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Theoretical simulation of the photoassociation process for NaCs∗
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We investigate the two-step association process of NaCs using the time-dependent wave packet method. Ground
state atoms can be photoassociated to the low vibrational levels of the ground state for an NaCs molecule by the two-step
association. The time-dependent Schrödinger equation of the association process is solved within a three-state model and
the wave packet is propagated with the “split operator-Fourier transform” scheme and the rotating-wave approximation
(RWA). The vibrational population distribution of the ground state can be obtained by projecting the wave packet to every
vibrational level of the ground state. The results not only show that for NaCs achievement of photoassociation production
is accompanied by the photodissociation of the higher vibrational molecules, but also show that the vibrational distribution
in lower vibrational levels of the ground state changes with the laser parameters.
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1. Introduction
In recent years, with the development of ultrashort pulse

laser techniques, many new phenomena of laser-molecule in-
teraction have been observed and investigated, such as ac-
Stark shift,[1,2] multiphoton ionization,[3–5] laser-induced con-
tinuum structure,[6–8] and photoassociation reaction.[9–11] As
a reversed process of photodissociation, photoassociation has
been studied both experimentally and theoretically. In 1995,
Marvet and Dantus first investigated experimentally the for-
mation of Hg2 molecules with an ultrashort laser pulse.[12]

The next year, Korolkov et al. studied the photoassociation
reaction induced by a laser pulse with optimal parameters.[13]

Nikolov and Ensher developed a two-step “R-transfer” method
in 1999.[14] In 2004, four groups reported photoassociative
production of three different ultracold heteronuclear diatomic
molecules.[15–18] In 2011, Zhang Wei and Cong Shu-Lin et al.
investigated the photoassociation (PA) dynamics implemented
by a train of asymmetric slowly turned-on and rapidly turned-
off (STRT) laser pulses and in the same year they also reported
the PA dynamics of ultracold cesium atoms being controlled
by varying the phase of the envelope (POE) φ and the period
of the envelope Tp.[19,20]

In 2012, Lin Feng and Zhang Wei et al. studied the de-
pendence of photoassociation probability on the cut-off po-
sition of the laser pulse.[21] Here, we study the two-step as-
sociation process of the NaCs with the time-dependent quan-
tum wave packet method which has been proved to be an ef-
fective and accurate method to investigate the interaction be-
tween molecules and an external field.[22–26] We choose NaCs
for two reasons. First, NaCs has the largest measured dipole
moment among all of the diatomic alkali molecules.[27] Sec-
ond, Shaffer et al. have shown that cold Na and Cs have a

substantial cross section for photoassociation.[28] Our scheme,
depicted in Fig. 1, is conceptually similar to one proposed in
Ref. [29]. In the first step, ground-state atoms are photoasso-
ciated to form long-range molecules in high vibrational levels
of the 13Π state. Molecules photoassociated to the 13Π state
cannot decay directly to the X1Σ+ state, because the Frank–
Condon factors between the two states are very small in the
regions we identified.[30] In the second step, the molecules are
secondarily excited to the higher state. We have not identi-
fied the secondary state to which the molecules are excited.
The density of states in this region is large and many states are
possible. We offer one example, the 31Π state, which has the
correct energy and good Frank–Condon factors with both the
13Π state and the X1Σ+ state. Finally, the molecules in low vi-
brational levels of the X1Σ+ state are achieved by spontaneous
emission from the 31Π state.
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Fig. 1. (color online) Complete picture of ground state molecule pro-
duction. Molecules are produced by photoassociation (PA) to vibra-
tional levels of the 13Π state before being photo excited (PC) and fi-
nally undergoing spontaneous emission (SE) to the ground state. The
unit a.u. is the abbreviation for atomic unit.
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In this paper, we investigate the two-step association pro-
cess of NaCs using the time-dependent wave packet method.
The remainder of this paper is organized as follows. Section 2
provides a brief review of the quantum wave packet method for
photoassociation and photodissociation. The time-dependent
Schrödinger equation and its solution with the scheme of wave
packet propagation are then simply presented. The result and
the discussion are given in Section 3. We conclude with a dis-
cussion of this work in Section 4.

