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Fano effect of a laterally coupled vertical triple quantum dot system∗
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Using the nonequilibrium Green’s function technique, electron transport through a laterally coupled vertical triple
quantum dot is investigated. The conductance as a function of electron energy is numerically calculated. The evolution of
the conductance strongly depends on the configuration of dot levels and interdot coupling strengths.
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1. Introduction
In the past two decades, electron transport through a cou-

pled quantum dot system has received much attention.[1–9]

Coupled quantum dots enables one to investigate var-
ious important transport phenomena, such as quantum
interference,[10,11] Kondo effects,[12–14] and the Fano
effect[15–21] for its tunable parameters. Much attention has
been paid to the Fano effect,[15–21] which arises from the in-
terference between the resonant process and non-resonant
process. Coupled multiple quantum dots can provide multiple
channels for electronic coherent tunneling. Quantum inter-
ference of electron waves following along different paths can
cause the Fano effect, which is a good probe of phase coher-
ence in mesoscopic devices and shows a typical asymmetric
line shape in the conductance spectrum. Experimentally, the
Fano effect has been observed in quantum dots.[19–21]

The double quantum dot system has been designed for the
quantum information applications, the fundamental studies of
quantum molecular effects, and the exploitation of nanospin-
tronic functionalities, and some new interference effects have
been found.[22–27] A triple quantum dot device can be expected
to lead to more interesting physics and applications. Three-dot
structures have also received some attention.[28–32] For exam-
ple, de Guevara and Orellana[28] proposed a parallel-coupled
triple quantum dot molecule and investigated the Fano res-
onances and bound states in continuum. Li[32] investigated
Fano resonance and flux-dependent transport through a triple-
arm Aharonov–Bohm interferometer under an applied electric
field. Though transport through a triple quantum dot molecule
attached in parallel to leads has been investigated, the trans-
port through a laterally coupled vertical triple quantum dot
ring connected synchronously to two leads is less studied. In

the present work, we do not take into consideration the inter-
dot and intradot electron–electron interactions. This allows us
to gain a much clearer physical insight into the dependences
of the conductance of the system on the interdot couplings
and dot levels. Our formalism is based on the nonequilib-
rium Green’s function proposed by Jauho et al.[33] Though the
model we considered is simple, some novel and interesting re-
sults are obtained arising from the coupling between the spe-
cific configuration of dot levels and interdot.

The remainder of the present article is organized as fol-
lows. Section 2 is devoted to a model Hamiltonian and the
formula of the conductance. Numerical results and analysis
are given in Section 3. The main conclusions are drawn in
Section 4.

2. Model

We consider three single-level quantum dots forming a
laterally coupled vertical triple quantum dot ring connected
synchronously to two leads as shown in Fig. 1.
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Fig. 1. Schematic setup of laterally coupled vertical triple quantum dot
system.
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The full system can be described by the following Hamil-
tonian

Htotal = Hlead +Hdots +HT, (1)

where the first term on the right-hand side, Hlead, describes the
leads in the noninteracting quasiparticle approximation,

Hlead = ∑
k,σ

∑
α=U,D

εkαC†
kασ

Ckασ (2)

with C†
kα

(Ckα) being the creation (annihilation) operator of
the electron in lead α , and εkα denoting the corresponding sin-
gle particle energy.

The second term of the Hamiltonian describes the triple
quantum dot system

Hdots = ∑
iσ

εiσ d†
iσ diσ − (t1d†

1σ
d2σ + t2d†

2σ
d3σ

+ t3d†
1σ

d3σ +H.C.), (3)

where d†
i (di) (i= 1,2,3) represents the creation (annihilation)

operator with the energy level εiσ in the i-th quantum dot, and
t1 (t2, t3) is the tunneling coupling between the first (second,
third) and the second (third, first) dots.

The last term on the right-hand side in Eq. (1), HT, de-
scribes the electron tunneling between dots and leads, and
takes the form

HT = ∑
i

∑
kσ

∑
α=U,D

(tαiσC†
kασ

diσ +H.C.), (4)

where tαiσ describes the dot–lead tunneling coupling, which
is assumed to be independent of k. For simplicity, tαiσ =

|tαi|, we define the line-width matrix elements as Γ α
i jσ =

2π ∑k tαiσ t∗
α jσ δ (ε−εkα), and then the matrix Γ α

σ can be writ-
ten as

Γ
U(D)

σ =


Γ

U(D)
1

√
Γ

U(D)
1 Γ

U(D)
2
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1 Γ
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3√
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1 Γ
U(D)
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2
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Γ
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1 Γ
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3

√
Γ

U(D)
2 Γ

U(D)
3 Γ

U(D)
3

 ,

(5)
where Γ α

i is Γ α
ii (i = 1,2,3) for short.

