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An RKDG finite element method for the one-dimensional inviscid
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In this paper, Runge–Kutta Discontinuous Galerkin (RKDG) finite element method is presented to solve the one-
dimensional inviscid compressible gas dynamic equations in a Lagrangian coordinate. The equations are discretized by
the DG method in space and the temporal discretization is accomplished by the total variation diminishing Runge–Kutta
method. A limiter based on the characteristic field decomposition is applied to maintain stability and non-oscillatory
property of the RKDG method. For multi-medium fluid simulation, the two cells adjacent to the interface are treated
differently from other cells. At first, a linear Riemann solver is applied to calculate the numerical flux at the interface.
Numerical examples show that there is some oscillation in the vicinity of the interface. Then a nonlinear Riemann solver
based on the characteristic formulation of the equation and the discontinuity relations is adopted to calculate the numerical
flux at the interface, which suppresses the oscillation successfully. Several single-medium and multi-medium fluid examples
are given to demonstrate the reliability and efficiency of the algorithm.
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1. Introduction

Nonlinear partial differential equations (NPDEs) play an
important role in the study of nonlinear physical phenomena.
Many researchers have devoted effort to developing the effi-
cient method for searching the analytical and numerical so-
lutions of NPDEs.[1–5] NPDEs are also a useful mathemati-
cal tool for describing the fluid dynamics phenomena. Due
to the nonlinearity of NPDEs, many researchers are interested
in developing the efficient numerical method for solving such
PDES. In the numerical simulations of fluid dynamics, there
are two typical choices: one is the Lagrangian framework, in
which the mesh moves with the local fluid velocity, and an-
other is the Eulerian framework, in which the fluid flows on
a grid fixed in space. Compared with the Eulerian method,
the Lagrangian method has several advantages. Firstly, it can
distinctly capture contact discontinuities. Secondly, it can re-
duce a source of numerical error due to the advection terms
in the conservative equations. Thirdly, it is adopted in many
fields for multi-material flow simulations such as astrophysics,
plasma physics, and nuclear physics, etc. In the past several
years, many efforts have been made to develop Lagrangian-
type methods.[6–13]

The first discontinuous Galerkin (DG) method was in-
troduced in 1973 by Reed and Hill for numerical simulation

of the neutron transport equation.[14] A major development
of the DG method was carried out by Cockburn and Shu in
a series of papers,[15–19] in which they established a frame-
work for solving nonlinear time-dependent hyperbolic con-
servation laws. The temporal discretizations of the proposed
method are accomplished by using explicit, nonlinearly stable
high order Runge–Kutta method and spacial discretizations
are achieved by using discontinuous Galerkin (DG) method
with exact or approximate Riemann solvers as interface fluxes.
The total variation bounded (TVB) limiter is applied to keep
non-oscillatory properties for strong shocks. The scheme
is termed RKDG method. The method has some attractive
properties.[20,21] For example, it can be designed for any order
of accuracy in space and time and it can handle complicated
geometry and boundary conditions easily. Besides this, it is
extremely local in data communications and is flexible to h-p
adaptivity. The majority of the previous research is based on
the Eulerian framework.[22–25]

The RKDG method has been widely applied and per-
formed very well for solving the single-medium compress-
ible flow. There are also some works using the RKDG finite
element method to deal with the multi-medium fluid prob-
lem in the Eulerian framework. A relatively dominant dif-
ficulty for simulating compressible two-medium flow is the
treatment of moving material interfaces and their vicinities.
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Nonphysical oscillations usually occur in the vicinity of the
material interface when a well-established numerical method
for single-medium flow is directly applied to multi-medium
flow. In the literature, there are some methods to overcome
such difficulty. The ghost fluid method (GFM) is one of the
applicable techniques to treat the material interface. RKDG
finite element method for two-medium flow simulations in
one and two dimensions with the original GFM and the mod-
ified GFM were investigated by Qiu et al.[26] Another im-
portant work of Qiu[27] is using the RKDG finite element
method for two-medium flow computation with conservative
treatment of the moving material interface. Chen et al.[21]

computed multi-medium compressible flow by the RKDG fi-
nite element method with a new modified GFM. The major-
ity of the above works are based on the Eulerian framework.
As we know, the Lagrangian-type methods are also applica-
ble techniques to treat the material interface, especially in a
one-dimensional situation. The high resolution total variation
diminishing method proposed by Harten and the finite-point
method are used to tackle the multi-medium fluid simulation
in a Lagrangian coordinate.[28,29] We discussed the single-
medium fluid simulation in a unified coordinate.[30,31]