2. Methodology
2.1. Time-dependent Schrödinger equation for the associ-

ation

Within the Born–Oppenheimer approximation, the pho-
toassociation process can be described by the time-dependent
Schrödinger equation

ih̄
∂

∂ t
|ψ(R, t)〉= [H0 +W (t)] |ψ(R, t)〉 , (1)

where H0 is the field-free Hamiltonian of the system and

W (t) = µE0 f (t)cos(ωt +φ) (2)

is the laser-molecule interaction, µ the dipole moment op-
erator and f (t) is the shape of the pulse. |ψ(R, t)〉 is the
time-dependent molecular wavefunction and the initial nuclear
wavefunction, i.e., |ψ(R, t = 0)〉 is described by the coherent
Gaussian wave packet [31]

ψ(R) =
(

2
πd0

)1/4

exp
[

ikR−
(

R−R0

d0

)2]
, (3)

where d0 denotes the initial width of the wave packet, and R0

is the initial internuclear distance between Na and Cs. The
relative collision energy is given by

E0 = h̄2(k2 +1/d2
0)/(2m), (4)

where h̄k and m are the initial momentum and the reduced
mass, respectively. In the calculation, the initial collision en-
ergy is 0.0077 eV, the initial width d0 of the wave packet is
taken to be 12a0 and R0 is 16a0.

Generally we must use a very small time step to keep up
with the fast oscillation of the laser frequency ω , which in-
volves a large amount of calculation. In order to simplify the
calculation, we employ the RWA, then we can rewrite the time-
dependent Schrödinger equation as[32]

ih̄
∂

∂ t

 ϕ1
ϕ2
ϕ3

=


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0 T 0
0 0 T

+


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1
2

h̄Ω1 0

1
2

h̄Ω1 V2− h̄ω1
1
2

h̄Ω2

0
1
2

h̄Ω2 V3− h̄ω1− h̄ω2




 ϕ1

ϕ2
ϕ3

 , (5)

where Ω = E(t)µ(R)/h̄ is the Rabi frequency. V1,V2,V3 de-
note the diabatic potential functions for X1Σ+, 13Π, 31Π

states, respectively.[33] With the rotating-wave approximation
(RWA), we just need to consider the shape of the laser field
f (t) without regard to the laser frequency, so we can use a
large time step to watch the motion of the wave packet and
save computing time. By solving Eq. (5) we can get the wave
packet in the low vibrational level of the 31Π state and then ob-
tain the wave function of the X1Σ+state through spontaneous
emission. The population of each state can be extracted from
the norm of the nuclear wave packet ϕi(R, t) (i = 1,2,3), i.e.,

Pi(t) =
∫ R2

R1

dR |ϕi(R, t)|2, (6)

where R1 and R2 define the range of inter-nuclear distances.
We can also get the distribution of each vibrational level in the
ground state from

P′ =
∣∣〈φ j(R, t)

∣∣ ϕ(R, t)〉
∣∣2 , (7)

where φ j(R, t) ( j = 1, 2, 3, . . . .) is the wave function of each
vibrational level in the ground state.

2.2. The photodissociation of the molecule

Usually the NaCs molecules in the ground electronic state
are populated both high-vibrationally and low-vibrationally
because of spontaneous emission and the influence of the first
laser pulse. In order to obtain the molecules only in low vi-
brational levels, noticing that there is a repulsive excited state
13Σ+ which couples closely with the X1Σ+ state, we can use
a laser beam with low frequency to dissociate the molecules
in high vibrational levels. As a result, the molecules which
mainly populate low vibrational levels of the X1Σ+ state are
obtained. Under RWA, the time-dependent Schrödinger equa-
tion for the system can be written as

ih̄
∂

∂ t
ψ(R, t) =𝐻ψ(R, t), (8)

with Hamiltonian 𝐻 = 𝑇 +𝑉 , 𝑇 the kinetic matrix, 𝑉 the
potential matrix, and

ψ(R, t) =
(

ψ1
ψ2

)
, (9)

𝑇 =− h̄2

2m
∂

∂R2

(
1 0
0 1

)
,
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𝑉 =

 V1
1
2

µ12E

1
2

µ21E V2− h̄ω

 , (10)

where m is the reduced mass, V1, V2 the diabatic potential func-
tions for the ground and excited states and µ is the same as
before. In Eq. (9), ψ1 and ψ2 represent the time-dependent
nuclear wave functions in the lower and upper states, respec-
tively, which are obtained by the following wave packet prop-
agation scheme.