To describe the non-equilibrium states in the system, we
introduce the retarded, advanced, and ‘lesser’ Green’s func-
tions as follows:

Gr
AB(t, t

′) = 〈〈A(t),B(t ′)〉〉r =−iθ(t− t ′)〈[A(t),B(t ′)]+〉, (6)

Ga
AB(t, t

′) = 〈〈A(t),B(t ′)〉〉a = iθ(t ′− t)〈[A(t),B(t ′)]+〉, (7)

G<
AB(t, t

′) = 〈〈A(t),B(t ′)〉〉< = i〈B(t ′)A(t)〉. (8)

Our calculations are limited to the steady state where the
Green’s functions depend only on the variable ∆t = t − t ′.
By Fourier transforming with respect to variable t − t ′ in
〈〈A(t− t ′),B(0)〉〉, we can obtain 〈〈A,B〉〉ω . In the present in-
vestigation, the knowledge of the Green’s functions 〈〈di,d

†
i 〉〉ω

(i = 1,2,3) enables us to determine all the transport character-
istics of the system. In order to calculate them, we use both the
Dyson equation and the equation of motion for each Green’s
function. The retarded (advanced) Green’s function can be
written as

Gr
σ (ε) = (Ga

σ (ε))† =


ε− ε1σ +

i
2
(Γ U

11σ
+Γ D

11σ
) t1 ++

i
2
(Γ U

12σ
+Γ D

12σ
) t3 +

i
2
(Γ U

13σ
+Γ D

13σ
)

t1 +
i
2
(Γ U

21σ
+Γ D

21σ
) ε− ε2σ +

i
2
(Γ U

22σ
+Γ D

22σ
) t2 ++

i
2
(Γ U

23σ
+Γ D

23σ
)

t3 +
i
2
(Γ U

31σ
+Γ D

31σ
) t2 ++

i
2
(Γ U

32σ
+Γ D

32σ
) ε− ε3σ +

i
2
(Γ U

33σ
+Γ D

33σ
)



−1

. (9)

The conductance at zero temperature reads

Gσ (εF) =
e2

h̄
Tr
[
Ga

σ (ε)Γ
D

σ Gr
σ (ε)Γ

U
σ

]∣∣
ε=εF

, (10)

where εF is the Fermi level.

3. Numerical results
Using the formulae obtained above, one can numerically

calculate the basic transport characteristics of the system. In
the following numerical analysis, we presume that Γ α

1 =Γ α
2 =

Γ α
3 = Γ (α ∈U,D), and take Γ as the energy unit.

The interdot coupling can be tuned by adjusting the
height and thickness of the tunneling barrier between two dots
through gate voltage. We first study the linear transport prop-
erties in the case of symmetrical interdot tunneling couplings,

i.e., t1 = t2 = t3 = t. Figure 2 presents the conductance with
respect to the electron energy with ε0

i = 0 (i = 1,2,3) for three
different values of t. As t = 0 (see the solid-line in Fig. 2), the
conductance spectrum shows only one resonance peak located
at the energy level of the quantum dot, i.e., ε0

i = 0. These
three quantum dots can be seen as isolated atoms and the con-
ductance peak is the atomic spectrum of a single quantum dot.
When t 6= 0 (see the dashed line and the dotted line in Fig. 2),
the conductance spectrum still gives one resonance peak lo-
cated at ε0

i +2t. These three quantum dots form an “artificial
molecule”, and the resonances are spectra of molecular lev-
els. However, our model is completely symmetrical in space,
and quantum dots 1, 2, and 3 are completely equivalent, which
leads to the degeneracy of three molecular states. This also
means that the degeneracy of energy is not lifted by varying
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the aligned interdot tunneling coupling strength.
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Fig. 2. Conductances versus electron energy for three different values
of t with parameters being ε0

1(2,3) = 0.