In this paper, an RKDG finite element method for one-
dimensional inviscid compressible gas dynamic equations in
a Lagrangian coordinate is developed. The main motivation
of this work is to combine the advantages of the Lagrangian
method and the DG method to construct an applicable algo-
rithm for multi-medium fluid simulation. Some single mate-
rial fluid and multi-medium fluid examples are discussed in
this paper.

The paper is arranged as follows. In the second section,
the RKDG method in a Lagrangian coordinate will be de-
scribed in detail for single-medium and multi-medium fluids
simulation. Some numerical examples will be given in the
third section. In the last section, we will give some conclu-
sions.

2. RKDG finite element method in a Lagrangian
coordinate

Consider the gas dynamics equations for inviscid com-
pressible fluid

ut + f (u)x = 0, (1)

u(x,0) = u0(x), (2)

with

u =

 ρ

ρv
ρE

 , f (u) =

 ρv
ρv2 + p

v(ρE + p)

 . (3)

Here ρ is the density, v is the velocity, E is the specific total
energy, p is the pressure, which is related by

E =
p

ρ(γ−1)
+

1
2

v2.

By introducing the Lagrangian coordinate ξ given by
ξ =

∫ x
x0(t) ρ(z, t)dz, where x0(t) denotes the Eulerian coordi-

nate of a given fluid particle, the Euler equations (1) can be
transformed into Lagrangian form

ut + f (u)ξ = 0, (4)

u(ξ ,0) = u0(ξ ), (5)

with

u =

 τ

v
E

 , f (u) =

−v
p
pv

 , (6)

where τ = 1/ρ is the specific volume. The relation between
the Lagrangian coordinate and the Eulerian coordinate is

dx(ξ , t)
dt

= v(ξ , t). (7)

2.1. Description of RKDG method

Assume the following mesh to cover the computational
domain [a,b], consisting of cells I j = [ξ j−1/2,ξ j+1/2], for 1 ≤
j ≤ N, where

a = ξ1/2 < ξ3/2 < · · ·< ξN+1/2 = b.

We denote

ξ j = (ξ j−1/2 +ξ j+1/2)/2,

∆ξ j = ξ j+1/2−ξ j−1/2, f+j+1/2 = lim
ξ→ξ

+
j+1/2

f (ξ ),

f−j+1/2 = lim
ξ→ξ

−
j+1/2

f (ξ ), 1≤ j ≤ N; h = max
1≤ j≤N

∆ξ j.

Assume the mesh is regular, namely there is a constant c > 0
independent of h such that

∆ξ j ≥ ch, 1≤ j ≤ N.

Multiplying Eqs. (4)–(6) by arbitrary smooth function w, m
and integrating over I j, after a simple formal integration by
parts, the following weak forms are obtained∫

I j

utwdξ +
∫

I j

f (u)wξ dξ

− f j+1/2w−j+1/2 + f j−1/2w+
j−1/2 = 0, (8)∫

I j

u(ξ ,0)mdξ =
∫

I j

u0(ξ )mdξ . (9)

The finite element space is defined as piecewise polynomials

Vh =V k
h = {v ∈ L1(a,b) : v|I j ∈ Pk(I j),

j = 1, . . . ,N}, (10)

where Pk(I j) denotes the set of polynomials of degree up to
k defined on the cell I j. The semi-discrete DG finite element
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method for solving Eqs. (4)–(6) is: Find the unique functions
uh ∈ V k

h , for all test functions wh, mh ∈ V k
h , and 1 ≤ j ≤ N,

such that ∫
I j

(uh)twh dξ +
∫

I j

f (uh)(wh)ξ dξ

− f̂ j+1/2(wh)
−
j+1/2 + f̂ j−1/2(wh)

+
j−1/2 = 0, (11)∫

I j

uh(ξ ,0)mh dξ =
∫

I j

u0(ξ )mh dξ . (12)

Here, f̂ j+1/2 are the numerical fluxes, which are the single-
valued functions defined at the cell interfaces and dependent
on the values of the numerical solutions uh from both sides of
the interface

f̂ j+1/2 = f̂ (uh(ξ
−
j+1/2, t),uh(ξ

+
j+1/2, t)).

