E")+bE%; +bf[ (5 )— 4 D(E°)]
+h +h Yh
— b +E0=0, 3)
N
Phgl(i ) quPhPh(é )— 261,{9131(5 )
2ty
= Tt
2y A2
D D(&) 2qk9h£)h(§ )— 2qk£)h£)h(§ )
o 1=b
RERETA (74)
1 0 2 0
Ph[‘lkfh(é )+qk31(5 )]
1—b%? 2bt
- 1—|—b2t2§0q’%_ 1+b2t2§0‘]11’ (75)
h+B(€0) —h_ Bl(go) =0. (76)

The solutions of Eqgs. (73)—(76) can be expressed as
§9=0, &' =qi—bigi+bg' +bt, E=1. (77

Substituting Eq. (77) into Eq. (44) yields the discrete
gauge function

Gq = —b*t. (78)

According to Theorem 3, we obtain the conserved quan-
tity of the Mei symmetry of the discrete nonholonomic sys-
tems (59) and (60) as

I, = bgt — btq} +b°q". (79)
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6. Conclusion

In this work, we have extended the theories of Mei sym-

metry and Noether symmetry of discrete nonholonomic dy-

namical systems with regular and irregular lattices. The re-

sults open a significant approach to seeking conservation laws

for these discrete nonconservative and nonholonomic systems.

We will also develop this method for use with electromechan-

ical dynamical systems.
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