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New optical field operator expansion in number state representation∗
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By virtue of the Weyl ordering method, we find a new formalism of optical field operator expansion in number state
representation. Miscellaneous optical fields’ (coherent state, squeezed field, Wigner operator, etc.) new expansions are
therefore exhibited. Some new generating functions of special polynomials are derived herewith.
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1. Introduction
In quantum optics theory researchers often convert oper-

ator master equations into classical function differential equa-
tions. The way they usually do this is by using the Wigner
function of density operators, the P-representation (coherent
state representation) or Q-representation (average values of
operators).[1–5] The Q-representation of an operator A is ob-
tained through its particle number representation, i.e., expand-
ing operator A as

A = ∑
m,n
|m〉〈m|A |n〉〈n|= ∑

m,n
Am,n |m〉〈n| , (1)

where

|n〉= a†n
√

n!
|0〉

is the number state (Fock state), a† (a) are creation (annihila-
tion) Bose operator,

[
a,a†

]
= 1, |n〉 span the complete space

∞

∑
n=0
|n〉〈n|= 1. (2)

In previous literature, Eq. (1) does not provide much informa-
tion, since |m〉〈n| seems to be an ultimate expression. Nev-
ertheless, in this work we shall go a step further to convert
Eq. (1) to its Weyl ordered expansion[6] with the help of the
Weyl ordered form of |m〉〈n|. The Weyl ordered form of oper-
ators has the advantage that the ordering is invariant under uni-
tary transformations.[7,8] Using this property we not only ob-
tain new information about optical fields but also derive many
useful new integration formulas and generating function for-
mulas about special polynomials.

2. The Weyl ordered form of |m〉〈n||m〉〈n||m〉〈n|
We start with putting |m〉〈n| into its Weyl ordering. Re-

call in Ref. [9] using the technique of integration within or-
dered product (IWOP) of operators we have derived a formula

which can convert an operator ρ into its Weyl ordered form

ρ = 2
∫ d2β

π
:: 〈−β |ρ |β 〉exp

[
2
(
β
∗a−a†

β +a†a
)]

:: , (3)

where :: :: denotes Weyl ordering, and |β 〉 is a coherent state

|β 〉= e−|β
2|/2 eβa† |0〉 . (4)

In particular, when ρ = 1, the identity operator, then from
〈−β | β 〉= e−2|β |2 , the right-hand side of Eq. (3) reduces to

2
∫ d2β

π
:: exp

[
−2
(
β
∗+a†)(β −a)

]
:: = 1, (5)

which is true. Then from

〈n |β 〉= e−
1
2 |β |

2 (β )m

√
m!

(6)

and using the integration formula about the two-variable Her-
mite polynomial

Hm,n (ξ ,η) = (−1)n eξ η

∫ d2z
π

znz∗m exp
[
−|z|2 +ξ z−ηz∗

]
= (−1)m eξ η

∫ d2z
π

znz∗m

× exp
[
−|z|2−ξ z+ηz∗

]
, (7)

here the definition of Hm,n is

Hm,n(ξ ,η) =
min(m,n)

∑
l=0

l!
(

m
l

)(
n
l

)
(−1)l

ξ
m−l

η
n−l , (8)

and we can derive the Weyl ordered form of |m〉〈n|

|m〉〈n| = 2
∫ d2β

π
:: 〈−β | m〉〈n |β 〉

× exp
[
2
(
β
∗a−a†

β +a†a
)]

::

= 2
∫ d2β

π
::

β n (−β ∗)m

√
n!m!
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× exp
[
−|β |2 +2

(
aβ
∗−a†

β +a†a
)]

::

=
2√

n!m!
:: Hm,n

(
2a†,2a

)
exp
[
−2a†a

]
:: . (9)

3. Miscellaneous optical fields’ new expansions
The Weyl ordered form (9) leads Eq. (1) to the new ex-

pansion of any operators in Fock space

A = ∑
m,n

Am,n |m〉〈n|

= ∑
m,n

Am,n
2√

n!m!
:: Hm,n

(
2a†,2a

)
exp
[
−2a†a

]
:: . (10)

As its applications, we present new expansions of miscella-
neous optical fields (coherent state, squeezed field, Wigner op-
erator, etc).

When A = |z〉〈z| , the pure density operator of coherent
state, from Ref. [10] we know its Weyl ordered form is

|z〉〈z|= 2:: e−2(a†−z∗)(a−z) :: , (11)

then from

〈z| n〉= e−|z|
2/2 z∗n√

n!
, (12)

we see

|z〉〈z| = 2e−|z|
2
∑
m,n

zmz∗n

n!m!
:: Hm,n

(
2a†,2a

)
exp
[
−2a†a

]
::

= 2:: e−2(a†−z∗)(a−z) :: , (13)

since within the Weyl ordered symbol :: :: , a† and a are com-
mutable, so Eq. (13) implies

∑
m,n

zmz∗n

n!m!
Hm,n (2λ

∗,2λ ) = e−|z|
2−2z∗λ−2zλ ∗ . (14)

This actually gives the generating function formula of the two-
variable Hermite polynomial.

