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Entanglement and quantum phase transition
in the Heisenberg Ising model
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We use the quantum renormalization-group (QRG) method to study the entanglement and quantum phase transition
(QPT) in the one-dimensional spin-1/2 Heisenberg–Ising model [Lieb E, Schultz T and Mattis D 1961 Ann. Phys. (N.Y.)
16 407]. We find the quantum phase boundary of this model by investigating the evolution of concurrence in terms of QRG
iterations. We also investigate the scaling behavior of the system close to the quantum critical point, which shows that the
minimum value of the first derivative of concurrence and the position of the minimum scale with an exponent of the system
size. Also, the first derivative of concurrence between two blocks diverges at the quantum critical point, which is directly
associated with the divergence of the correlation length.
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1. Introduction
Quantum phase transition (QPT) occurs at absolute zero

temperature.[1] It is caused by changing some coupling con-
stants or external parameters, and driven by quantum fluctua-
tions, which exist at T = 0 due to the Heisenberg uncertainty
principle. As one tuning parameter changes the Hamiltonian,
one may reach a critical point (CP) where the ground state
of the system suffers an abrupt change mapped to a macro-
scopic change in system property. In general, QPT is char-
acterized by detecting nonanalytic behaviors in some physi-
cal quantities of the system, such as magnetization, bipartite[2]

and multipartite[3] entanglement, and quantum discord.[4] By
investigating the extremal values of these quantities as well
as the behavior of their first and second order derivatives, one
can spotlight the CP of the system. The entanglement, which
is the main difference between a quantum system and a clas-
sical system, plays an important role in QPT. Osterloh et al.[5]

demonstrated for the first time that entanglement for a class of
one-dimensional magnetic systems shows scaling behavior in
the vicinity of the transition point. Since then, much effort has
been devoted to studying the entanglement and QPT in spin
systems.[6–9,11–15]

As is well known, renormalization group theory has been
successfully applied to the studies of critical phenomena.
Based on the idea of the renormalization, a lot of methods have
been introduced, such as the quantum renormalization-group
(QRG) method,[10] Monte Carlo RG (MCRG) method,[16]

and the density-matrix RG (DMRG) method.[17] By contrast,
MCRG and DMRG methods can usually obtain more accu-
rate quantitative results. Though the QRG method usually pre-
sented poor quantitative results, it was used to investigate the

quantum information properties of critical systems recently
and found to be an efficient and powerful tool to study the
QPT in various systems.[18–23]

In the present paper, we use the same method, i.e., QRG
method, to study the entanglement and QPT in the one-
dimensional spin-1/2 Heisenberg–Ising model. This model
was initially discussed by Lieb et al.[24] and recently was ex-
tended to the case with anisotropic Heisenberg exchange by
Yao et al.[25] and to the case with additional Dzyaloshinskii–
Moriya interaction by Strecka et al.[26] The ground-state prop-
erties of the spin-1/2 Heiseberg–Ising chain and its various
generalizations have been investigated, and relevant quantum
phase transitions have been found.[24–26] In our work, we find
that as the size of the system increases, the minimum value of
the first derivative of concurrence tends to minus infinity and
the position of the minimum approaches to the critical point.
We also find a quantum phase boundary existing in the sys-
tem and the scaling behavior appearing in the vicinity of the
transition point.

The rest of this paper is organized as follows. In Section
2, we briefly introduce the QRG method and obtain a renor-
malized Heisenberg–Ising spin chain. In Section 3, we study
block–block entanglement. In Section 4, we analyze the crit-
ical behavior of the system. We draw some conclusions from
our work in Section 5.

2. Renormalization of the Heisenberg Ising
model
The main idea of the QRG method is to eliminate the de-

grees of freedom of the system by an iteration which reduces
the number of variables step by step until reaching a fixed
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point. In order to do this, we divide the lattice into blocks
by using Kadanoff’s approach (see Fig. 1). We consider three
sites as a block and each block can be treated independently to
build the projection operator onto the lower energy subspace.
In this way, we obtain an effective Hamiltonian, which has the
same form as the original Hamiltonian. The original Hilbert
space is also replaced by the renormalized subspace.[27,28]

The Hamiltonian of the Heisenberg–Ising model on a pe-
riodic chain with 2M sites can be written as

H =
M

∑
i=1

(Jσ
x
2i−1σ

x
2i + Jσ

y
2i−1σ

y
2i + Jzσ

z
2i−1σ

z
2i +λσ

z
2iσ

z
2i+1), (1)

where J (J > 0), Jz (Jz > 0), and λ (λ ≥ 0) are the coupling
constants, and σα (α = x, y, z) are Pauli matrices.