Figures 3 and 4 display the cases of mismatched levels,
showing the interesting conductance spectra. Figure 3 indi-
cates the case of ε0

1 = −1 and ε0
2,3 = 0 for three different in-

terdot tunneling coupling strengths. In this case, the partially
degenerate energy levels still occur because of the equivalence
between the second dot and third dot. So each conductance
spectrum displays two peaks. If t = 0, the three quantum dots
can be seen as isolated atoms. As shown by the solid line in
Fig. 3, two resonance peaks are located at two atomic energy
levels: ε = −1 and ε = 0, respectively, and a conductance
dip between two resonance peaks is found. The right peak is
wider than the left one. When considering the tunneling cou-
pling between the quantum dots, the three quantum dots cou-
ple as a molecule. The resonant levels through the molecule
are renormalized, and some interesting results can be found
and shown by the dashed and dotted lines in Fig. 3. With
the increase of interdot tunneling coupling strength, one can
clearly observe that the right peak moves rightwards and its
width widens, while the left peak moves leftwards and devel-
ops into Fano antiresonance with narrow width. At the same
time, the conductance dip evolves into a Fano dip. It should be
pointed out that the dashed line in the conductance spectrum
is very similar to the case of double quantum dots connected
in parallel configuration (see Ref. [34]).
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Fig. 3. Conductances versus electron energy for several different values
of t with parameters being ε0

1 =−1 and ε0
2,3 = 0.
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Fig. 4. Conductances versus electron energy for three different values
of t with parameters being ε0

1 =−1, ε0
2 = 0, and ε0

3 = 1.

Figure 4 shows the curves in the case of ε0
1 =−1, ε0

2 = 0,
and ε0

3 = 1. In this case, all the quantum dots are not equiva-
lent, which can lead to complete splitting of the degenerate en-
ergy level. As expected, each conductance spectrum displays
three peaks related to three states. When t = 0, three resonance
peaks occur at the energy level of isolated atoms, respectively,
i.e., ε = −1,0,+1. Moreover, three peaks keep mirror sym-
metry with respect to energy level ε = 0. When t = 0.5, the
width of the peak located at ε = 1 widens, however, the widths
of two peaks located at ε =−1,0 become narrow. If t is large
enough, i.e., t = 3, the two left resonance peaks evolve into
two typical Fano antiresonance peaks and their line-shapes are
similar. It can be seen from the above analysis that for quan-
tum dots with different energies, three molecular states always
contribute to the conductance.

Figure 5 depicts the conductances each as a function of
the electron energy level for the different configurations of
interdot tunneling coupling strengths. When the interdot tun-
neling coupling strengths of three quantum dots take the same
values as shown by the solid line in Fig. 5, only one reso-
nance peak appears at ε0

i + 2t, which is the same result as
the above discussion indicates. For t1 = t2 6= t3, as shown by
the dashed line in Fig. 5, one resonance peak and one Fano
peak appear in the conductance spectrum. Compared with the
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Fig. 5. Conductances versus electron energy for the different configu-
rations of interdot couplings with parameters being ε0

1(2,3) = 0.
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case of t1(2,3) = 2.0, the resonance peak moves rightwards. If
t1 6= t2 6= t3, as shown by the dotted line in Fig. 5, one reso-
nance peak and two Fano peaks in the conductance spectrum
can be found. Here, the Fano effect results from the quantum
interference of electron waves following different paths. Ac-
cording to the above discussion, we can determine the config-
uration of interdot tunneling couplings by observing the con-
ductance spectrum.

4. Conclusions
We investigated the quantum transport through a laterally

coupled vertical triple quantum dot ring under DC bias volt-
age. The conductance G(ε) as a function of electron energy ε

is analyzed. Some significant results are obtained as follows:
(i) as one takes symmetrical interdot tunneling couplings and
mismatched levels, the Fano resonance peaks occur in the con-
ductance spectrum and the conductance dip evolves into the
Fano dip with the increase of interdot tunneling couplings; (ii)
as one takes the different configurations of interdot tunneling
coupling strengths and aligned levels, the quantum interfer-
ence of electron waves following different paths leads to the
Fano effect.
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[25] Lu H, Lü R and Zhu B 2005 Phys. Rev. B 71 235320
[26] Peng J, Wang B and Xing D Y 2005 Phys. Rev. B 71 214523
[27] Kang K and Cho S Y 2004 J. Phys.: Condens. Matter 16 117
[28] de Guevara M L L and Orellana P A 2006 Phys. Rev. B 73 205303
[29] Chen K and Chang C 2008 J. Appl. Phys. 103 07B708
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