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The evolution of a system state is derived based on the nonresonant interaction of a three-level “Λ” type atom with two
cavity modes at a pair coherent state and two classic fields, and a cavity field state is analyzed in detail under conditional
detecting. It is found that the quantized modified Bessel–Gaussian states as well as the superposition states consisting of the
quantized vortex states with different weighted coefficients may be prepared through carefully preparing an initial atomic
state and appropriately adjusting the interaction time. The scheme provides an additional choice to realize the two-mode
quantized vortex state within the context of cavity quantum electrodynamics (QED).
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1. Introduction
Entanglement between two quantum systems is recog-

nized nowadays as a key ingredient for testing quantum
mechanics versus local hidden-variable theory.[1] Entangled
quantum state as a valuable resource has been applied to quan-
tum information processing.[2–4] Among the important two-
mode entangled states, a pair coherent state[5,6] and a quan-
tized vortex state[7] have received a great deal of attention.
These states bear strong nonclassical properties and are highly
entangled.[8,9] For instance, the pair coherent state extends the
candidates of states that could provide continuous variable re-
alizations of the Einstein–Podolsky–Rosen (EPR) paradox,[10]

and so on.[11,12] In addition the experimental schemes to gen-
erate pair coherent states[13–15] or quantized vortex states[16–19]

with currently available technology were proposed. For exam-
ple, Tara and Agarwal[10] have shown that a two-mode state
through linear transformation belonging to SU(2) group may
lead to a vortex state under special conditions. Very recently,
the schemes to produce a generalized quantum elliptic vor-
tex with the help of a beam splitter or a dual channel di-
rectional coupler to a two-mode squeezed coherent state[17]

and to generate a two-mode quantized vortex state through a
squeezed vacuum by subtracting a photon were proposed.[16]

Moreover, we[18–21] also suggested that a quantum modified
Bessel–Gaussian vortex state or Bessel–Gaussian state may
be prepared with a pair coherent state through a parametric
frequency conversion process.

In fact, there has been much interest in the evolution of the
pair coherent state interacting with the two-level[22] and three-

level[23] Jaynes–Cummings model atoms. In this research, we
present an alternative method to prepare a two-mode quan-
tized vortex state of a cavity field within the context of cavity
quantum electrodynamics (QED). Based on the nonresonant
interaction of a three-level Λ-type atom with two cavity modes
and two classic fields,[24] we can obtain the quantized modified
Bessel–Gaussian states as well as the superposition state con-
sisting of the quantized vortex states with different weighted
coefficients. The rest of the present paper is organized as fol-
lows. In Section 2, the state evolution of a pair coherent state
interacting with a three-level Λ-type atom is derived. Then, in
Section 3 we investigate the vortex structure associated with
the cavity field state in the quadrature space. Finally, a sum-
mary is presented in Section 4.

2. Atomic model and evolution of pair coherent
states
In this paper we aim at how to prepare newly quantized

field states with vortices through the interaction of a pair co-
herent state with an atom placed in a cavity. Here the system
consists of a three-level atom in Λ configuration placed inside
a two-mode field cavity. Although the system has been con-
sidered before in Ref. [25], for the sake of completeness, some
main results and steps are still presented here. The level struc-
ture of the atom is depicted in Fig. 1, where the two atomic
transitions |c〉 ↔ |e〉 and |c〉 ↔ |g〉 interact with the two cavity
modes with the same detuning ∆ but with different coupling
constants g1 and g2, respectively. The two atomic transitions
|c〉 ↔ |e〉 and |c〉 ↔ |g〉 are also driven by two classical fields
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with detuning ∆ ′, and Ω1 and Ω2 are the Rabi frequencies of
the two classical fields. The Hamiltonian describing the sys-
tem can be expressed as

H = ωe |e〉〈e|+ωc |e〉〈e|+ω1a†
1a1 +ω2a†

2a2

+ g1

(
a†

1 |e〉〈c|+a1 |c〉〈e|
)
+g2

(
a†

2 |g〉〈c|+a2 |c〉〈g|
)

+ Ω1

(
e−i(ωc−ωe−∆ ′)t |c〉〈e|+H.C.

)
+ Ω2

(
e−i(ωc−∆ ′)t |c〉〈g|+H.C.