In this paper, the numerical flux is taken as the Lax–Friedrichs
(LF) flux

f̂ LF
j+1/2 =

1
2
[ f (uh(ξ

−
j+1/2)+ f (uh(ξ

+
j+1/2, t))

−α j+1/2(uh(ξ
+
j+1/2, t)−uh(ξ

−
j+1/2, t)], (13)

with
α j+1/2 ≡ α = max

j
{ρ±j+1/2c±j+1/2},

where c represents the sound velocity and satisfies c =√
γ p/ρ . We assume that φ l

j(ξ ) = Pl(2(ξ −ξ j)/∆ξ j),0≤ l ≤
k, are the basis functions for finite element space V k

h , where
the first three polynomials are

P0(η) = 1, P1(η) = η , P2(η) = η
2− 1

3
. (14)

Thus, the numerical solutions in every cell can be expressed as

uh(ξ , t) =
k

∑
l=0

ul
j(t)φ

l
j(ξ ). (15)

After space discretization, the ordinary differential equations
(ODEs) about the undetermined coefficients ul

j(t), l = 0, . . . ,k,
are obtained

duh

dt
= Lh(uh), ∀t ∈ [0,T ], uh(0) = uh0. (16)

Let δ t denote the time step. The above ODEs are solved by to-
tal variation diminishing (TVD) Runge–Kutta method.[32] The
second order TVD Runge–Kutta formula is

u(1) = un +δ tLh(un, tn),

un+1 = 0.5un +0.5u(1)+0.5δ tLh(u(1), tn +δ t).

The third order TVD Runge–Kutta formula is

u(1) = un +δ tLh(un, tn),

u(2) = 0.75un +0.25u(1)+0.25δ tLh(u(1), tn +δ t),

un+1 =
1
3

un +
2
3

u(2)+
2
3

δ tLh(u(2), tn +
1
2

δ t).

The numerical simulations are done with the quadratic ele-
ment (k = 2) combined with the third order TVD Runge–Kutta
method.

In order to maintain the stability and non-oscillatory prop-
erty of the RKDG method for solving conservation laws with
strong shocks, a limiter must be applied. The limiter adopted
is described below in detail. We define

u−j+1/2 = u0
j + ũ j,u+j−1/2 = u0

j − ˜̃u j.

Here

ũ j =
k

∑
l=1

ul
j(t)φ

l
j(ξ j+1/2), ˜̃u j =−

k

∑
l=1

ul
j(t)φ

l
j(ξ j−1/2).

Then ũ j and ˜̃u j are modified by either the standard total varia-
tion diminishing (TVD) minmod limiter

ũ(mod)
j = m(ũ j,∆+u(0)j ,∆−u(0)j ),

˜̃u(mod)
j = m( ˜̃u j,∆+u(0)j ,∆−u(0)j ),

where m is given by

m(a1,a2, . . . ,an) =

{
s ·min1≤ j≤n |a j|, if sign(a1) = sign(a2) = · · ·= sign(an) = s,
0, otherwise, (17)

or the TVB modified minmod function

m̃(a1,a2, . . . ,an)

=

{
a1, if |a1| ≤Mh2,
m(a1,a2, . . . ,an), otherwise, (18)

where M > 0 is a constant depending on the solution of the
given problem. In this paper, a limiter based on the character-
istic field decomposition is used in each time step. The Jacobin

matrix of Eqs. (4)–(6) is

𝐴=

 0 −1 0
−p/τ −(γ−1)v/τ (γ−1)/τ

−pv/τ p− (γ−1)v2/τ (γ−1)/τv

 . (19)

The matrix consisting of the right eigenvectors of the Jacobin
matrix is

𝑅=

 1 1 1
ρc 0 −ρc

ρcv− p p/(γ−1) −ρcv− p

 . (20)
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The matrix consisting of the left eigenvectors of the Jacobin
matrix is

