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Transcription’s bubble under the influence of long-range interactions
and helicoidal coupling
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The influence of power-low long-range interactions (LRI) and helicoidal coupling (HC) on the properties of localized
solitons in a DNA molecule when a ribonucleic acid polymerase (RNAP) binds to it at the physiological temperature is
analytically and numerically investigated in this paper. We have made an analogy with the Heisenberg model Hamiltonian
of an anisotropic spin ladder with ferromagnetic legs and anti-ferromagnetic rung coupling. When we limit ourselves to
the second-order terms in the Taylor expansion, the DNA dynamics is found to be governed by a completely integrable
nonlinear Schrodinger (NLS) equation. In this case, results show that increasing the value of HC force or LRI parameter
enhances the bubble height and reduces the number of base pairs which form the bubble. For the fourth-order terms in a
Taylor expansion, results are closely resembling those of second-order terms, and are confirmed by numerical investigation.
These results match with some experimental data and thus provide a better representation of the base pairs opening in DNA

which is essential for the transcription process.
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1. Introduction

Going back to early works on solitons in biological
systems!!?! it is an old conjecture that nonlinear excitations
such as kink solitons or breathers could play a functional
role in the DNA dynamics, in particular in the processes of
DNA denaturation and transcription. These fundamental bio-
logical processes start by the binding of a protein molecule
in the specific region of the DNA molecule. A number of
theoretical models through soliton-like excitations of bases,
based on longitudinal and transverse motions, as well as bend-
ing, stretching, and rotation have been proposed to describe
their dynamics.[3‘24] For instance, Vasumathi and Daniel[?3!
considered protein-DNA interaction dynamics at the biologi-
cal temperature, to study the base pair opening in the DNA
molecule by treating it as equivalent to a spin ladder or coupled
ferromagnetic lattice. This general spin-like model of DNA

molecules leans on the work by Dandoloff and Saxena!?S!

27281 The efficiency of

and those by Takeno and Homma.l
this model to describe open states in the DNA molecule was
shown in these studies. In the above work by Vasumathi and
Daniel, 23] the soliton excitations of the DNA bases in the two
strands make localized base flipping and travel along the DNA
chain in the form of a bubble. They suggested that the results
may represent the bubble generated during the transcription
process, when a protein such as RNAP binds to a promoter
site in the DNA macromolecule.

In that study, the authors did not take into account two
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outstanding facts existing in the DNA molecule. The first one
is the helical structure of double-stranded DNA which rein-
forces its geometrical structure. Indeed, a real DNA molecule
has a helical shape with twisting strands and the twisting leads
to the study of torsional dynamics. This double helix has 11 as
helicoidal pitch. In this structure, the water filaments connect
unit bases at different sites. Then, the n-th base of a strand
interacts with its nearest neighbors along the physical axial di-
rection, i.e., with the (n+ h)-th and (n — h)-th bases of the
complementary strand.[”?! Referring to the earlier studies, &

30.311 or 5.132.331 The second fact is the

can take two values: 4!
long-range coupling between intra-strand bases which has an
irrefutable impact on the DNA’s dynamics. Indeed, many au-
thors, such as Woafo ez al.13*! and Tchawoua er al.1®! showed
the importance to take into account the LRI in nonlinear sys-
tems. Due to the presence of phosphate groups along the
DNA’s strands, the LRI exists in that macromolecule and al-
lows taking into account the screening of the interactions or
an indirect coupling between base pairs through water fila-
ments. The studies have already shown the LRI’s efficiency
on the DNA dynamics.*! For instance, Rau and Parsegian 37!
studied experimentally the evidence for long-range attractive
hydrogen forces and emphasized that many forces could be
responsible for LRI in the DNA. Larsen e al.!*¥] modeled the
DNA molecule like a parabola embedded chain with LRI be-
tween a twisted base pair to study the mechanism for bubble

generation.
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Therefore, it has become important and necessary to in-
vestigate the internal dynamics of DNA in terms of soliton
bubbles by proposing a generalized model involving helicity
of the molecule and LRI between intra-strand bases, i.e., nu-
cleotides. With this in mind, in the present paper, we study
the nonlinear dynamics of the DNA double helix with power
law LRI between nucleotides in the same strand by propos-
ing a generalized model for DNA dynamics along the lines of
Vasumathi and Daniel’s work. >3]

The remainder of the paper is outlined as follows. In Sec-
tion 2, to write the model Hamiltonian, we consider the DNA
molecule as consisting of two helical, interacting, molecu-
lar chains in similarity with the Heisenberg model for a cou-
pled anisotropic site-dependent spin system. This Hamilto-
nian takes into account the power law LRI between intra-
strand nucleotides, inter-strand hydrogen bonding, the heli-
coidal structure of the DNA molecule, the interaction between
RNAP and DNA molecules, and the interaction between the
DNA molecule and the thermal phonon. After bosonizing
this Hamiltonian in the semi-classical treatment by using the
Holstein—Primakoff representation of spin operators, we de-
rive the dynamical equations and express them in the terms of
coherent amplitudes of the bosonic operators. In the contin-
uum limit, we first consider in Section 3 the lower order of the
Taylor expansion and the DNA strand dynamics is governed
by the NLS equation, the coefficients of which depend, among
others, on LRI and HC parameters. By investigating the linear
dispersion relation, the group velocity and the condition for the
existence of solitonic waves are obtained. The analysis of the
solitonic-like wave solution shows that the HC is weak com-
pared to intra-strand coupling in the real DNA molecule and
that increasing LRI or HC parameter increases the amplitude
of the localized wave, while reducing the number of base pairs
which contribute to the bubble formation. We have studied in
Section 4 the dynamics of the system for the fourth order of
the Taylor expansion. All in all, results show that bubble char-
acteristics are affected by this expansion, but the influences of
LRI and HC are not changed. To solve the problem of Tay-
lor’s order expansion, we carry out in Section 5 the numerical
simulations which confirm analytical results. Finally, we give
some concluding remarks in Section 6.