H

Heff

J↪ Jz

J′↪ Jz′

λ′

λ

Fig. 1. (color online) Kadanoff’s block renormalization-group method
of the spin-1/2 Heisenberg–Ising chain where we consider three sites as
a block.

By using Kadanoff’s block approach, one can write
Eq. (1) as

H = HB +HBB, (2)

where HB is the block Hamiltonian and HBB is the inter-block
Hamiltonian. The concrete forms of HB and HBB are

HB =
2M/3

∑
L=1

hB
L , (3)

HBB =
M/3

∑
k=1

(Jσ
x
3,2k−1σ

x
3,2k + Jσ

y
3,2k−1σ

y
3,2k

+Jzσ
z
3,2k−1σ

z
3,2k +λσ

z
1,2kσ

z
1,2k+1), (4)

where

hB
L = Jσ
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1,Lσ

x
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z
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which is the L-th block Hamiltonian.
The three-site block Hamiltonian can be exactly diago-

nalized and solved. By calculation, we obtain two degenerate
ground states, which will be used to construct the projection
operator of the QRG. These two degenerate ground states are

|ψ0〉=
1√

a2 +1
(a |↑↓↑〉+ |↓↑↑〉), (6)∣∣ψ ′0〉= 1√

b2 +1
(b |↑↓↓〉+ |↓↑↓〉), (7)

where

a =−
√

λ 2 +4J2 +λ

2J
, (8)

b =
−
√

λ 2 +4J2 +λ

2J
, (9)

and |↑〉, |↓〉 are the eigenstates of σ z. The corresponding
ground state energy is

E0 =−Jz−
√

λ 2 +4J2. (10)

In order to obtain the effective Hamiltonian, one must
construct the projection operator at first. The projection op-
erator P0 can be constructed in a factorized form

P0 =
2M/3

∏
L=1

PL
0 , (11)

where PL
0 is the projection operator for the L-th block, which

is defined as

PL
0 = |⇑〉L 〈ψ0|+ |⇓〉L

〈
ψ
′
0
∣∣ . (12)

The |⇑〉L and |⇓〉L in Eq. (12) are the renamed base sets in the
renormalized subspace. The effective (renormalized) Hamil-
tonian is then

Heff = P0HP†
0 = P0HBP†

0 +P0HBBP†
0 . (13)

The renormalizations of Pauli matrices are given by

PL
0 σ

α
i,LP†L

0 = ζ
α
i σ

′α
L (i = 1,3; α = x,y,z), (14)

where

ζ
x
3 = ζ

y
3 =

2J√
4J2 +λ 2

, ζ
z
1 =

λ√
4J2 +λ 2

, ζ
z
3 = 1, (15)

with indexes 1 and 3 referring to sites labeled in a single block
based on Fig. 1. Then the effective Hamiltonian can be ob-
tained as

Heff =
M/3

∑
k=1

(J′σ x
2k−1σ

x
2k

+J′σ y
2k−1σ

y
2k + J′zσ

z
2k−1σ

z
2k +λ

′
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2kσ
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where J′, J′z, and λ ′ are the renormalized coupling constants,

J′ =
4J3

4J2 +λ 2 , J′z = Jz, λ
′ =

λ 3

4J2 +λ 2 . (17)

Setting

g =
λ

J
, (18)

we can derive an equation from Eq. (17),

g′ =
1
4

g3. (19)

Thus, the large system with N = 3n+1 sites can be effec-
tively described by a three-site block with the renormalized
coupling constant after the n-th iteration of the QRG. By solv-
ing g′ ≡ g, we can obtain two trivial fixed points g = 0, ∞, and
a nontrivial fixed point g = 2 which specifies the slope of the
critical line of this model.
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3. Renormalization of the entanglement

In this section we investigate the ground-state entangle-
ment of the spin-1/2 Heisenberg–Ising chain using the QRG
method. We consider one of the degenerate ground states to
define the density operator. The density operator is defined as

ρ= |ψ0〉〈ψ0| , (20)

where |ψ0〉 has been introduced in Eq. (6). By tracing over the
site 3 degrees of freedom, we can obtain the reduced density
matrix for sites 1 and 2,

ρ12=
1

a2 +1


0 0 0 0
0 a2 a 0
0 a 1 0
0 0 0 0

 . (21)

We confine our interest to the nearest-neighbor entangle-
ment between two sites, which is measured by concurrence.[29]

C that presents the concurrence of sites 1 and 2, is defined as

C = max{λ1−λ2−λ3−λ4,0}, (22)

where λk (k = 1, 2, 3, 4) are the square roots of the eigenval-
ues in the descending order of the operator R12 = ρ12ρ̃12, with
ρ̃12 = (σy⊗σy)ρ∗12 (σy⊗σy),

λ1 =
2J√

4J2 +λ
2
, λ2 = λ3 = λ4 = 0. (23)

Thus, the concurrence is obtained

C =
2J√

4J2 +λ 2
. (24)

Obviously, C is a function of J and λ . So, the renormalizations
of J and λ determine the evolution of the concurrence as the
size of the system becomes large. Figure 2 shows the plot of C
versus J and λ in the thermodynamic limit. The concurrence
ruptures at a line described by equation λ = 2J which specifies
the quantum phase boundary of this model.