𝐿=
γ−1
2γ p

 p/(γ−1) v+ γ p/(γ−1)ρc −1
2p −2v 2

p/(γ−1) v− γ p/(γ−1)ρc −1

 . (21)

The eigenvalues are λ1 = −ρc,λ2 = 0,λ3 = ρc, respectively.
We give the details of limiting the vector ũ j in the following
three steps. Firstly, transform the three vectors ũ,∆+u(0)j , and

∆−u(0)j to the characteristic field by left-multiplying with the
matrix 𝐿. Secondly, apply the scalar limiter to each compo-
nent of the transformed vectors 𝐿ũ,𝐿∆+u(0)j , and 𝐿∆−u(0)j .
Finally, transform the limited version of the vector back to the
original space by left-multiplying with the matrix 𝑅.

In order to identify the location of every fluid we studied,
the equation

dx(ξ , t)
dt

= v(ξ , t) (22)

should be discretized. Integrating Eq. (22) in time interval
[tn, tn+1], we can obtain

x(ξ , tn+1) = x(ξ , tn)+
∫ tn+1

tn
v(ξ , t)dt. (23)

By using the appropriate numerical integration formula, the
location of the fluid in time tn+1 can be obtained. In all the
following numerical experiments, the formula

x(ξ , tn+1) = x(ξ , tn)+
δ t
2
(v(ξ , tn)+ v(ξ tn+1)) (24)

is used. If the fluid we examined is located within the cells,
then the fluid velocity is already known. If the fluid we exam-
ined is located at the interface of the cells, the Roe average is
used to derive the velocity, which is

v j+1/2 =

√
ρ
−
i+1/2v−i+1/2 +

√
ρ
+
i+1/2v+i+1/2√

ρ
−
i+1/2 +

√
ρ
+
i+1/2

. (25)

2.2. Description of treatment of interface cell

In general, algorithms proposed for solving two-medium
compressible flow consist of two parts. One is the method
for solving the single-medium flow and the other is to treat
the interface of the two fluids. In Refs. [33], [34], and [35],
the third order essential non-oscillatory (ENO) methods are
used together with the GFM for treating the interface, while
the Godunov type or monotone upwind schemes for conser-
vation laws (MUSCL) are used in Refs. [36]–[42]. In this
paper, our intention is to investigate using the RKDG finite
element method for multi-medium flow simulations in a one-
dimensional case. Similar to the above-mentioned algorithms
developed for multi-medium compressible flows, the proposed

method also consists of two parts. One is the usual RKDG al-
gorithm applicable for the flow field away from the material
interface. The other is the newly developed DG technique for
treating the moving interface. For calculation convenience, we
place one cell point on the initial interface of the two fluids.
Assume the interface is located at the node xN1 . Considering
the “compactness” advantage of the RKDG method, we only
need to take care of the cells [xN1−1,xN1 ] and [xN1 ,xN1+1]. The
main difficulty is to give the flux at the node xN1 appropriately.
In this situation the Lax–Friedrichs flux is not applicable. We
use the approximate Riemann solver to derive the flux at the
interface. One is the linear Riemann solver and the other is
the nonlinear Riemann solver. The related Riemann problem
is the gas dynamic equation in the Lagrangian coordinate with
the following initial conditions

(ρ,u, p,γ) =
{
(ρ−N1

,u−N1
, p−N1

,γ1), if η ≤ 0,
(ρ+

N1
,u+N1

, p+N1
,γ2), if η ≥ 0. (26)

Our linear Riemann solver is based on the characteristic for-
mulations

∂u
∂ t

+
1

ρc
∂ p
∂ t

+(ρc)
(

∂u
∂η

+
1

ρc
∂ p
∂η

)
= 0, (27)

∂u
∂ t
− 1

ρc
∂ p
∂ t
− (ρc)

(
∂u
∂η
− 1

ρc
∂ p
∂η

)
= 0. (28)

Along the characteristic, the above two formulas can be ap-
proximated by

(u∗−uL)+
1

ρLcL (p∗− pL) = 0, (29)