When A = D(α) = eαa†−a∗a, the displacement operator,
due to D(α) = :: eαa†−a∗a :: , so from

〈m|D(α) |n〉 =
√

n!
m!

α
m−n e−|α|

2/2Lm−n
n (|α|2), m > n, (15)

where Lm−n
n is the Laguerre polynomial, and from Eq. (10) we

have

D(α) = :: eαa†−a∗a ::

= ∑
m,n

2
m!

α
m−n e−|α|

2/2Lm−n
n (|α|2) :: Hm,n

(
2a†,2a

)
× exp

[
−2a†a

]
:: , (16)

this indicates the following new relation

∑
m,n

2
m!

α
m−n e−|α|

2/2Lm−n
n (|α|2)Hm,n (2λ

∗,2λ )

× exp
[
−2|λ |2

]
= eαλ ∗−a∗λ . (17)

Due to the relationship between the two-variable Hermite
polynomials and the associated Laguerre polynomials

Hm,n (ξ ,κ) =

{
n!(−1)n

ξ m−nLm−n
n (ξ κ) , m > n,

m!(−1)m
κn−mLn−m

m (ξ κ) , m < n, (18)

where

Lα
n (x) = ∑

k

(
α +n
n− k

)
(−x)k

k!
, (19)

we can further reform Eq. (17) as

e−2|λ |2−|α|2/2
∑
m,n

2m−n+1 (−1)n n!
m!

(αλ
∗)m−nLm−n

n (|α|2)

×Lm−n
n

(
4|λ |2

)
= eαλ ∗−a∗λ , (20)

which is a new generating function relation about the Laguerre
polynomial.

When A = ∆ (α,α∗) , the Wigner operator, due to
∆ (α,α∗) = 1

2 :: δ
(
a†−α∗

)
δ (a−α) :: ,[11] so from

〈m|∆ (α,α∗) |n〉= 1
π
√

n!m!
e−2|α|2Hm,n (2α,2α

∗) (21)

and Eq. (10) we have

∆ (α,α∗) = ∑
m,n

2
πn!m!

e−2|α|2Hm,n (2α,2α
∗) :: Hm,n

(
2a†,2a

)
exp
[
−2a†a

]
::

= :: ∑
m,n

22m−2n+1

π

n!
m!
(
αa†)m−n

e−2|α|2Lm−n
n

(
4|α|2

)
Lm−n

n
(
4a†a

)
exp
[
−2a†a

]
::

=
1
2

:: δ
(
a†−α

∗)
δ (a−α) :: , (22)

which exhibits a new expansion of Dirac delta function in terms of the Laguerre polynomials

δ (λ ∗−α
∗)δ (λ −α) = e−2|α|2−2|λ |2

∑
m,n

22(m−n+1)

π

n!
m!

(αλ
∗)m−nLm−n

n
(
4|α|2

)
Lm−n

n

(
4 |λ |2

)
. (23)
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When A = S = exp[λ

2 (a
2−a†2)], the squeezing operator, due to its normal ordering form

S = : exp
[

a2−a†2

2
tanhλ +(sechλ −1)a†a

]
: (24)

using Eq. (3) we have

S = 2sech1/2
λ ::

∫ d2β

π
〈−β | : exp

[
a2−a†2

2
tanhλ +(sechλ −1)a†a

]
: β 〉

×exp
[
2β
∗a−2βa† +2a†a

]
d2

β ::

= sech
λ

2
:: exp

(
2iQP tanh

λ

2

)
:: = sech

λ

2
:: exp

[
(a+a†)(a−a†) tanh

λ

2

]
:: . (25)

Then from

〈m|S |n〉= (sechλ )m+1/2
(

1
2

tanhλ

)(n−m)/2 [m/2]

∑
l=0

√
n!m!(−sinh2

λ )l

4l l!(l + n−m
2 )!(m−2l)!

, n > m (26)

and Eq. (10) we have the new expansion formula

sech
λ

2
exp
[
(α2−α

∗2) tanh
λ

2

]
= 2 ∑

m,n
(sechλ )m+1/2

(
tanhλ

2

)(n−m)/2 [m/2]

∑
l=0

(−sinh2
λ )l

4l l!(l + n−m
2 )!(m−2l)!

Hm,n (2α
∗,2α)exp(−2|α|2). (27)

When A=D(α) |k〉〈k|D† (α), the displaced Fock operator, by
observing

D(α) |n〉 = D(α)
a†n
√

n!
D−1 (α)D(α) |0〉

=

(
a†−α∗

)n

√
n!

|α〉 . (28)

Its completeness relation is obvious when we employ the
IWOP technique∫ d2α

π
D(α) |k〉〈k|D−1 (α)

=
∫ d2α

π

(
a†−α∗

)k

√
k!

|α〉〈α| (a−α)k

√
k!

