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Electromagnetically induced transparency and quadripartite
macroscopic entanglement generated in a ring cavity”
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We propose a feasible scheme to generate electromagnetically induced transparency (EIT) and quadripartite macro-
scopic entanglement in an optomechanical system with one fixed mirror and three movable perfectly reflecting mirrors. We
explore the EIT phenomena in this optomechanical system. Results show the appearance of EIT dips in the output field.
Moreover, we demonstrate how steady-state quadripartite entanglement can be generated via radiation pressure. We also
quantify the bipartite entanglement in each field—mirror subsystem and in the mirror—mirror subsystem. Findings show that
a high intensity of entanglement between two subsystems can be achieved.
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1. Introduction

Entanglement, as a characteristic trait of quantum me-
chanics, has become a key resource for numerous quantum
information processing applications.!l At present, one can ex-
perimentally prepare and manipulate entanglement in such mi-
croscopic systems as photons, ions, and atoms.”! However,
this advancement will not violate the principle that entangle-
ment can be generated in mesoscopic and even macroscopic
systems. Entanglement among macroscopic systems has be-
come a relevant topic since the emergence of quantum me-
chanics. Therefore, determining the possibility of obtaining
quantum entanglement at the macroscopic level is of great im-
portance.

Nanomechanical oscillators are emerging as important
candidates for exploring quantum features in a macroscopic

[3-121 Over the past several years, various schemes for

system.
the generation of bipartite entanglement were proposed. The
optomechanical entanglement between a cavity field and a vi-
brating cavity end mirror is investigated in Refs. [13] and [14].
Moreover, a large number of proposals have been put forward
on entangling two mirrors in a cavity.>~13! To date, few au-
thors have investigated multipartite macroscopic entanglement
in a mechanical oscillator system. Paternostro et al. recently
proposed a scheme showing that genuine tripartite entangle-
ment can be achieved via a cavity system using a movable
mirror.'”) To the best of our knowledge, no report has been
made on quadripartite macroscopic entanglement generation
in an optomechanical system.
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On the other hand, electromagnetically induced trans-
parency (EIT), as one of the most important coherent ef-
fects, has been widely researched both in theory?*->>! and
experiments.l”’! EIT has significant applications in the stor-
age of light?’-?! Traditional EIT experiments are based on
atomic systems or on a number of systems with coherent

1301 EIT in cavity optomechanical sys-

pump and probe fields.
tems has recently attracted considerable interest.[>3!-32] No-
tably, EIT in optomechanical systems has been achieved in
experiments.[33-37]

In this paper, we propose a scheme to recreate the EIT
phenomena and a stationary quadripartite macroscopic entan-
glement. Our scheme is achieved using a laser field inside
a ring cavity and coupled to the position and momentum of
three mirrors. We show that EIT dips exist in the output field,
and genuine quadripartite macroscopic entanglement can be
created in the optomechanical system, although no direct in-
teraction among the three mirrors is observed. The feasible
experimental parameters are derived from current experiments
on optomechanical normal mode splitting.**37) In contrast to
previous proposals,['®) temperatures need not be close to the
oscillator’s ground state. Quadripartite entanglement is shown

to exist above a temperature of 9 mK in this case.

2. EIT of a homodyne spectrum

The proposed optomechanical system comprises a ring
cavity with one partially fixed transmitting mirror and three
movable perfectly reflecting mirrors and is driven by a laser,
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as shown in Fig. 1.

Fig. 1. (color online) A ring cavity with one fixed partially transmitting
mirror My and three movable perfectly reflecting mirrors labeled as M|,
M,, and M3.