(u∗−uR)− 1
ρRcR (p∗− pR) = 0, (30)

where u∗ and p∗ are the corresponding velocity and pressure
in the contact discontinuous region.[43] From the above two
formulas we can get the u∗ and p∗

p∗ =
uL−uR +

1
ρRcR pR +

1
ρLcL pL

1
ρLcL +

1
ρRcR

, (31)

u∗ = uL− 1
ρLcL (p∗− pL). (32)

The fluxes on the node xN1 can be written as

f̂ ∗N1
= [−u∗, p∗, p∗u∗]T. (33)

The linear Riemann solver is easy to use and the numerical re-
sults will be given in the following parts. There are some oscil-
lations in the press and velocity in the vicinity of the interface.
In order to suppress such oscillations, we must use the more
accurate Riemann solvers. Here we use the nonlinear Riemann
solver which is based on characteristic formulations as well as
conservation laws across any discontinuous wave. There is no
need to find the analytic solution completely. We only need to
find the velocity and press in the contact discontinuous region.
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For left waves, left shock waves, and left rarefaction waves,
there is

(u∗−uL)+
p∗− pL

aL = 0. (34)

For right waves, there is

(u∗−uR)− p∗− pR

aR = 0. (35)

In the above two formulas, there is

ak =



− p∗− pk

2ck

γk−1

[
1− (

p∗

pk )
(γk−1)/2γk

] , if p∗ < pk,

ρkck

√
γk +1

γk

(
p∗

pk

)
+

γk−1
γk

, if p∗ > pk,

k = L,R. (36)

We use the simple iteration to calculate p∗ and u∗. First, we
can get from Eqs. (34) and (35)

u∗ =
aLuL +aRuR− (pR− pL)

aL +aR , (37)

p∗ =
aL pR +aR pL−aLaR(uR−uL)

aL +aR . (38)

We can calculate p∗ with the simple iteration, that is

p∗,n+1 = p∗

=
aL,n pR +aR,n pL−aL,naR,n(uR−uL)

aL,n +aR,n , (39)

where

ak,n = ak(p∗,n, pk,ρk), k = L,R. (40)

The initial value for iteration can be taken as

aL,0 = ρ
LcL, aR,0 = ρ

RcR. (41)

When we get p∗ and u∗, then the fluxes can be taken as

f̂ ∗N1
= [−u∗, p∗, p∗u∗]T. (42)

The numerical results for the two-medium fluid simulations
with nonlinear Riemann solver can be found in the following
section.

3. Numerical results

In this section, some numerical experiments for one-
dimensional inviscid compressible gas dynamic equations are
performed.

3.1. Theoretical analysis and error estimation for discon-
tinuous Galerkin finite element method

We will give some theoretical analysis and error estima-
tion for solving one-dimensional time-dependent conservation
laws. The one-dimensional conservation law is

st + f (s)ξ = 0. (43)

Following the derivation of the RKDG finite element schemes
for solving Eqs. (4)–(6), the semi-discrete discontinuous
Galerkin (DG) finite element method for solving Eq. (43) is:
Find the unique function sh ∈V k

h , for all test functions wh ∈V k
h

and 1≤ j ≤ N, such that∫
I j

(sh)twh dξ +
∫

I j

f (sh)(wh)ξ dξ

− f̂ j+1/2(wh)
−
j+1/2 + f̂ j−1/2(wh)

+
j−1/2 = 0. (44)

Here, f̂ j+1/2 are the numerical fluxes, which satisfy the follow-
ing three conditions: consistency, continuity, and monotonic-
ity. To save space, we will only give some theoretical results.
The details can be found in Refs. [15]–[17].

Proposition 1 The solution sh to the semi-discrete DG
scheme (44) satisfies the following cell entropy inequality

d
dt

∫
I j

U(sh)dξ + F̂j+1/2− F̂j−1/2 ≤ 0, (45)

for the square entropy U(s) = s2/2, for some consistent en-
tropy flux

F̂j+1/2 = F̂(sh(ξ
−
j+1/2, t),sh(ξ

+
j+1/2, t))

satisfying F̂(s,s) = F(s).
Proposition 2 For periodic or compacted boundary con-

ditions, the solution sh to the semi-discrete scheme (44) satis-
fies the following L2 stability

d
dt

∫ b

a
(sh)