=
∫ d2α

π
:

(
a†−α∗

)k
(a−α)k

k!
e−(a†−α∗)(a−α) :

=
∫ d2α

π

|α|2k

k!
e−|α|

2
= 1. (29)

From the fact that the Weyl ordering is invariant under unitary
transformations, we know

D(α) |k〉〈k|D† (α)

= 2(−)kD(α) :: Lk
(
4a†a

)
e−2a†a :: D−1 (α)

= 2(−1)k :: Lk
[
4
(
a†−α

∗)(a−α)
]

e−2(a†−α∗)(a−α) :: , (30)

so comparing Eqs. (29) and (30) we obtain

2
∫ d2α

π
:: Lk

[
4
(
a†−α

∗)(a−α)
]

e−2(a†−α∗)(a−α) ::

= (−1)k (31)

or a new integration

2
∫ d2α

π
Lk
[
4|α|2

]
e−2|α|2 = (−1)k. (32)

Then using Eq. (15)

〈m|D(α) |k〉〈k|D† (α) |n〉

= k!

√
1

m!n!
α

m
α
∗n|α|−2k e−|α|

2
Lm−k

k (|α|2)Ln−k
k (|α|2) (33)

and Eq. (10) we have

2(−1)k :: Lk
[
4
(
a†−α

∗)(a−α)
]

e−2(a†−α∗)(a−α) ::

= ∑
m,n

k!

√
1

m!n!
α

m
α
∗n|α|−2k e−|α|

2
Lm−k

k (|α|2)Ln−k
k (|α|2) 2√

n!m!
:: Hm,n

(
2a†,2a

)
exp
[
−2a†a

]
::

= :: ∑
m,n

2k!
m!

α
m(−α

∗)n|α|−2k e−|α|
2
Lm−k

k (|α|2)Ln−k
k (|α|2)(2a†)m−nLm−n

n
(
4a†a

)
exp
[
−2a†a

]
:: , (34)
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from which we have the new expansion formula

(−1)kLk [4(λ ∗−α
∗)(λ −α)] e−2(λ ∗−α∗)(λ−α)

= exp
[
−2 |λ |2−|α|2

]
∑
m,n

2m−n k!
m!

α
m(−α

∗)n
λ
∗(m−n)|α|−2kLm−k

k (|α|2)Ln−k
k (|α|2)Lm−n

n

(
4 |λ |2

)
. (35)

4. Weyl ordered form of a−1a−1a−1

Dirac[12] first introduced the Bose annihilator a−1 and no-
ticed that it obeys aa−1 = 1, a−1a 6= 1, since a |0〉= 0, where
|0〉 is the vacuum state. In Ref. [13] the inverse operators in
Fock space are studied by Fan via a coherent state approach.
Let |z〉 be the un-normalized coherent state |z〉= eza† |0〉, with
the aid of the contour integration expression of the Fock state
|n〉

|n〉=
√

n!
2πi

∮
c

dz
|z〉

zn+1 , (36)

and noticing that a−1 |z〉 = z−1 |z〉 holds in the sense of the
contour integration with the contour encircling z = 0, Fan[14]

obtained

a−1 |n〉 =
√

n!
2πi

∮
c
dz

1
zn+2 eza† |0〉

=
1√

n+1
|n+1〉 , (37)

which means

a−1 =
∞

∑
n=0

1√
n+1

|n+1〉〈n| (38)

satisfying

aa−1 = 1, a−1a =
∞

∑
n=0

1√
n+1

|n+1〉〈n|a

=
∞

∑
n=0
|n+1〉〈n+1|= 1−|0〉〈0| . (39)

When A = a−1, from

〈m|a−1 |n〉 = 〈m|
∞

∑
n′=0

1√
n′+1

∣∣n′+1
〉〈

n′
∣∣ n〉

=
1√

n+1
δm,n+1 (40)

and Eq. (10) we derive

a−1 =
∞

∑
n=0

2
(n+1)!

:: Hn+1,n
(
2a†,2a

)
exp
[
−2a†a

]
:: . (41)

On the other hand, using Eq. (3) we have

a−1 = 2
∫ d2β

π
:: 〈−β |a−1 |β 〉

× exp
[
2
(
β
∗a−a†

β +a†a
)]

::

= 2
∫ d2β

π
::

1
β

× exp
[
−2|β |2 +2

(
β
∗a−a†

β +a†a
)]

:: . (42)

Comparing Eq. (41) with Eq. (42) we obtain

2
∫ d2β

π
::

1
β

exp
[
−2|β |2 +2

(
β
∗a−a†

β +a†a
)]

::

=
∞

∑
n=0

2
(n+1)!

:: Hn+1,n
(
2a†,2a

)
exp
[
−2a†a

]
:: , (43)

which implies a new integration formula

∫ d2β

π

1
β

exp
[
−2|β |2 +2(β ∗λ −λ

∗
β )
]

=
∞

∑
n=0

1
(n+1)!

Hn+1,n (2λ
∗,2λ )exp

[
−4|λ |2

]
. (44)

In summary, by virtue of the Weyl ordering method we
find a new formalism of optical field operator expansion in
number state representation. New expansion of miscellaneous
optical fields are therefore exhibited. Some new generating
functions of special polynomials are derived.
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