)
, (1)

where a†
i and ai are the creation and annihilation operators for

the cavity fields of frequencies ωi (i = 1, 2), while ωc and ωe

are the Bohr frequencies associated with the two atomic tran-
sitions |e〉 ↔ |g〉 and |c〉 ↔ |g〉, respectively.

∆' ∆
|c>

|e>

|g>

Ω2

Ω1

g1
g2

Fig. 1. Schematic diagram of a three-level Λ-type atom interacting with
two cavity modes and two classic fields with detunings ∆ and ∆ ′, re-
spectively.

Under the large detuning conditions(
Ω1

∆ ′
,

Ω2

∆ ′
,

g1

∆
,

g2

∆

)
� 1 (2)

and after adiabatically eliminating the excited level |c〉, the ef-
fective Hamiltonian may be expressed as[25]

Heff =−ωeff

(
a†

1a2σ
† +a1a†

2σ

)
−Ωeff

(
σ

† +σ
)
, (3)

where geff = g1g2/∆ , Ωeff = Ω1Ω2/∆ , σ† = |e〉〈g| and σ =

|g〉〈e| are raising and lowering atomic operators, respectively.
In Eq. (3) we have assumed that the Stark shifts can be cor-
rected by retuning the laser frequencies.[26]

In the strong driving regime Ωeff� geff, we choose H0
eff =

−Ωeff
(
σ† +σ

)
and H1

eff =−ωeff

(
a†

1a2σ† +a1a†
2σ

)
. By per-

forming the unitary transformation U = exp
(
−iH0

efft
)

on H1
eff,

in which we neglect the terms that oscillate with high frequen-
cies, the Hamiltonian reads

H int
eff =−

1
2

ωeff

(
a†

1a2 +a1a†
2

)(
σ

† +σ
)
. (4)

Immediately, it can be recognized that the field Hamiltonian
part −ωeff(a

†
1a2 +a1a†

2)/2 is the generator of the SU(2) co-
herent state.[27] Here, we are interested in using the Hamil-
tonian of Eq. (4) to convert a pair coherent state of the
two cavity modes into a state with a vortex structure. For

this purpose we consider the case that the atom state is ini-
tially prepared in a superposition atomic state |Ψ A (0)〉 =
cosδA |g〉+ sinδA |e〉 with δA being a real parameter, while the
two cavity fields are both in a pair coherent state

∣∣Ψ f (0)
〉
=

Nn
∫ 2π

0 dθ e inθ

∣∣∣α e iθ ,α e−iθ
〉

, where n is an integer N2
n =

exp
(
α2
)
/(4π2In

(
α2
)
) is the normalized constant while α is

related to the field intensity. Thus the initial state of the system
is

|Ψ (0)〉 = |Ψ A (0)〉⊗
∣∣Ψ f (0)

〉
= Nn (cosδA |g〉+ sinδA |e〉)⊗

∫ 2π

0
dθ

× e inθ

∣∣∣α e iθ ,α e−iθ
〉
. (5)

On the basis of |±〉 = (|g〉± |e〉)/
√

2, which are the eigen-
states of σ† +σ with eigenvalues ±1, initial state (5) of the
system can be rewritten as

|Ψ (0)〉 = 1√
2

Nn

∫ 2π

0
dθ e inθ

[
A+

∣∣∣+,α e iθ ,α e−iθ
〉

+ A−
∣∣∣−,α e iθ ,α e−iθ

〉]
, (6)

where A± = cosδA± sinδA. The time evolution of the whole
system state is given by

|Ψ (t)〉 = exp
(
−iH int

eff t
)
|Ψ (0)〉

=
1√
2

NnA+ exp [iτ (K++K−)]
∫ 2π

0
dθ

+ e inθ

∣∣∣+,α e iθ ,α e−iθ
〉

+
1√
2

NnA− exp [−iτ (K++K−)]
∫ 2π

0
dθ

+ e inθ

∣∣∣+,α e iθ ,α e−iθ
〉
, (7)

where K+ = a†
1a2, K− = a1a†

2, and τ = gefft/2 is a dimen-
sionless interaction time. These operators satisfy the SU(2)
commutation relations, i.e., [K+,K−] = −2K0 and [K0,K±] =
±K±, with K0 = (a†

1a1−a†
2a2)/2. Thus we can use the

SU(2) Lie algebra[27] to expand the unitary evolution opera-
tor exp [±iτ (K++K−)] into

exp [±iτ (K++K−)]

