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Quantum correlation dynamics of three non-coupled two-level atoms
in different reservoirs*
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Time evolution dynamics of three non-coupled two-level atoms independently interacting with their reservoirs is
solved exactly by considering a damping Lorentzian spectral density. For three atoms initially prepared in Greenberger—
Horne—Zeilinger-type state, quantum correlation dynamics in a Markovian reservoir is compared with that in a non-
Markovian reservoir. By increasing detuning quantity in the non-Markovian reservoir, three-atom correlation dynamics
measured by negative eigenvalue presents a trapping phenomenon which provides long-time quantum entanglement. Then
we compare the correlation dynamics of three atoms with that of two atoms, measured by quantum entanglement and quan-
tum discord for an initial robuster-entangled type state. The result further confirms that quantum discord is indeed different
from quantum entanglement in identifying quantum correlation of many bodies.
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1. Introduction

Quantum correlation measured by quantum entangle-
ment'!! or quantum discord? has been an active area of re-
search under different channels, such as Markovian and non-

[3-10

Markovian channels.*~'°! Entanglement is one of the most

essential features in quantum mechanics, which is applied to
many fields such as quantum computation,'!!! teleportation,'?!
cryptography,'*! and universal quantum computation.!'*! For
pure or mixed quantum states, quantum discord and quan-
tum entanglement are two methods of identifying quantum
correlation. Entanglement is zero for some quantum states,
but discord is non-zero which can be used to perform some

(15

useful quantum tasks.!'>! Quantum entanglement measured by

concurrence! 0]

or negative eigenvaluel!7! refers to separation
of states while discord may be all non-classical correlation and
contain it'®! in certain cases. Their relation is complicated in
the general case.!'?2%) Recently, a unified classification of clas-
sical and non-classical correlation was proposed and applied to
multipartite systems such as quantum dissonance.*!!
Quantum correlation qualification has been applied to

8-101 for example, two quantum sys-

many specific models,!
tems (atoms, qubits, and pseudospin particles) are placed in
a common reservoir or two independent reservoirs. It gener-
ates many new phenomena: entanglement sudden death (ESD)
and birth (ESB) or quantum discord reducing asymptotically
in different conditions.®! The regime of system—reservoir in-

teraction is often treated as Markovian dynamics>>?3! and a
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non-Markovian regime is also dealt with.>¥l Most previous
work concentrates on the evolution of correlation dynamics
for a bipartite system, which lacks understanding of how infor-
mation is transferred in many systems especially multi-system
correlation dynamics in different reservoirs. Hence, recent re-
search mainly discusses multi-system correlation dynamics in

25-281 However, multi-system correla-

a resonance condition.!
tion dynamics itself in a non-resonance condition is compli-
cated and well-accepted measures of correlation are still miss-
ing. Due to the interaction between systems and reservoirs
called decoherence, an important problem is correlation con-
trol in quantum information processing (QIP). As a result, the
application of quantum correlation is twofold. Our studies not
only provide the information about how correlation dynamics
evolves with time but also propose the way for it to be manip-
ulated in practical application.

In this work, we first present nonperturbative dynamics
of three non-coupled two-level atoms interacting with three
separate reservoirs by considering the damping spectral den-
sity distribution. The quantum correlation dynamics of three
atoms and that of two atoms are analyzed. The results show
that three-atom correlation dynamics displays a trapping phe-
nomenon by changing the detuning of an initial Greenberger—
Horne—Zeilinger (GHZ) type state. For an initial robuster-
entangled (W) type state, correlation dynamics of three atoms
and that of two atoms, measured by negativity, concurrence,

and quantum discord, are compared with each other. There-
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fore, long-time quantum correlation of three atoms is obtained,
which may be used in quantum information theory and quan-
tum communication. We may further conclude that the rela-
tion of quantum entanglement and quantum discord is compli-

cated in qualifying many-body quantum correlation.

2. Model and its solutions

We consider three non-coupled two-level atoms interact-
ing with three separate structure reservoirs modeled as bosons
at zero temperature, which is shown in Fig. 1. Under dipole
and rotating wave approximate (RWA), the Hamiltonian of the
total system is written as!>”]

HI
Jj=A,B,C

Y [Sol+Eolbv|+ol oLk
k

H

j=AB.C 2

+o ®ng*b”} (1)

For simplicity, the transition frequency of three atoms is as-
sumed to be the same and denoted by @g. The sz is the Pauli
operator of the j-th atom. Three reservoirs are characterized
by proper frequencies a)k, b’ f (b ) is the creation (destructlon)
operator of the k-th mode of the j-th reservoir, gk (gk ) is the
coupling constant, and O'i (0‘1) is the raising (lowering) oper-
ator of the j-th atom.