The movable mirrors M;, M,, and M3 are treated
as quantum-mechanical oscillators with the same effective
masses m and frequencies . An external laser with fre-
quency o is injected into the cavity through the fixed mirror
My. The Hamiltonian of this system is expressed as

H = h(a, — oL)n +hgnccos*(0/2)(0r — 0y — 03)

ghon T (04 ) ie( o), ()
i=1,2,3

where Q; and P; (j=1, 2, 3) are the position and momentum
operators for the oscillators, respectively, with the relationship
[0i,Pj] =10;; (i, j=1, 2, 3). gis the coupling rate between the
cavity field and the j-th mirror. ¢ and ¢ are the creation and
annihilation operators of the cavity mode, respectively, with
frequency @, and decay rate k. n. = c'c is the mean photon
number inside the ring cavity. 0 is the angle between the inci-
dent light and the reflected light on the surfaces of the movable
mirrors. The parameter € means the coupling strength between
the laser and the cavity with € = \/2k( /i, ( is the power
of the coupling field). Using the Heisenberg equations of mo-
tion while including the effect of damping and noises, we can
obtain the quantum Langevin equations

01 = nP,
QZ = (DmPQ,
03 = b5,

Pi = gncos*(6/2) — 0mQ1 — P + &1,

Py = —gncos®(0/2) — 0mQ2 — P2 + &,

Py = gncos*(6/2) — 0mQ3 — YmPs + &,

¢ = —ke+i[oL — @ —geos*(6/2)(Qr — Q1 — 03)]c

+ &£+ V2Kcin,
C"Jr = —K‘C? — i[a)L — @ —gCOSZ(e/Z)(QQ — Q01— Q3)]CJr
+e+V2xKe . 2)

In the proposed system, the movable mirrors are damped at the
same damping rate },. Meanwhile, vacuum radiation input
noise X;; = ciTn +cip and Yy = i(c;fn — Cin) is observed, wherein

the nonzero correlation function ist>®)

{cin(t)ef, (1) = 8 —1"). ©)

The thermal Langevin force & (i = 1, 2, 3) results from the
coupling of the movable mirror to the environment and is ex-
pressed by the following correlation function!®”!

E0&w) = 2 [ ge-ivie-)

T 2non,

h
X [1 + coth (2kBT>} dw, 4)

where kg is the Boltzmann constant and 7 is the temperature

of the environment with j k=1, 2, 3. Assuming that the rel-
ative distance and the relative momentum of the movable mir-
rors satisfy the relation Q = Q> — Q1 — Q3, P=P, — P — P3,
we reduce Eq. (2) to

Q = OnP,
P = —0nQ — YuP —3gcos?(0/2)cTc+ &,
¢ = —ke+iloL — @ —gcos?(6/2)0]c
+ £+ V2Kcin,
¢t = —ke" —i[oL — 0. — gcos?(6/2)0]c’
+ e+ V2kKe . 5)
From the above equations, the steady-state mean values can
be derived, such as P* = 0, Q° = —3g|c’|?cos?(8/2)/n,
¢ =¢/(k+iA), A = @, — ®1 + gcos*(0/2)0°. To study
the EIT in the homodyne spectrum of the output field, we can
arrive at the linearized equations for the fluctuation operators

8Q = wndP,
P = —0,8Q — VP —3gcos>(0/2)[csdc’ +ci8c] + &,
8¢ = [~k +i(oL — @, — gcos?(6/2)0Q)] 8¢

— igcos?(0/2)cs80 +V2kcin,

8¢t = [~k —i(oL — @, — gcos*(0/2)0;)])8c’
+igcos?(8/2)ct8Q + V2K . (6)

After Fourier relation, the above equation can be transformed
as

i060(w) = on6P(0),
i08P(0) = —0pd0(0) — YmdP(®) —3gcos(6/2)
X [es8¢’ (@) + ¢t 8c(w)] + & (o),

iwdc(w) = [~k +i(wp — @, —gcos*(0/2)Qs)]5c(w)
— igcos?(0/2)c,8Q(®) + V2kein (o),
i0dc(0) = [-x—i(oL — 0. —gcos?(6/2)0)]dc¢ (o)

+igcos?(8/2)ct8Q() + V2ke) (0).  (7)
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in the frequency domain, the operators & and c;, have the fol-
lowing correlation functions:

(&j(0)& ("))
- 47rym% [1 +coth (ﬂ)] b+ a'),
<Cm(a))cin(w/)>
2
= 2”F2+?Z)F— )28(w+w’—2wm),
(cin(@)ch (~0))
NI? ,

where the parameter N denotes the photon number in the
squeezed vacuum with M = \/m, and the parameter
I' is the linewidth of the squeezed vacuum. According to
Fig. 2 in Ref. [3], which sketches the measurement of the
output field. in our system, we can define the output field as
dout (@) = cout (@) + cin (@), and we can derive the result