2 dξ ≤ 0. (46)

Starting from the semi-discrete scheme (44), we first use
forward Euler time discretization to get a full-discrete scheme.
The scheme is: Find the unique function sn+1

h ∈V k
h , for all test

functions wh ∈V k
h and 1≤ j ≤ N, such that

∫
I j

sn+1
h − sn

h
δ t

wh dξ +
∫

I j

f (sh)(wh)ξ dξ

− f̂ j+1/2(wh)
−
j+1/2 + f̂ j−1/2(wh)

+
j−1/2 = 0. (47)

Here, sn+1
h represents the numerical solution at time t = tn+1

and δ t represents the time step. At the beginning of every time
evolution, the limiter should be used to pre-process the sn

h.
Proposition 3 For periodic or compactly supported

boundary conditions, the solution sn
h of scheme (47), with the
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pre-process by the limiter, is total variation diminishing in the
means (TVDM), that is

TV M(sn
h)≤ TV M(sn+1

h ), (48)

where TV M(sn
h) = ∑i |s̄n

i+1− s̄n
i | and s̄n

i represents the cell av-
erage of numerical solution sn

h.
Proposition 4 Under the same conditions as those in

Proposition 3, the solution sn
h of the scheme (47), with the Eu-

ler forward time discretization replaced by TVD Runge–Kutta
time discretization, is TVDM.

Proposition 5 The solution sh of the semi-discrete
scheme (44) for solving the linear equation

ut +uξ = 0

with a smooth solution s satisfying the error estimate∫ b

a
(s− sh)

2 dξ ≤Ch2k+2, (49)

where C depends on s and its derivatives but is independent of
h.

From the above five propositions, we can conclude that,
for the linear problem, the semi-discrete scheme can achieve
its optimal convergence order. Furthermore it can suppress
the non-physical oscillations. All these advantages lead us to
construct the RKDG schemes for solving the one-dimensional
Euler equations in the Lagrangian coordinate.

3.2. Numerical tests for single-medium flows

Lagrangian computation and the ideal gas with γ = 1.4
are used in the following tests.

Example 1 This numerical example is used for the ac-
curacy test. We solve the Euler equation in the Lagrangian
coordinate with the following initial condition

ρ(x,0) = 1+0.2sin(πx), u(x,0) = 1, p(x,0) = 1,

and 2-periodic boundary conditions. The exact solutions are

ρ(x, t) = 1+0.2sin(π(x− t)), u(x, t) = 1, p(x, t) = 1.

The L∞ error for ρ is defined as follows:

‖error‖L∞ =
N

max
i=1

(|ρ(ξi,T )−ρh(ξi,T )|), (50)

where ρ and ρh express the corresponding exact and numeri-
cal solutions for density. The numerical order of accuracy is
calculated as follows:

order =
log
(
‖error‖L∞,2h

‖error‖L∞,h

)
log2

. (51)

First, we compute the solution up to t = 2. The errors and nu-
merical order of accuracy are shown in Table 1. We can see
that the schemes behave very well. Furthermore, the numeri-
cal schemes can work for quite a long time. Figure 1 gives the
comparisons of numerical and exact solutions at time t = 100
with different meshes.

Table 1. The errors and numerical orders of accuracy of density ρ at
t = 2.

Grids ‖error‖L∞ L∞ order
10 5.94088×10−3

20 1.61615×10−3 1.87812
40 4.09642×10−4 1.98013
80 1.02712×10−4 1.99576
160 2.56961×10−5 1.99899
320 6.42515×10−6 1.99975

Example 2 We consider the Riemann problems of the
gas dynamics equation for a polytropic gas. Two sets of initial
conditions are used. One is proposed by Sod:

(ρL,uL, pL) = (1.0,0,1.0),

(ρR,uR, pR) = (0.125,0,0.10).

The other is used by Lax:

(ρL,uL, pL) = (0.445,0.698,3.528),

(ρR,uR, pR) = (0.5,0,0.571).