initial correlation state
P bt dutots

reservoir A reservoir B reservoir C

Fig. 1. Schematic diagram of three atoms in three separate reser-
voirs under the present study. There is neither interaction between
the three atoms nor communication between the three reservoirs. |

{

1) =010%0), |2) =
[5) = [111%0), |6) =

040°1€),13) =
[140°1),17) =

In order to obtain exact solutions of three-atom dynamics,
we first solve dynamics of an atom coupled to a reservoir. The
state vector of the composite system is assumed to be

W (1)) = ajl0’) @ [07) +a](r) e 1|1V} @ |07)
+Y al(ye 190y @ (1)),
k

where exponential terms consider phase in the Schrodinger

(@)

picture; aé, a{ (1), ai(t) are probability amplitudes corre-
sponding to product states; |1/) (|0/)) is the excited (ground)
1))
is the state with one photon in the k-th mode of the j-

state of the j-th atom; |Of> denotes vacuum state;
th reservoir; amplitude value a) is constant since H/[0/) ®
|0/) = 0. Substituting Eq. (2) into the Schrodinger equa-
tion, we can obtain a set of differential equations of a;(t)
J
and a;(t). .
tion about aj(r) and inserting this result into the equation

Assuming that a,{(O) = 0, integrating the equa-

about a{ (t), an integral-differential equation about a{ (t) is ob-
tained. Here a correlation function!®! is defined as f/(t —t') =
[dwiJi(w/)ei(@-0)0=1) with spectral density J/ (w’) of
the j-th reservoir. We further introduce time evolving factor
G(t) such that &/ (1) = G/ (t)a] (0) with G/(0) = 1, which sat-

isfies
= [atpiu-neiw).

Therefore, the reduced dynamics of a single two-level atom

dG/

can be represented as
Pu( Ju! p{O(O)vj ‘
P (O)V" po(0)+pf, (0)(1 — 1)

|G/(¢)|* and v/ =
evolution function, which is determined by concrete condi-

p/(1) = [ 3)

The coefficients u/ = G/(t) are called time
tions, such as initial conditions or the form of reservoir.

For three atoms denoted by A, B, C are placed in three sep-
arate reservoirs (Fig. 1). We exploit the Kraus operator-sum
representation**-!1 and choose three-atom standard computa-

2

tional basis

|0AIBOC>7 [4) = |1AOBOC>
04 1E1€), |8) = |141#1€)

According to Refs. [30] and [31], we can obtain the diagonal elements of the three-atom reduced density matrix as follows:

p11(t) = p11(0) +p22(0)(1 —uS) +p33(0) (1 — u®) + pag (0) (1 — ) (0) (1 — ) (1 = u€) + pos (0) (1 — ) (1 = u)
+p77(0)(1 — 1) (1 — u®) + pss (0) (1 — ) (1 — ) (1 =€),

P2 () = P22(0)u + pss(0) (1 — u?)uS + pes (0) (1 — u)u + pgs (0) (1 — u) (1 — uP)u,

p33(t) = p33(0)u” + pss(0)u® (1 —u€) + p77(0) (1 — u)u® + pgs (0) (1 — u)u® (1 — ),

Paa(t) = paa(0)u + pes (0)u (1 =€) + p7(0) (1 — u®) + pgg (0)u* (1 — u®) (1 — ),

Pss(1) = pss(0)u’uC + pgs (0)(1—u)uPuC,  pee(1) = pes(0)uu + pgg (0)u (1 —u”)uC,

p77(1) = pr7(0)u*u® + pgg (0)uu® (1= u€),  pgg(r) = psg (0)uuu’. “)
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The off-diagonal elements are given below