Sdou(®) = Mi(0)§ () +Ma(@)c], (—w)
+ M3(0)cin (@), ©)
where M| = Hl/G, M, = H2/G, and M3 = ZK‘/G with

9g*cos® (8/2)c*|*
A(FA+3ig?cos*(6/2)[c5]?)’
(@2 — @*+iym®)(F +B)

G=D-B-—

A= ,
Om
B 3ig?cos* (8/2)|c"|?
= n ,
o — iv2Kkgcos? (0/2)cSon(3ig?cos* (8/2)|c5|> — F — By)
b (02 — 02+ 1fm®)(F + B)
6ikg® cos* (6/2)|c*|?
H, =

AG(F+B)

F=x+i(w—A), and D=«x+i(w+A). In Eq. (9), the
first term denotes the thermal noise of the three movable mir-
rors, and the other two terms refer to the contribution of the
squeezed vacuum. Using the correlation function of the op-
erators ¢, (@) and & () and neglecting fast oscillating terms,
the homodyne spectrum X (w) of the output field can be de-

scribed as
X(w) = M3(0+ On)Ma(—0+ )MF2
- 3 a)m 3 a)IIl F2+w2
NI'?
M3 (@ 2=
+| 3( +wm)| 2+’
+ M3 (0 + on)M;(—0 + )MF2
3 WOm )M3 Om 2+ o?
2 r: 2
+M@pw+%mf7§¥+mmw+%m
7 O+ Wy

+ |Ma(— 0+ On) > + Yo M1 (0 + O

h
x { 14 coth W+ o) + 2Ym| M (—0 + o) |2
2kgT

o+ O ho— o)
1 h|—= .
X { -+ cot [ T

After deriving the above homodyne spectrum equation,

we will examine it numerically to study the EIT phenomena

in the homodyne spectrum of the output field. The choice of

parameters is taken from the experimental paper.136-7]

"1
3
5
. 7 €107
w/10° -3

Fig. 2. (color online) Plot of the homodyne spectrum of the output fields
X () as the function of the normalized detuning A /@y, ®, and &. The
parameters are Wy = 27 X 51.8 MHz, %, = 8.27 X 10* Hz, 6 = /6,
K =30 MHz, g =600 Hz, N =10, M = \/N(N+1), T=1K,
I' = 60 MHz for panel (a) & =20 mW and panel (b) A/wp, = 1.

In Fig. 2, we give the plot of the homodyne spectrum of
the output field with different parameters o, &, and A. We
can see that the homodyne spectrum of the output has the EIT
dips. This finding suggests that the minimum of the homodyne
spectrum of the output occurs at @ = 0. As |o| increases, the
homodyne spectrum of the output field is split into two max-
ima located symmetrically. Apparently, the parameters A/®
from 0.98 to 1.60 (Fig. 2(a)) and & from 10 mW to 70 mW
(Fig. 2(b)) exhibit EIT dips, which stem from the destructive
interference between the squeezed vacuum and the quantum
field generated by the interaction between the coupling field
and the movable mirrors. The width of the EIT dip is gen-
erally proportional to the power of the coupling field. From
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Fig. 2(a), we find that with an increasing parameter &, the
width of the EIT dips simultaneously decreases. Figure 2(b)
shows that with the detuning A increasing, the width of the
EIT dips gradually diminishes.

3. Generation of quadripartite macroscopic en-
tanglement

To study quadripartite macroscopic entanglement in the
proposed system, we calculate the fluctuations in the mirrors’
amplitude. The parameter regime relevant to the generation
of quadripartite optomechanical entanglement is a very large
amplitude ¢® with |c¢®| > 1 of the activity. In this case, we
can derive the following linearized Langevin equations from
Eq. (2):