0.8

0.4

0
2

1

0 0
0.4

0.8

λ
J

C
o
n
c
u
r
r
e
n
c
e

Fig. 2. (color online) Concurrence as a function of the coupling con-
stants (J and λ ) in the thermodynamic limit of Heisenberg–Ising spin-
1/2 chain.

In order to clarify the discussion of the concurrence, we
set C to be a function of g,

C =
2√

4+g2
, (25)

where g has been introduced in Eq. (18). Figure 3 shows the
plots of C versus g for different QRG iterations. We can see
that the plots of C for different QRG steps cross each other at
the critical point gc = 2.
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Fig. 3. (color online) Representation of the evolution of concurrence
with g in terms of QRG iterations.

4. Non-analytic and scaling behavior
The non-analytic behavior of the entanglement is a fea-

ture of QPT. It is also accompanied by the scaling behavior in
the vicinity of the critical point of the system because of the
divergence of correlation length ξ ∼ (g−gc)

−v at the critical
point gc. Specifically, a critical point of QPT is associated with
a singularity in the derivative of the ground state energy.[2] In-
deed, it was shown in Ref. [24] that the ground-state energy
per site of the infinite Heisenberg–Ising model does exhibit
non-analytic behavior at gc = λ = 2 (J = Jz = 1). More-
over, in the anisotropic Heisenberg–Ising model, people found
low-energy excitations with a gap when the Ising coupling
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Fig. 4. (color online) First derivative of concurrence and its manifestation
toward divergence as the number of QRG iterations increases (Fig. 3).
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strength is not equal to 2, and this conclusion holds true for
any kind of anisotropic Heisenberg exchange.[25] In Fig. 4 the
first derivative of C (dC/dg) with respect to g is considered
for the system of increasing size. On increasing the system
size, the minimum of dC/dg becomes more pronounced and
the position of the minimum tends towards the critical point
gc = 2. When the size of the system reaches a thermodynamic
limit, dC/dg diverges at gc (see Fig. 4).
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Fig. 5. (color online) Scaling behavior of gmin in terms of system size
N, where gmin is the position of the minimum in Fig. 4.

A more detailed analysis shows that the position gmin of
the minimum of dC/dg scale as

gmin = gc +N−θ , (26)

with θ = 0.99, which is plotted in Fig. 5. The exponent θ

is called the entanglement exponent. It should be empha-
sized that the exponent θ is directly related to the correlation
length exponent υ close to the critical point. It is shown that
υ = 1/θ .[18,19] The scaling behavior of |dC/dg|gmin

versus N
is plotted in Fig. 6, which is fulfilled with

|dC/dg|gmin
∼ N. (27)

These results justify that the QRG implementation of en-
tanglement truly captures the critical behavior of the infinite
Heisenberg–Ising spin-1/2 chain in the vicinity of the critical
point.
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Fig. 6. (color online) Logarithm of absolute value of the minimum
ln(|dC/dg|gmin

) versus the logarithm of chain size ln(N), which shows
a scaling behavior. Each point corresponds to the minimum value of a
single plot of Fig. 4.

5. Conclusion
In this paper, the entanglement and QPT in the spin-1/2

Heisenberg–Ising chain are investigated by using the QRG
method. We use the concurrence as a measure of the quan-
tum entanglement. In order to investigate the critical behav-
ior of this system, the evolution of concurrence through the
renormalization of the lattice is examined. As the size of the
system becomes large, the concurrence develops to two dif-
ferent values on both sides of the critical point gc = 2 which
governs the quantum phase boundary (λ = 2J) of this model.
In the thermodynamic limit, the first derivative of the concur-
rence shows a divergent behavior at the critical point, and it
is also accompanied by a scaling behavior in the vicinity of
the critical point since the correlation length diverges at the
critical point. The scaling behavior characterizes how the crit-
ical point of the model is reached with the size of the system
increasing. From this scaling behavior, we obtain the critical
exponent υ = 1/0.99≈ 1, which is consistent with the univer-
sality class of the Ising model.

References
[1] Sachdev S 1999 Quantum Phase Transitions (Cambridge: Cambridge

University Press)
[2] Wu L A, Sarandy M S and Lidar D A 2004 Phys. Rev. Lett. 93 250404
[3] de Oliveira T R, Rigolin G, de Oliveira M C and Miranda E 2006 Phys.