The initial computational domain is [0,1] and [0,2] for Sod and
Lax problems. The initial discontinuity is located at x0 = 0.5
and x0 = 1 for Sod and Lax problems respectively. The trans-
missive boundary condition is applied at both ends of the com-
putational domain. The exact solution of this example consists
of a left rarefaction wave, a right-travelling shock wave, and a
stationary contact discontinuity. Figures 2 and 3 show the nu-
merical results with 400 initially uniform cells at t = 0.2 and
t = 0.13 for Sod and Lax problems respectively.

Example 3 [44] This example is used to test the ability
of the method to resolve slowly-moving or stationary contact
discontinuity. Its initial condition is as follows:

(ρL,uL, pL) = (1.0,−19.59745,1000.0),

(ρR,uR, pR) = (1.0,−19.59745,0.01).

The initial discontinuity is located at x0 = 0.8. The computa-
tional domain is [0,2]. The transmissive boundary condition
is applied at both x = 0 and x = 2. The exact solution of this
example consists of a left rarefaction wave, a right-travelling
shock wave, and a stationary contact discontinuity. Figure 4
shows the numerical results with 400 initially uniform cells at
t = 0.012.
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Fig. 1. Comparison between the RKDG solution and the exact solution at time 2.0 with different grids: (a) 10 cells, (b) 20 cells, (c)
40 cells, and (d) 80 cells.
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Fig. 2. Comparison between the RKDG solution and the exact solution at time 0.2 for Sod problem in example 2: (a) density, (b)
velocity, (c) press, and (d) energy.
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Fig. 3. Comparison between the RKDG solution and the exact solution at time 0.13 for Lax problem in example 2.
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Example 4 [44] (123 problem) The initial condition of this
example is

(ρL,uL, pL) = (1.0,−2.0,0.4),

(ρR,uR, pR) = (1.0,2.0,0.4).

The initial discontinuity is located at x0 = 0.5. It has a solution
consisting of two symmetric rarefaction waves and a trivial
contact wave of zero speed. The star region between the non-
linear wave is close to vacuum, which makes this problem a
suitable test for assessing the performance of numerical meth-
ods for low-density flows. The computational domain is [0,2].
Figure 5 shows the numerical results with 400 initially uniform
cells at t = 0.15. For this example, it is difficult to get the right

internal energy through most of the numerical methods.[44] In
Fig. 5, we compare the performance of the RKDG method in
the Lagrangian coordinate and Runge–Kutta control volume
discontinuous finite element method (RKCVDFEM)[45] with
400 uniform cells. To the best of our knowledge, only the high
accuracy and high resolution numerical method can simulate
the internal energy better. RKDG finite element method in
the Lagrangian coordinate behaves better than most of the nu-
merical methods in Ref. [44]. Figure 6 gives the numerical re-
sults with four schemes: Godunov scheme with HLL Riemann
solver proposed by Harten, Lax and van Leer; Lax–Friedrichs
scheme; Liou–Steffen scheme; weighted average flux (WAF)
scheme. The derivation and the implementation of the above
four schemes can be found in Ref. [44].
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Fig. 5. Comparison between the RKDG solution and the exact solution at time 0.15 for 123 problem in example 4.

Example 5 [7] (Two interacting blast waves problem) The
initial conditions are

ρ = 1, u = 1, p =


103, 0 < x < 0.1,
10−2, 0.1 < x < 0.9,
102, 0.9 < x < 1.0.

The reflective boundary condition is applied at both x = 0 and
x = 1. Figure 7 shows the numerical results at t = 0.038 for
different initial uniform cells. In Fig. 7, we use the numerical

solution of RKCVDFEM with 2000 uniform cells as a refer-
enced solution.

Comparing the numerical solution to the “exact solution”
of Woodward and Colella in Ref. [9], we find that it shows
all the important features of the various interactions and thus
can be considered as a “converged” solution. Our numerical
results can be compared with the numerical results in some
references.[17,46]
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Fig. 7. Comparison between the RKDG solution and the exact solution at time 0.038 for two interacting blast waves problem in
example 5.