8501 = 0P,
6Q2 = a’l‘n5P27
803 = 0n6P;,

8P = gcos”(6/2)(R(c*)8X +3(c*)8Y)
— 0n6Q01 — YmbP + &4,
8Py = —gcos?(0/2)(R(c*)6X +3(c*)8Y)
— 0n6Q2 — YmbP + &,
gcos?(0/2)(R(c)6X +3(c*)8Y)
— 0m0Q3 — Ym6P; + &3,
—Kk8X +A8Y +V23(c*) (802 — 80,
— 803) + V2K8Xin,
8Y = —Kk8Y —ASX —V2R(c*) (802 — 801
— 803) +V2k8Yi, (10

8P

86X

where the cavity field quadratures §X = 8c + 8¢’ and §Y =

i(8c" — 8¢) and the corresponding input noise quadratures
0Xin = O6cin + 56;21 and 6Y;, = i(6cfn — Ocyp) are defined.
Equation (10) can then be rewritten in a matrix form as

f6)=Af@)+x(), (11)

in which the transposes of the column vectors f()
and x(¢f) can be expressed as f(t)T = (6Qi,0P,
5Q2,5P2,5Q3,6P3,5X,5Y) and X(t)T = (0,51,0, 52, 0,
&3,V2K6Xin, V2K 8Y;,), respectively. The drift matrix A for
the above equation is given by

0 g O O O 0 0 0
~On ~Ya 0 0 O 0 m mnm
0 0 0 ®, O O 0 0
0 0 —on Y O 0 —-m —M

A=1 09 0 0 0 0 O g (? (12)
0 0 0 0 —On Y M M
-2 0 m 0 -n 0 -x A
m 0 -m 0 m 0 -A -k

with 17 = gcos?(8/2)R(c*), N2 = gcos?(8/2)3(c*). Our cur-
rent objective is to study the entanglement properties in the
steady state, which can be guaranteed to exist if the real parts
of the eigenvalues of A are negative. The detailed conditions
for this process to occur are derived via a simple stability-
analysis test!*”) When the steady-state condition is satisfied,
we can obtain the following equation for the stability correla-
tion matrix:

AV +VAT=_D, (13)

where D = Diag[0, m(2n + 1),0,%(2n + 1),0,%n(2n +
1), x, k] with n = (exp{hon/kgT} — 1)~ is the average ex-
citation number. The steady-state covariance matrix V' of this
system can be expressed as

Ky, Ly; Lz Ly,
L, K, Ly Ly
LT3 L% Kz Ls |’
Li. L}, L K.

(14)

in which Vi = ((ui(o0)ut(o0) + {1t (o0)ui(0)) /2, with u" (e0) =
(6Qj(e0),0Pj(e0),X(c0),0Y (o)) is the vector of the fluctua-
tion operators at the steady state (f — o). In Eq. (14), K;isa
2 x 2 matrix describing the local properties of mode j (j =1, 2,
3, ¢), whereas the L;; (i, j = 1, 2, 3) matrix indicates intermode
correlations. To investigate the behavior of the entanglement
among the elements of the quadripartite system, we employ
logarithmic negativity Ex*'*3 to judge entanglement. In the

continuous variable case, Ex can be defined as*’!

Ey = max[0, —log, v_], (15)

where the smallest eigenvalue

2 b
with A(I') = det A+det B—2detC, and the 2 x 2 block form
of the correlation matrix I" as

F(éTg) (16)

The element of the covariance matrix I;; is derived from the
4 x 4 matrix from V by taking the block matrix in Eq. (14). We
will describe and quantify the bipartite C—V entanglement in

y \/A(F)— A(T)2 — 4Detl’

both the cavity field—mirror and mirror—to—mirror subsystems.
In our numerical calculations, we take the systems? parame-
ters: & =20 mW, o, = 9.5 x 10® Hz, 1, = 100 Hz, 6 = 7/6,
kK = 6.8 MHz, g = 200 Hz, and T = 8 mK, which are based
on the current experiments? conditions.[***%] We numerically
investigate the entanglement in the cavity field—mirrors sub-
system.

First, we numerically investigate the entanglement in the
cavity field—mirror subsystem. According to the numerical
calculations, we find that the logarithmic negativity Ey of
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three field—mirror subsystems are equal in value. This find-
ing can be verified from the second term of Eq. (1), where the
three mirrors are symmetrical. Thus, the entanglement of all
field—mirror subsystems has the same value.