= exp(±x+K+)exp(K0 lnx0)exp(±x−K−) , (8)

in which

x0 = [cosh(iτ)]−2 and x+ = x− = tanh(iτ) . (9)

According to Eq. (7) we can conveniently derive the evolution
of the system as

|Ψ (t)〉= 1√
2

A+ |+〉
∣∣ψ f (t)

〉
+

1√
2

A− |−〉
∣∣∣ψ⊕f (t)

〉
, (10)

where ∣∣ψ f (t)
〉
= Nn

∫ 2π

0
dθ e inθ

∣∣αt,θ ,βt,θ
〉
,
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〉
= Nn

∫ 2π

0
dθ e inθ

∣∣α∗t,θ ,β ∗t,θ〉 , (11)

αt,θ = α

(
e iθ cosτ + i e−iθ sinτ

)
,

and

βt,θ = α

(
e−iθ cosτ + i e iθ sinτ

)
. (12)

Or, we change the basis back to atomic states

|Ψ (t)〉 = 1
2

{
|g〉
[
A+

∣∣ψ f (t)
〉
+A−

∣∣∣ψ⊕f (t)
〉]

+ |e〉
[
A+

∣∣ψ f (t)
〉
−A−

∣∣∣ψ⊕f (t)
〉]}

. (13)

When the atom comes out of the two-mode cavity, we can use
level-selective ionizing counters to detect the atomic state. If
the internal state of the atom is detected to be state |g〉 or |e〉,
from Eq. (13) it is easy to know that the two-mode cavity field
state evolves into

|Ψ F (t)〉= M
[
A+

∣∣ψ f (t)
〉
±A+

∣∣∣ψ⊕f (t)
〉]

, (14)

where for our discussion, M is an unimportant parameter re-
lated to the normalization factor. In the next section we will
discuss the wavefunction feature of field state (13) in the
quadrature space.

3. Wavefunction of cavity field state in the
quadrature space and generation of the quan-
tized vortex state
First, we evaluate the wavefunction expression

Ψ F (x,y, t) = 〈x,y/ΨF (t)〉 of the two-mode cavity field, where
|x,y〉 is the eigenvector of

(
a† +a

)
/
√

2 and
(
b† +b

)
/
√

2 with
eigenvalues x and y. Based on the relation

〈x|α〉= 1
π1/4 exp

(
−x2

2
+
√

2αx− α2

2
− |α|

2

2

)
, (15)

the state Ψ F (x,y, t) becomes

Ψ F (x,y, t) = A+ψ (x,y, t)±A−ψ
⊕ (x,y, t) (16)

where

ψ (x,y, t) =
〈
x,y|ψ f (t)

〉
=

Nn√
π

∫ 2π

0
dθ e inθ

〈
x,y|αt,θ ,βt,θ

〉
=

Nn√
π

exp
[
−x2 + y2

2
−α

2 (1+ i sin2τ)

]
×
∫ 2π

0
dθ e inθ exp

(
−α

2 cos2τ cos2θ
)

× exp
{√

2α

[
x
(

e iθ cosτ + i e−iθ sinτ

)
+ y
(

e−iθ cosτ + i e iθ sinτ

)]}
. (17)

By virtue of the generating function of the modified Bessel
function In(x),

exp
(

ae iθ +be−iθ
)
= exp

[
√

ab

(√
a
b

e iθ +

√
b
a

e−iθ

)]

=
∞

∑
n=−∞

In

(
2
√

ab
)(√a

b
e iθ
)n

, (18)

one finally arrives at

ψ (x,y, t) = 2
√

πNn exp
[
−x2 + y2

2
−α

2 (1+ i sin2τ)

]
×

∞

∑
p=−∞

In+2p

(
2
√

2α
√

X+Y+
)

× Ip
(
−α

2 cos2τ
)
(Y+/X+)

p+n/2 , (19)

where X± = xcosτ± iysinτ and Y± = ycosτ± ixsinτ . Simi-
larly, one also obtains

ψ
⊕ (x,y, t) =

〈
x,y|ψ⊕f (t)

〉
=

Nn√
π

∫ 2π

0
dθ e inθ

〈
x,y|α∗t,θ ,β ∗t,θ

〉
= 2
√

πNn exp
[
−x2 + y2

2
−α

2 (1− i sin2τ)