Example 6 (Shock entropy wave interaction) To demon-

strate the advantage of higher order methods, we use the Euler

equations with initial condition

(ρL,uL, pL) = (3.85714,2.629369,10.33333), x < 4,

(ρR,uR, pR) = (1.0+ ε sin(kx),0,1.0), x≥−4,

where ε and k are the amplitude and wave number of the en-
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tropy wave. In our test, we take ε = 0.2 and k = 5. The final
time is t = 1.8. This problem is very suitable for testing the
advantage of a high order scheme when the solution contains

both shock and completely smooth region structures. The ini-
tial computational domain is [−10,5]. The numerical results
for density with different meshes are showed in Fig. 8.
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300 cells and TVD limiter, (c) 1500 cells and TVB limiter (M = 300), (d) 3000 cells and TVB limiter (M = 300).
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Fig. 9. Comparison between the RKDG solution and the exact solution at time 0.15 in example 7.
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Fig. 10. Comparison between the RKDG solution and the exact solution
at time 0.2 in example 8.

Example 7 [47] This example to be considered is a Rie-
mann problem subject to the following initial data

(ρL,uL, pL) = (1000,0,1000), (ρR,uR, pR) = (1,0,1).

The initial discontinuity is located at x0 = 0.3. The computa-
tional domain is [0,1]. The transmissive boundary condition
is applied at both x = 0 and x = 1. This is a problem with
high density and high pressure ratios given initially. As a re-
sult, there is a very strong rarefaction wave generated in the
high pressure region once the diaphragm is removed. Numer-
ical investigation for the popular high resolution conservative
schemes when applied to inviscid, compressible, perfect gas
flows with an initial high density ratio as well as a high pres-
sure ratio has been done by Tang in Ref. [47]. The results

show that they work very inefficiently and may give inaccu-
rate numerical results even over a very fine mesh when ap-
plied to such a problem. Figure 9 shows the numerical results
with 1000 and 100 initially uniform cells and TVD limiter at
t = 0.15. Our numerical methods with 1000 initially uniform
cells work well.

3.3. Numerical tests for two-medium flows

The numerical results with RKDG finite element method
combined with linear and nonlinear Riemann solvers are
shown in this part.
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Fig. 11. Comparison between the RKDG solution and the exact solution
at time 0.0007 for air-helium shock tube problem in example 9.

Example 8 We solve the one-dimensional nonlinear sys-
tem of Euler equations (4). We use the following Riemann
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initial condition:

(ρL,uL, pL,γ1) = (1.0, ,0,1.0,1.4), for x≤ 0.5;

(ρR,uR, pR,γ2) = (0.125,0,0.1,1.9), for x > 0.5.

The computed density, velocity, and press are plotted at t = 0.2
against the exact solution in Fig. 10.

Example 9 [21] This is an air-helium shock tube problem
with the initial conditions as

(ρL,uL, pL,γ1) = (1.0,0,1.0×105,1.4), for x≤ 0.5;

(ρR,uR, pR,γ2) = (0.125,0,1.0×104,1.2), for x > 0.5.
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Fig. 12. Comparison between the RKDG solution and the exact solution
at time 0.2 for stiff gas shock tube problem in example 9.

The computed density, velocity, and press are plotted at t =
0.0007 against the exact solution in Fig. 11.

Example 10 This is a stiff gas shock tube problem with
the initial conditions as

(ρL,uL, pL,γ1) = (1.0, ,0,500,1.4), for x≤ 0.5;

(ρR,uR, pR,γ2) = (1.0,0,0.2,1.6), for x > 0.5.

The computed density, velocity, and press are plotted at t = 0.2
against the exact solution in Fig. 12.

In the above three examples, RKDG finite element
method combined with the linear Riemann solver induces
some oscillation in the contact discontinuity region. It can-
not be adopted for practice work. However, RKDG finite el-
ement method combined with the nonlinear Riemann solver
behaves better. It can suppress the oscillation and distinctly
capture the contact discontinuity. We believe that the RKDG
finite element method in the Lagrangian coordinate combined
with more accurate Riemann solver will work better.

4. Conclusions
In this paper, the RKDG finite element method for solv-

ing the one-dimensional inviscid compressible gas dynamic
equations in the Lagrangian coordinate is developed. Sev-
eral single-medium and multi-medium examples are given to
demonstrate the accuracy and reliability of the algorithm. The
proposed method can capture the interface distinctly. Actually
the interface is just the grid point. The schemes can be imple-
mented easily. It has the potential to be used in more complex
fluid interaction simulations.
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