Consider a small time interval ∆t. Using the split-operator
technique, the canonical solution of Eq. (8) can be written up
to second-order approximation as[34]

Ψ(R, t0 +∆t)≈U1/2
V UTU1/2

V Ψ(R, t0), (11)

where ψ(R, t0) is the wave packet at the initial time t0, and

UT = exp
[
− i∆t

h̄
T
]
, UV = exp

[
− i∆t

h̄
V (R, t0)

]
(12)

are called the kinetic- and potential-energy evolution opera-
tors, respectively. After propagating n steps, the wave function
assumes the form

Ψ(R, t0 +n∆t)≈

[
n−1

∏
k=0

UTUV (R, t0 + k∆t)

]
Ψ(R, t0). (13)

The dissociation probability in each channel can be cal-
culated from the probability flux of the wave function at the
nuclear separation Rd,

Ji(t) =
h̄
m

Im
[

ψ
∗
i (R, t)

∂ψi(R, t)
∂R

]
R=Rd

. (14)

If we write the outgoing wave-packet in terms of a real ampli-
tude A and a real phase φ , i.e.,

ψi(R, t) = Ai(R, t)exp[iφi(R, t)], (15)

then the current density can be written as[35]

Ji(t) =
|Ai(R, t)|2

m
∇φi(R, t). (16)

The dissociation yield of fragments, D, is given by the
following integration along the nuclear flux direction at Rd

D(t) =
∫ t

0
dt ′Ji(Rd, t ′). (17)

3. Results and discussion

In the two-step association scheme, the effect of the first
laser pulse must leave an impression in the ground state. Fig-
ure 2(a) shows the vibrational population distributed mainly
around the vibrational level υ > 60 after the first pulse. This
high vibrational distribution is caused by the excitation of the
initial wave packet in the form of Eq. (3) and the decay of the
wave packet to the X1Σ+ state induced by the first pulse. The
vibrational distribution after the two-step association is shown
in Fig. 2(b). Obviously since the population in higher vibra-
tional levels has been dissociated through the repulsive excited
state, the population in the ground state is just in lower vibra-
tional levels.

0 20 40 60 80
0

0.2

0.4

0.6

0 20 40 60 80
0

0.2

0.4

0.6

0.8

1.0
(b)(a)

Vibrational quantum number

P
o
p
u
la

ti
o
n

Vibrational quantum number

Fig. 2. (a) Population in each vibrational level of the ground state after the first laser pulse; (b) Distribution after the two-step association.

The adiabatic potential curves of dissociation process and
the dissociation probability as a function of time are shown in
Fig. 3 and Fig. 4, respectively. In Fig. 3, there are two dis-
sociation channels, the upper channel (red line) and the lower
one (black line). We can see a plateau region of the dissocia-
tion probability via the lower dissociation channel (red line in
Fig. 4), which can be explained by the evolution of the wave

packet on the potential curves. The wave packet is pumped
onto the excited state. When it reaches the location of the
avoided crossing, coming from the left turning point, part of it
transmits across this region to the lower potential curve and
dissociates. Then the wave packet moves forward continu-
ously along the potential well. It goes back after arriving at
the right-hand-side turning point and completes the first pe-
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riod. In the next period, the wave packet moves along the up-
per potential curve and dissociates again when it goes through
the avoided crossing point. The dissociation probability via
the upper channel (black line in Fig. 4) is monotonously in-
creasing instead of increasing with plateau region because the
remaining wave packet after the first dissociation period does
not have enough energy to run out of the potential well and
dissociate again.
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Fig. 3. (color online) Adiabatic and diabatic (lines in the inset) potential
curves for the X1
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Fig. 4. (color online) Dissociation probability as a function of time.