p12(1) = P12 (0 + p3s(0) (1 — )y
+ P16(0) (1 =t )W + pag (0) (1 — ) (1 — u ™,
P13(t) = P13 (0)v** 4 pas (0™ (1 — u€)
+pes (0) (1 —u W (1—u),
P14(1) = Pra(O)v** + pas (0 (1 —u)
+ P37 (0 (1= u®) + psg (0)v** (1 — u®) (1 — u©),
P15 (t) = P15 OV + pag (0) (1 — u WP,
P16 () = Pr6(0)V* v + pag (O (1 — B)VC*7
p17(t) = pr7 (0**? +P28(0)VA* V(1 =),
pis(r) = pig (0 VP,
P23(1) = p23 (0" v + pg7 (0) (1 — u WP,
P24(t) = P2a (O + ps7 (0™ (1 — u)V©,
P25(1) = Pas (0)v**uS + pes (0) (1 — P u,
P26 () = P26 (0)V**uS + psg (0)v** (1 — B)MC7
P27(t) = po7 (O VPVE, pog (1) = Pag (O VP uC,
P34(1) = P3a (0P + psg (0 VP (1 —u€),
P35 () = p3s (0)uv* + s (0) (1 — u)uPv,
P36(t) = P36 () VPV,
p37(1) = p37 (0 u® + psg (0)v**u (1 —u€)
p3s(t) = P38(0)VA*MBV
pas(t) = p3g (0™
Pas (1) = Pas (0)uv* +P7s( Ju (1 — P,
Pa7(1) = Paz (0)uv>* + g (0)uvP* (1 — u©),
Pag (1) = pag(0)u VPV, pse(t) = pss(0)**VvPuC
ps7(t) = ps7 (O uPvC,  pss(t) = pss () uPu®
Pe7(t) = Pe7(0)uv**VC,  pes(t) = pes (0)u v uC,
prs(t) = prs(0)utuPvC™. (5)
Pim(0) (I,m=1,2,...,8) is the initial condition of the three

atoms and p,,(t) =

Pim(1)-

3. Quantum entanglement and quantum discord

For a pair of atoms denoted by A and B, their quan-
tum correlation is measured by quantum entanglement such
as quantum concurrence and negative eigenvalue, or quan-
tum discord. For a kind of X structure density matrix of
two atoms, these quantum correlation identifications have ob-
vious expressions. We choose two-atom standard basis as
{I1) = [0105), [2) = |04 15),[3) = |140%),|4) = [1415)}. The
X type density matrix is

a 00w
0 bzO

=1 o 7ol (©)
w* 00d

where a = pll(l), b= pzz(l), c = p33(t), d = p44(l), and
a+b+c+d =1 which means that the sum of probability
is 1. The quantum entanglement measured by quantum con-
currence has a simple analytic form, i.e., concurrence () =
2max{0, |z| — Vad, |w| — v/bc} 116!

For quantum discord,!! it is difficult to obtain its analyt-
ical expression. However, for Eq. (6), quantum discord also
has a simple form''® and the values of quantum discord be-
tween measuring atoms A and B are taken to be the same. The
negativity degree of two atoms is defined as the negative value
of partial transposition of the density matrix with respect to
another atom. For example, partially transposing atom B, the
density matrix of two atoms like Eq. (6) becomes

a 0 0z
0 b woO
Ow coO|’ 0
0 0d

p(t)=

Solving all the eigenvalues of Eq. (7), we only take the nega-
tive eigenvalues. For three atoms, the method is the same and
the detailed introduction can be found in Refs. [23] and [24].

4. Discussion and results

We take the detuning Lorentzian spectral density which
is the central frequency of the reservoir against atomic transi-
tion frequency @( detuned by a quantity A/. In this case the
spectral density is!?’]

%(A7)? 1
2 (g —AJ — )2+ (A1)2

J(w)=

The parameter A/ represents the spectral coupling width of the
Jj-th reservoir, which is reversely proportional to correlation
time ‘L'lé of the j-th reservoir. The changing time scale 7 of the
three-atom state is given by g = ¥ !, The correlation function
becomes f/(t—t") = SyAdexp{—(A/ —iA/)(t—1')}. Mak-
ing use of the result in Section 2, the time evolution factor
becomes

G/(1) = exp{—wt}

() (5 @

where Q/ = /(A/ —iA7)?
reservoirs to be the same, that is, A/ =

—2y,AJ. Simply assuming three
A and A/ = A, the time
evolution functions of three atoms are

W = u=|GI(1)P :

v =v=G/(1)=

=|G(1)I%,
G(t). ©)

4.1. Initial GHZ-type state

We study quantum correlation dynamics of three atoms in
the initial GHZ-type state!20-3%]

p(0)= -

_p18><8 + p|¥ouz) (Youz/, (10
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where
Wonz) = (|14151€) +10%0%0)) /v2
is GHZ state, p is the purity of three atoms with p € [0, 1], and

I3yg is the eight-dimensional (8D) identity operator. Three-

atom dynamics changing with time is obtained by Eqs. (4) and
(5). We take the negative eigenvalue to measure three-atom
quantum correlation dynamics. From Section 3, we have a

non-zero tripartite negative eigenvalue which is equal to

Napc = max { )