In Fig. 3(a), the logarithmic negativity Ey of the field—
mirror subsystem is plotted with parameter A. The curve im-
plies a strong C-V entanglement between field—mirror sub-
systems. That is, C-V entanglement persists between the
field and any of the three movable mirrors when parameter
A ranges from 0.7 to 1.2. We can clearly see that the value Ey
is close to its minimum when A = wy,. For the far detuning
cavity, the input power can be reduced, which will set the sys-
tem into a condition of small backaction. The robustness of
this entanglement with respect to environmental temperature
is shown in Fig. 3(b). The relevant result is that the entan-
glement of a field—mirror subsystem persists for temperatures
above 9 mK.

0.83
0.82 @
0.81
0.80
0.79

0.78

Ey

0.77
0.76

0.75
07 08 09 10 1.1 12 13 14

A/ wy

1.0

(©)
0.8 1

0.6
3

0.4

0.2

T/107°K
Fig. 3. (color online) Plot of the steady-state entanglement described
by the logarithmic negativity Ex as a function of the normalized de-
tuning A/®y. The parameters are & = 50 mW, @y, = 9.5 x 10° Hz,
Ym = 100 Hz, 8 = /3, k = 6.8 MHz, g = 200 Hz, (a) T =2 mK and
b A/o=1.

Moreover, we also calculated the C-V entanglement
among the mirror—to—mirror subsystems of the three movable
mirrors M;, M,, and M3;. On the basis of the calculation re-
sults, the logarithmic negativity Ey of any mirror—to—mirror
subsystem is close to 0.99 using the same parameters as with
the previous model. That is, strong C-V entanglement ex-
ists among the mirror—to—mirror subsystems. According to the
model or the Hamiltonian of this system, although the three

mirrors never interact directly, the cavity field acts as a bus for
the cross talk of the three mirrors. That is, any entanglement
among the mirror—to—mirror subsystems is an indication of a
coherent field—mirror interaction induced by the cavity field.
The corresponding quadripartite state violates the positivity of
the partial transposition criterion with respect to all partitions,
indicating that the state is not biseparable with respect to any
split and reflecting multipartite entanglement in this sense.!”]
Hence, we arrive at a very important result, that is, genuine
quadripartite C-V entanglement can be obtained among the
subsystems.

Finally, we will discuss how to use logarithmic negativ-
ity to ascertain entanglement. In this system, the quadripartite
state violates the positivity of the partial transposition criterion
with respect to all partitions, which means that the state is not
biseparable with respect to any split and reflecting multipartite
entanglement in this aspect.'! Obviously, this process can ex-
clude biseparability for any split, but one possibility is that a
convex combination of biseparable states remains with respect
to different subsystems. To take an extreme example, an en-
tangled state exists between two parties only, whereas the spe-
cific modes that share this entanglement are unknown. Nev-
ertheless, the optomechanical state has been verified to be a
genuinely multipartite entanglement in the stronger sense, us-
ing the optimal entanglement witnesses for Gaussian states.!'"]
Hence, genuine quadripartite entanglement exists among the
subsystems.

4. Discussion and conclusions

A ring cavity with one fixed mirror and three movable
perfectly reflecting mirrors is investigated. Using a linearized
fluctuation analysis, we derived the quantum fluctuations and
stability correlation matrix of this system. The mean square
fluctuations in position and momentum of the cavity field and
the movable mirrors are presented. We have discussed EIT us-
ing quantum fields in optomechanical systems under a wide
range of parameter conditions. The results show that the ho-
modyne spectrum of the output has perfect EIT dips and that
the width of the EIT dips can be controlled by the parameters
& and A.

We have also discussed the entanglement among field—
mirror subsystems, as well as that among mirror—to—mirror
subsystems, in a quadripartite system. Numerical results show
that genuine quadripartite macroscopic entanglement can be
generated despite the lack of direct interaction among the mov-
able mirrors. This condition facilitates the generation of C'—
V entanglement among the macroscopic objects, reminding
us of the utility of such an entanglement as an effective treat-
ment regimen for the indirect manipulation of the mirror state
through cavity—field control.
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