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New optical field operator expansion in number state representation
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By virtue of the Weyl ordering method, we find a new formalism of optical field operator expansion in number state
representation. Miscellaneous optical fields’ (coherent state, squeezed field, Wigner operator, etc.) new expansions are
therefore exhibited. Some new generating functions of special polynomials are derived herewith.
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1. Introduction

In quantum optics theory researchers often convert oper-
ator master equations into classical function differential equa-
tions. The way they usually do this is by using the Wigner
function of density operators, the P-representation (coherent
state representation) or Q-representation (average values of
operators).!' =] The Q-representation of an operator A is ob-
tained through its particle number representation, i.e., expand-
ing operator A as

A=Y |m) (m|Aln) (n| = Y Apnlm) (n], (1)
where !
a n
) = Z10)

is the number state (Fock state), a' (a) are creation (annihila-
tion) Bose operator, [a,a’] = 1, |n) span the complete space

oo

Y In)(n|=1. 2)

In previous literature, Eq. (1) does not provide much informa-
tion, since |m) (n| seems to be an ultimate expression. Nev-
ertheless, in this work we shall go a step further to convert
Eq. (1) to its Weyl ordered expansion'® with the help of the
Weyl ordered form of |m) (n|. The Weyl ordered form of oper-
ators has the advantage that the ordering is invariant under uni-
tary transformations.”-#! Using this property we not only ob-
tain new information about optical fields but also derive many
useful new integration formulas and generating function for-
mulas about special polynomials.

2. The Weyl ordered form of |m) (n|

We start with putting |m) (n| into its Weyl ordering. Re-
call in Ref. [9] using the technique of integration within or-
dered product (IWOP) of operators we have derived a formula
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which can convert an operator p into its Weyl ordered form

2
P :2/¥§ (—B|p|B)exp [Z(ﬁ*afafﬁ +a"'a)] i, 3

where i i denotes Weyl ordering, and |B) is a coherent state

B) = e IP*12ePa" 10y )

In particular, when p = 1, the identity operator, then from
(—B| B) = e 2B the right-hand side of Eq. (3) reduces to

d2
2/713 exp[-2(B*+d") (B-a)]: =1, 5)
which is true. Then from

(n|B) = e%ﬁlzi’jlm ©

m!

and using the integration formula about the two-variable Her-
mite polynomial

n.&n d2Z n_sm 2 *
Hya (&1) = (=178 [ Sz mexp [~ [z + £z 2]
2
_ (_l)meén/%znz*m
X exp {— 2> — ﬁz—knz*} ; (7

here the definition of H,, , is

Hon(E,1) :mmzm.m“ (';l) (’;) (—1yemigl @)

=0

and we can derive the Weyl ordered form of |m) (n|

2
my il =2 [ B (i) (n 1)
X exp [2 (ﬁ*a—aTﬁ —l—a%a)}
4B BB
=2 [ ~ntm
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coxp (1B +2(aB ' +a'a))
2
= o Hua (24", 20) exp[2aa] 1. 9)

3. Miscellaneous optical fields’ new expansions

The Weyl ordered form (9) leads Eq. (1) to the new ex-
pansion of any operators in Fock space

A= ZAm-,n |m) (n|

m,n
= Y Ann
m,n

As its applications, we present new expansions of miscella-

\/% H, (2a7,2a) exp [~2a"a] i . (10)

neous optical fields (coherent state, squeezed field, Wigner op-
erator, etc).

When A =
state, from Ref. [10] we know its Weyl ordered form is

|z) (z|, the pure density operator of coherent

I2) (z] = 21 e 2@ =) @)y | (11)
then from
(el n) = e"Z‘Z”%, (12)
Wwe see .

Ry 2 i to]
|2) (2] = 2¢ 7Y R Hyup (2a",2a) exp [—2a"a] ;

m,n

— 2; e 2d"=F)e2); (13)

since within the Weyl ordered symbol : a' and a are com-

mutable, so Eq. (13) implies

where L' is the Laguerre polynomial, and from Eq. (10) we

have
D(a) = ; ™~
2 men o —laf? - . t
= Yo e L () Ha (27,2)
X exp [—ZaTa} i (16)

this indicates the following new relation

2 — m—n *
Y ate o 2L (|6 2) H e (217,21

m,n

x exp [-2[A[}] = e A,

a7

Due to the relationship between the two-variable Hermite
polynomials and the associated Laguerre polynomials

_ (=) EmrLy T (Ex), m >,
Hm,n (g,K) - {m!(l)mKn—mL;z—m (éK), m<n7 (]8)
where
0 e fatn) (—x)f
Ln<x)—ZkL<n_k> 0 (19)

we can further reform Eq. (17) as

—2/A12—|a?/2 2m—n+1 1) n! b an (o
e Y2 (=) (ad) (o)

m,n

XL (4A)) = e A, (20)

Z Zn”:Z*:l Hyp (247,21 = e |2 A2z (14) which is ?1 new generating function relation about the Laguerre
polynomial.
This actually gives the generating function formula of the two- When A = A(a,a"), the Wigner operator, due to
variable Hermite polynomial. Alo,a*)=3:6(a"—a*)8(a—a): "V so from
When A =D (o) = ea“"“*“, the displacement operator,
Tk 1 2
duetoD(a) =i e* ~44; g0 from * - = o2 *
(o) (m| A (ct, o) |n) py e H,. (20,20)  (21)
n! m—n ,—|a|?/2y m—n 2
(m|D(a)n) = mo e Ly (lel™), m>n,(15)  apd Eq. (10) we have
|
* 2 —2/af? Y f T
Ao, ") = ;mm!e %" H,,,, (20,20%) t Hyp (2a7,2a) exp [~24"d] ;
222l men olaPr men 2\ m-n (g1 t
=i 27— (ad")" e Ly " (4a|*) Ly " (4a’a) exp [—2a'a]
e T m!
1
=§§S(cﬂ—oc*)6(a—oc)§7 (22)
which exhibits a new expansion of Dirac delta function in terms of the Laguerre polynomials
Sl ala 22(m7n+1) n! )
§(A —a")§(A—a) = e N2 Y (L (4]af?) Ly (4|/1| ) 23)
m!