The coefficients in Eq. (11) can be easily calculated as

1— 1-— 1+3
pas(t) = Tp” 4pu(l—u)+ Pt —u)?,
|- 143
Pss(t) = Juz—i— 7pu2(1 —u),
8 8
prs() = 2v°2. (12)

For a weak coupling regime, the relaxation time is larger
than the correlation time corresponding to 27z > ’L’é with
’L’é = 15. The behavior of time evolution factor G(¢) is of a
Markovian exponential decay basically, which is determined
by parameter },. In the strong coupling regime, the relax-
ation time is smaller than the correlation time corresponding to
27r < 1 and a non-Markovian memory effect becomes very
important.[]

According to these conclusions, three-atom quantum cor-
relation dynamics identified by the negative eigenvalue Npc
is displayed in Fig. 2. The strong and weak coupling regimes
correspond to non-Markovian A = 0.17, and Markovian reser-
voirs A = 10, under initial GHZ state with p = 0.98, respec-
tively. The detuning quantity A is 8A. From Fig. 2, quan-
tum correlation values of three atoms gradually decrease with
time going by in non-Markovian and Markovian reservoirs.
They tend to zero finally, because of decoherence which leads
to quantum correlation information dissipated into the exter-
nal environment. In the non-Markovian reservoir, the negative
eigenvalue Nypc shows oscillatory behavior due to three atoms
strongly interacting and rapidly exchanging information with
their respective reservoirs. In Markovian reservoirs, the neg-
ative eigenvalue Nypc always decreases with time parameter
Yot increasing. Thus each of the reservoirs has a dissipative
effect. Therefore, we need a method to control the decoher-
ence problem and acquire the long-time quantum correlation
of three atoms.

When the detuning quantity A changes, three-atom quan-
tum correlation dynamics varies with time (Fig. 3) for the ini-
tial GHZ state. As shown in Fig. 3, three-atom correlation
dynamics still shows oscillatory behavior in a non-Markovian
reservoir, and it decays to zero in a very long time. When the
detuning quantity A is small which means near-resonant in-
teraction between three atoms and their reservoirs (solid line
in Fig. 3), the negative eigenvalue Nypc shows phenomena of
ESD and ESB. The larger the quantity A becomes, the more
slowly the negativity degree of the three atoms deceases. For

0  Ppaal(t) +pss(t) — \/[P44(2f) —Pss (1) +4lpis(1)* } . (11)

example, the negativity degree is almost constant in A = 204,
thus it is usually called correlation trapping phenomenon.!*!
We can adjust the detuning quantity to control the quantum
correlation time of three atoms, which may be useful in QIP.

0.5

non-Markovian
0.4+ N

- — = Markovian

0.3r

Nage

0.2r

0.1r

.0 1 1 1 1
0 0 10 20 30 40 50

Yot

Fig. 2. Evolutions of correlation dynamics of three atoms with time
under non-Markovian reservoir A = 0.1y, and Markovian reser-
voirs A = 10y, for initial type state with p = 0.98. The detuning
quantity A is 84.

0.5

0.4

0.3

Nape

0.2

0.1

0.00 10 20 30 40 50

Yot

Fig. 3. Negativity dynamics of three atoms changes with time under
the non-Markovian reservoirs with 4 = 0.1 in different detuning
quantity cases. The initial state of three atoms is the GHZ-type
state with p = 0.98.

4.2. Initial W-type states

28

The initial W-type state!”®! can be expressed as

1—
p(0)=—¢ £
where W-type state is (|14050€) + 04 180€) + [0401¢)) /V/3.
The non-zero elements of reduced density matrix are
345p
8

Isxs + p[Hv) (Pl (13)

pu(t) = 1—TP+ (l—u)+w(1_u)2,

8
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p22(t) = p33(t) = paalt)
_3t5p  1-p. I=p.
=~ u+ ) (I1—w)u+ 3 (1 —u)u,
1-— 1-—
pss(t) = pes(t) = p77(t) = Tpu2+Tp(l —u)u?,
1_
p88(t):Tpu37

p23(t) = paa(t) = p3a(t) = p32(t) = pax(t) ‘

0, —[p22(r) — p23(1)],

= pu()=E 2. (14)