Rev. Lett. 97 170401
[4] Werlang T, Trippe C, Ribeiro G A P and Gustavo R 2010 Phys. Rev.

Lett. 105 095702
[5] Osterloh A, Luigi A, Falci G and Rosario F 2002 Nature 416 608
[6] Osborne T J and Nielsen M A 2002 Phys. Rev. A 66 032110
[7] Vidal G, Latorre J I, Rico E and Kitaev A 2003 Phys. Rev. Lett. 90

227902
[8] Ali Y and Erhan A 2012 Chin. Phys. B 21 020511
[9] Yang M F 2005 Phys. Rev. A 71 030302

[10] Wilson K G 1975 Rev. Mod. Phys. 47 773
[11] Chen S R, Xia Y J and Man Z X 2010 Chin. Phys. B 19 050304
[12] Gu S J, Tian G S and Lin H Q 2005 Phys. Rev. A 71 052322
[13] Langari A 2004 Phys. Rev. B 69 100402
[14] Du L, Hou J M, Ding J Y, Zhang W X, Tian Z and Chen T T 2011 Chin.

Phys. B 20 020306
[15] Wang L C, Yan J Y and Yi X X 2010 Chin. Phys. B 19 040512
[16] White S R and Noack R M 1992 Phys. Rev. Lett. 68 3487
[17] Ma S K 1976 Phys. Rev. Lett. 37 461
[18] Kargarian M, Jafari R and Langari A 2007 Phys. Rev. A 76 060304
[19] Kargarian M, Jafari R and Langari A 2008 Phys. Rev. A 77 032346
[20] Kargarian M, Jafari R and Langari A 2009 Phys. Rev. A 79 042319
[21] Ma F W, Liu S X and Kong X M 2011 Phys. Rev. A 83 062309
[22] Ma F W, Liu S X and Kong X M 2011 Phys. Rev. A 84 042302
[23] Jafari R 2012 arXiv: 1206.2047 [cond mat]
[24] Lieb E, Schultz T and Mattis D 1961 Ann. Phys. (N.Y). 16 407
[25] Yao H, Li J and Gong C D 2002 Solid State Commun. 121 687
[26] Strecka J, Galisova L and Derzhko O 2011 arXiv: 1102.0847 [cond

mat]
[27] Langari A 1998 Phys. Rev. B 58 14467
[28] Martin-Delgado M A and Sierra G 1996 Int. J. Mod. Phys. A 11 3145
[29] Wootters W K 1998 Phys. Rev. Lett. 80 2245

020308-4

http://dx.doi.org/10.1103/PhysRevLett.93.250404
http://dx.doi.org/10.1103/PhysRevLett.97.170401
http://dx.doi.org/10.1103/PhysRevLett.97.170401
http://dx.doi.org/10.1103/PhysRevLett.105.095702
http://dx.doi.org/10.1103/PhysRevLett.105.095702
http://dx.doi.org/10.1038/416608a
http://dx.doi.org/10.1103/PhysRevA.66.032110
http://dx.doi.org/10.1103/PhysRevLett.90.227902
http://dx.doi.org/10.1103/PhysRevLett.90.227902
http://dx.doi.org/10.1088/1674-1056/21/2/020511
http://dx.doi.org/10.1103/PhysRevA.71.030302
http://dx.doi.org/10.1103/RevModPhys.47.773
http://dx.doi.org/10.1088/1674-1056/19/5/050304
http://dx.doi.org/10.1103/PhysRevA.71.052322
http://dx.doi.org/10.1103/PhysRevB.69.100402
http://dx.doi.org/10.1088/1674-1056/20/2/020306
http://dx.doi.org/10.1088/1674-1056/20/2/020306
http://dx.doi.org/10.1088/1674-1056/19/4/040512
http://dx.doi.org/10.1103/PhysRevLett.68.3487
http://dx.doi.org/10.1103/PhysRevLett.37.461
http://dx.doi.org/10.1103/PhysRevA.76.060304
http://dx.doi.org/10.1103/PhysRevA.77.032346
http://dx.doi.org/10.1103/PhysRevA.79.042319
http://dx.doi.org/10.1103/PhysRevA.83.062309
http://dx.doi.org/10.1103/PhysRevA.84.042302
http://dx.doi.org/10.1016/0003-4916(61)90115-4
http://dx.doi.org/10.1016/S0038-1098(02)00070-4
http://dx.doi.org/10.1103/PhysRevB.58.14467
http://dx.doi.org/10.1142/S0217751X96001516
http://dx.doi.org/10.1103/PhysRevLett.80.2245

	1. Introduction
	2. Renormalization of the Heisenberg-3ptwidth8pt height1.4ptIsing model
	3. Renormalization of the entanglement
	4. Non-analytic and scaling behavior
	5. Conclusion
	References