m,n
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When A = S = exp|[% (a> — a'?)], the squeezing operator, due to its normal ordering form

2_ 72

S=:exp {a tanh A + (sechA — l)aTa} : (24)

using Eq. (3) we have

S = 2sech'/?1: /dﬁ (—B]: exp[ aéztanhl—&-(sechl—l) ] B)
’p

x exp [2B* a—2Ba" +2a a]

A A A A
= sech§§ exp (2iQPtanh2> P = sech§§ exp {((H—aT)(a—aT)tanh 2} i (25)
Then from
(n—m)/2 [m/2] [P hZ
(m|S|n) = (sech )™/ (Ztanhx) Z (” m!(— ;”Em )21) n=m 26)
and Eq. (10) we have the new expansion formula
A A
sech 5 exp |:(062 — o*?) tanh 2}
tanh A (n=m)/2 [m/2] (—sinh? 1)
=2 ha)™t/2 Hyn (207, 200) exp(—2|a]?). 27
\
When A =D («) |k) (k| D (), the displaced Fock operator, by = 2(—)D (@) : Ly (4a"a) e2a'a; p-l ()
observing | =2~ L[4 (o — ) (a— )] e 2@ @) @) (30)
aTn _
D(a)|n) = D(a) TP (o) D (a)[0) . .
' n. so comparing Egs. (29) and (30) we obtain
(@ —ar) ) 28)
\/]/T! 2/ s Lk aT _ a*) (a_ a)} e—2(a*_(x*)(a—a>§
Its completeness relation is obvious when we employ the
IWOP technique €1V
d2
/ YN <k|D (@) or a new integration
d2 * (a — a)k d2
-/ o o Vil 2[R e e =l @)
- d?a aT—Oﬂ*ka—ak g
= / : 2{'( ) e (' -a")(a-a) . Then using Eq. (15)
o ja* e
= [Lel ey, @ (D@ KD (@)l
From the faFt that the Weyl ordering is invariant under unitary — k. ‘ 'ama*n‘a‘—2ke—\a|2LZn—k(|a|2)LZ7k(|a‘2) (33)
transformations, we know n
D(a)lk) (k| D" (c) and Eq. (10) we have

2= 1)k Ly [4(af — ") (a— )] e 20"~ lama0)

2
:Z 705 oo ” 2%k g —lof? L *(la)L ¥ (|eef?) —_— t Hyp (2a7,2a) exp [—2a"da] ;
2k! ok —lalr m— _ —ny m— i
=1 ), o (—a) el e ek (o)L K (o) (27" "L (4a” a) exp [~2a"d] ¢ (34
m,n °
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from which we have the new expansion formula

()L (42 —a) (A —a)le
— exp —zm|2—|a|2}n;12m (-

4. Weyl ordered form of a!

Diracl'? first introduced the Bose annihilator ! and no-
=1,a 'a+# 1, since a|0)

|0) is the vacuum state. In Ref. [13] the inverse operators in

ticed that it obeys aa~! =0, where
Fock space are studied by Fan via a coherent state approach.
Let |z) be the un-normalized coherent state |z) = e*' |0), with
the aid of the contour integration expression of the Fock state

)

val o h2)

. Z
ZTCl c Zn+1 ’

n) =

and noticing that a~!|z) = z7!|z) holds in the sense of the

(36)

contour integration with the contour encircling z = 0, Fan!!*l

obtained
_ vn! 1 ¥
atln) = prrl) K, e* |0)
1
= n+1), 37
N R 37
which means
> 1
—1
a = n+1){n 38
Y G9)
satisfying
> 1
-1 -1
aa” =1l,a 'a= |[n+1) (n|la
ngb\/n-i-

= i |n4+1) (n+1|=1-10)(0]. (39)
n=0

When A = a1, from

(mla~"|n) = (m| Z |” +1) ('] n)
1
= \/ﬁam.rﬁl (40)
and Eq. (10) we derive
o > .
a'=Y R Hyi10(2a",2a) exp [—2a"a] 1 . (41)
n=0 :

On the other hand, using Eq. (3) we have
_ d’B -
L=2 [ -plaIB)

2 —a*)(A—a)

YA L (e ()L (41A1). (35)

X exp [2 (ﬁ*a—aTﬁ —|—aTa)]

x exp [-2|B*+2(B*a—d' B+d'a)]:. (42)

Comparing Eq. (41) with Eq. (42) we obtain

2 /d2ﬁ

2|[3|2+2(ﬂ a—d'p JraTa)]

Hyi10(2a",2a)exp[-2d"a) 1, (43)

which implies a new integration formula

[ SE pee 2B 22 - 1)

_Zn—H

Hyp10(24%,22) exp [—4[A17] . (44)

In summary, by virtue of the Weyl ordering method we
find a new formalism of optical field operator expansion in
number state representation. New expansion of miscellaneous
optical fields are therefore exhibited. Some new generating
functions of special polynomials are derived.
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