Unlike GHZ-type state, W-type state has a high degree of bi-
partite correlation. Hence we compare quantum correlation
dynamics of tripartite ABC and that of bipartite AB for initial
W-type state. The analytical expression of tripartite quantum

correlation Npc is

Nagc =max pyy(t) + pes(r) = v/[P11(r) — pes(1)]> +8paa(t) (- (15)
2
For the bipartite AB quantum correlation, the reduced density | 0.5
matrix of two atoms AB tracing atom C is X structure density :'\ Dap 77 Casp
matrix like Eq. (6). All coefficients are given by 0'4“'\ """ Nap —-—= Nagpc
=)
a = pi(t)+pxn(t), b=ps(t)+pss(t), % 0.3
¢ = pas(t) + pos(t), d = pr7(r) + pss(t), % 0
w =0, z=pas(t). (16) ©
The bipartite quantum correlation that is measured by the neg- 0.1
ativity degree N4p, the quantum concurrence and the quantum 0.0
0

discord can be given as
Nap = max{O,—[a—i—d— (a—d)2+4|z|2]/2},
Cup = 2max|0, |z| — Vad], Dap = min[Diap,Daapl, (17)

where Diap(p) = S(pB) — S(p?8) — M and Dasp(p) =
S(p®) —S(p*8) — N. The von Neumann entropies S(p?) and
S(p"B) are

S(p”) = —(a+c)logy(a-+c) — (b+d)logy(b+d),

4
S(p*?) = Y alog,(e), (18)
I=1
where ¢ is the eigenvalues of reduced density matrix pap(?).
The two quantities M and N are defined in Ref. [18]. Due to
b = c, the expression of quantum discord measuring atom A is
equal to the one measuring atom B.

The quantum correlation dynamics of three atoms and
that of two atoms are displayed in strong non-Markovian reser-
voirs (Fig. 4). All the quantum correlation identifications can
show oscillatory behavior due to the non-Markovianity, which
means that information returns to three atoms from three reser-
voirs. At initial # = 0, three-atom quantum correlation N4pc is
almost equal to correlation value of two atoms A and B. Thus
the initial W-type state is a high entanglement state. With time
going by, two-atom quantum discord Dyp is basically equal
to quantum concurrence C4p expected for the range of initial
time. However, the two-atom negativity degree Nyp is com-
pletely different from quantum discord D4p and quantum con-
currence C4p. Therefore, two-atom quantum correlation mea-
sured by negative eigenvalue, quantum concurrence or quan-
tum discord are different and their relations are complicated.

Fig. 4. Evolutions of dynamics of quantum discord D4p, concur-
rence C4p, and negativity Nap for two atoms AB and the dynamics
of negativity Nypc for three atoms ABC evolve with time in the
non-Markovian reservoir A = 0.1y, and A = 8A. The initial state
is W-type state with p = 0.98.

Finally, we compare three-atom quantum correlation
evolving with purity p (Fig. 5) in non-Markovian reservoir
A = 0.01y, with that in Markovian reservoir A = 10y, with
A = 0.01A. Three-atom quantum correlation is completely
dead in p < 0.3 in any reservoir. The phenomena of ESD
and ESB take place for 0.3 < p < 1.0 in the strong interac-
tion regime.

In strong dissipative reservoirs, three-atom quantum cor-
relation dynamics decays to zero rapidly and has no phenom-
ena of ESD and ESB. It testifies that the non-Markovian reser-
voir has a memory effect and the Markovian reservoir has no
memory function. According to Fig. 5, we also find that the W
state has indeed a high entanglement feature for large purity p.

20
10 53 = .
Yot 100

Fig. 5. Evolutions of three-atom correlation dynamics degree Napc
with purity p and time in Markovian reservoir A = 10%, (a) and
non-Markovian reservoir A = 0.017, (b) with A = 0.14. The ini-
tial state is W-type state.
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5. Conclusions

The dynamics of quantum correlations measured by the
quantum discord, the dynamics of quantum concurrence, and
the negative eigenvalue for three or two atoms are analyzed.
Three-atom correlation dynamic behaviors are studied under
two initial states: initial GHZ and W-type states. For the first
initial state, quantum correlation dynamics measured by nega-
tive eigenvalues in a non-Markovian reservoir displays oscilla-
tory behavior, but it always decreases in Markovian reservoirs.
It is also found that three-atom negativity degree shows corre-
lation trapping phenomenon by increasing detuning quantity.
For the second initial case, we give analytical forms of three-
and two-atom quantum correlation. Then quantum correla-
tion dynamics of three atoms and that of two atoms are com-
pared in non-Markovian reservoirs. Finally, quantum correla-
tion dynamics of three atoms changing with purity p is also
studied. Three-atom quantum correlation dynamics is more
complicated than two-atom correlation dynamics. The rela-
tion between quantum discord, and quantum concurrence may
not be a simple relationship.®-10:
firm that the quantum correlation identification, such as nega-
tive eigenvalue, quantum discord, and quantum concurrence is
applicable to theoretical and experiment models.

341 The results further con-
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