Having obtained the production of NaCs in low vibra-
tional levels above, we now turn to the changes of population
distribution with changing laser parameters. First, the distri-
bution in the ground state changing with the laser frequency
is studied. As shown in Fig. 5, with the increase of the pulse
frequency, the center of the vibrational population distribution
shifts to higher vibrational levels. This phenomenon can be ex-
plained thus: with the increase of the laser frequency, the wave
packet is pumped onto the second excited electronic state, and
the higher vibrational levels can be populated, so the popula-
tion in the ground state formed by the spontaneous emission
from the 31Π state concentrates upon the higher vibrational
levels due to the influence of the Franck–Condon factor.

Second, we are also interested in the variation of the pop-
ulation with the pulse duration. From above we know that the

photoassociation process is related to the selectivity of the vi-
brational states. Obviously this selectivity is relevant to the
duration of pulse used. The uncertainty relation ∆E ·∆t ≥ h̄/2
shows that with the increase of the pulse duration, the uncer-
tainty of the energy becomes less. As a result, more vibrational
levels are in resonance and excited states, which leads to the
reduction of the state selectivity. As shown in Fig. 6, when the
pulse duration is 80 fs, the vibrational population distributes
mainly in υ = 25 ∼ 35, and the center is located at υ = 30,
while the distribution of the vibrational population is mostly
in the range of υ = 20 ∼ 40 and υ = 15 ∼ 45 when the pulse
duration is 60 fs and 40 fs, respectively.
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Fig. 5. Central vibrational level of the population distribution in ground
state changes with the laser frequency.
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Fig. 6. (color online) The population distribution in the X1Σ+ state for
pulse durations 80 fs, 60 fs, and 40 fs.

Third, we investigate the population distribution at dif-
ferent delay times between two laser beams as shown in
Figs. 7(a)–7(c). Figure 7(a) displays the vibrational distribu-
tion in the X1Σ+ state for the delay time 0 fs; figures 7(b)
and 7(c) exhibit the vibrational distribution in the X1Σ+state
when the delay time is 60 fs and 110 fs, respectively. The
results show that the main distribution area of the population
shifts from the high vibrational levels to the low vibrational
levels gradually with the increase of the delay time. This phe-
nomenon can be elucidated by the evolution of the wave packet
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in the 13Π state. The wave packet is pumped onto the 13Π

state by the first laser, and then it will move along the poten-
tial curve from high vibrational levels to low vibrational levels
before the second laser works. With the delay time increasing,

the wave packet moves to lower vibrational levels and then is
excited to related lower vibrational levels of the 31Π state by
the second laser pulse. Consequently, the population in lower
vibrational levels is produced by spontaneous emission.
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Fig. 7. The distribution in the X1Σ+ state for different delay time. The distribution is abbreviated to DT in the figure.

4. Summary
In this paper we investigated the two-step association pro-

cess of NaCs using the time-dependent wave packet quantum
dynamics on accurate ab initio PECs. In order to achieve
the NaCs molecules most populated in low vibrational lev-
els, we used a laser beam to dissociate the molecules in high
vibrational levels of the X1Σ+ state. The results show that
the molecules in low vibrational levels of the ground state
can be produced through the association and dissociation pro-
cess. The vibrational population distribution in the ground
state changes with the laser parameters. We noticed that the
center of the vibrational distribution in the X1Σ+ state shifts to
higher vibrational levels with increasing laser frequency. By
analyzing the changes of population distribution with different
laser duration, we also found that the longer the laser duration,
the better the state selectivity. Finally, the influence of the de-
lay time, one of the important parameters of laser pulses, on
photoassociation was studied. The result shows that the main
distribution area of the population gradually shifts from high
vibrational levels to low vibrational levels with the increase of
delay time. These results obtained from our work are probably
helpful for exploring the formation of the ultracold molecules
and can provide some useful information for the relevant ex-
periments.
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