]
×

∞

∑
p=−∞

In−2p

(
2
√

2α
√

X−Y−
)

× Ip
(
−α

2 cos2τ
)
(X−/Y−)

p+n/2 . (20)

In fact, depending on the initial atomic state preparation and
the interaction time selection, we can obtain a few different
final field states from Eq. (16). For example, we can obtain
the individual state ψ (x,y, t) or ψ⊕ (x,y, t) as well as a few
superposition states consisting of the two states with different
weighted coefficients. In particular, when the initial atomic
state is carefully prepared and the dimensionless interaction
time is appropriately adjusted so that τ = −δA = π/4 equa-
tions (11) and (20) respectively turn out to be a single two-
mode state∣∣∣Ψ f

(
π

4

)〉
=
∣∣∣ψ⊕f (π

4

)〉
= Nn

∫ 2π

0
dθ e inθ

∣∣∣∣ α√
2

(
e−iθ + i e iθ

)
,

α√
2

(
e iθ + i e−iθ

)〉
= Nn

∫ 2π

0
dθ e inθ

∣∣∣∣β cos
(

θ +
i
4

π

)
,

β sin
(

θ +
i
4

π

)〉
, (21)

ψ
⊕ (x,y, t) = 2

√
πNn exp

[
−x2 + y2

2
−α

2 (1− i)
]

× In

(
2α
√
(x− iy)(y− ix)

)(y− ix
x− iy

)n/2

= 2
√

π (−i)n/2 Nn exp
[
−x2 + y2

2
−α

2 (1− i)
]
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× In

(
β

√
2(x2 + y2)

)
e inϕ , (22)

where ϕ = a tan(y/x) and β =
√

2α exp(−iπ/4). As is well
known, equation (22) just represents a standard modified
Bessel–Gaussian wavepacket carrying vortex with a topolog-
ical charge index n, which represents a new kind of non-
Gaussian states.[18–21]

In addition, we also investigate the vortex structure em-
bedded in the wavefunction of the cavity field when τ is not
exactly equal to π/4. The results are shown in Fig. 2 for n = 2
and α = 1.5. We can see that with the deviation of τ increas-
ing from π/4, |ψ⊕ (x,y, t)|2 loses the perfect ring structure and
finally evolves into a two-peak structure for τ = 0 or π/2. This

is reasonable because at τ = 0 or π/2 the cavity field state is a
pair coherent state, and ψ (x,y, t) has similar properties.

Finally, it is pointed out that the states
∣∣ψ f (t)

〉
and

|ψ⊕f (t)〉 are different because

D =
∣∣∣〈ψ

⊕
f |ψ f

〉∣∣∣2
=

∣∣∣∣N2
n

∫ 2π

0
dθ dθ

′ e in(θ−θ ′)
〈

α
∗
t,θ ′ ,β

∗
t,θ ′ |αt,θ ,βt,θ

〉∣∣∣∣2
=
∣∣∣e−α2

I0
(
2α

2 cos2τ
)

In
(
2iα2 sin2τ

)
/In
(
α

2)∣∣∣2 . (23)

Obviously, τ = 0 corresponding to D = 0 means that the two
states are orthonormal to each other and wholly different.
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Fig. 2. (color online) Probability |ψ⊕ (x,y, t)|2 (right) and the phase distribution (left) associated with the wavefunction ψ⊕ (x,y, t) for n = 2, α = 1 but
τ = 0.235π (upper), 0.25π (middle), and 0.265π (bottom).

4. Conclusions

In the present paper, with the help of the nonresonant in-
teraction of a three-level Λ-type atom with two cavity modes
at a pair coherent state and two classic fields, the evolution
of the system state is derived. Under conditional detection,
the cavity field state is analyzed in detail. It is found that

the quantized modified Bessel–Gaussian states as well as the

superposition states consisting of the quantized vortex states

with different weighted coefficients may be prepared through

carefully preparing the initial atomic state and appropriately

adjusting the interaction time. In fact, the preparation of two-

mode quantized modified Bessel–Gaussian vortex states has
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been designed in Refs. [18]–[21], in which such states can be
obtained with a pair coherent state through a parametric fre-
quency conversion process, so that the scheme here proposed
provides an additional choice to realize the two-mode quan-
tized modified Bessel–Gaussian vortex state within the context
of cavity QED.
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