2. The model

The model under consideration is the B-form of DNA,
a tertiary structure of this molecule as presented in Fig. 1(a).
This form consists of two parallel chains of nucleotides known
as strands with linkage internals of dipole—dipole interaction
along the strands, and the strands are coupled to each other
through hydrogen bonds between the complementary bases.
The region where the RNAP molecule can bind, i.e., a specific
segment or promoter site in the DNA molecule, is represented

in this figure by a shaded ellipse overlapping the DNA double
helical structure. R and R’ represent the two complementary
strands in the DNA double helix, and each arrow in the fig-
ure represents the direction of the bases attached to the strand.
The dots between arrows represent the net hydrogen bonding
effect between the complementary bases. The z axis is chosen
along the helical axis of the DNA. A horizontal projection of
the n-th base pair in the xy-plane is presented in Fig. 1(b). The
quantities 0, and Q), denote the tips of the n-th bases, and P,
and P, represent the points where the n-th bases are attached to
the strands R and R’, respectively. Figure 1(c) is a horizontal
projection of the n-th base pair of the DNA in the xz-plane. Re-
ferring to Figs. 1(b) and 1(c), Homma and Takeno!!”! showed
that the inter-strand base—base interaction or hydrogen bond-
ing energy between the complementary bases depends on the
distance between them and using the simple geometry, they
expressed the square of the distance between the tips of these
bases as

(0.0)° = 24 D>+ (22— 2) > +2 (20— 2))
x (cos 6, —cos6))
—2D [sin 6, cos ¢, + sin ;, cos ¢ |
+2[sin 6, sin 6, (cos ¢, cos ¢, + sin @, sin @)

— cos 0, cos 6], (1)

where D is the diameter of the circle depicted in Fig. 1(b).

n+2
n+1

n—1
n—2

Fig. 1. (a) A schematic representation of the region where the RNAP
molecule can bind to a specific segment of B-form DNA double helix.
(b) Horizontal projection of the n-th base pair in the xy-plane. (c) Hor-
izontal projection of the n-th base pair of the DNA in the xz-plane. (d)
A schematic representation of the RNAP molecule binding on DNA.

This distance can be written by using quasi-spin operators
as

(0u0)) = 24+ D?+2 (SIS + 880 — S25%)
—2D(S, +S,), )
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where S, and S/, represent the quasi-spin operators at the lattice
site n in the two legs R and R’, respectively. These operators
are expressed as follows:

Sn= (S5, S),S5) with S = sin 6, cos ¢,

S = sin 6, sin @y, S5 = cos 6y, 3)
Sy = (5,87, 87%) with Si¥ = sin 6, cos ¢,
S = sin 0, sin@,, S* = cos O, )

Now, using the above considerations, we try to construct
the Hamiltonian of our model. The Heisenberg model of the
Hamiltonian for a two-coupled spin chain model or spin ladder
system for DNA, which takes into account the inverse power-
law type ferromagnetic LRIs between spins in the same lattice
(intra-strand interaction) is written as

Hpnal = —Z Z Qo (Su-Sm+ Sy S)y) 4)
n m>n
with
Q
Qun=1—7. (6)
lm —n|

In the summation, the term m = n is excluded. The pa-
rameters 7 (r > 2) and £ measure the dimensionless LRI pa-
rameter and the elastic constant of the strand, respectively. The
quantity |m — n| measures the absolute distance between bases
n and m. The specific physical meaning of the LRI parameter
depends on the following situation: » — oo characterizes near-
est neighbor interaction approximation, » = 5 characterizes
dipole—dipole interaction between bases, and r = 3 character-
izes Coulomb interaction between bases.**! With the above
choice, this is obviously

Z -Qm,n =20 C("")a @)
m#n

where {(r) represents Riemann sum, defined by
Er) =) — ®)

The two strands are coupled by the hydrogen bond inter-
actions type. The hydrogen bond is represented by ferromag-
netic or antiferromagnetic rung-coupling (inter-strand interac-
tion). The appropriate potential is

Hpnaz =—Y B (Sq-5)), )

where the parameter f corresponds to the inter-strand interac-
tion constant or hydrogen bond energy constant between the
complementary nucleotides. The DNA double helical chain is
mapped onto a two-coupled spin chain model or a spin ladder
system with > 0 (ferromagnetic legs) and > 0 (ferromag-
netic rungs) or 8 < 0 (antiferromagnetic rungs). In equilib-
rium state, § < 0.

To complete the description of the molecule, addi-
tional details, such as the harmonic HC due to trans-groove
hydrogen-bonded water filament, should be introduced in the
model. This HC models the forces between nucleotides in the
complementary strands along macromolecule axis (i.e., z axis)
as mentioned in the previous section. These forces maintain
the helicoidal structure of the molecule. The discrete form of
the free energy corresponding to the twist deformation in a
cholesteric liquid crystal system is usually used to incorporate
helicity in a helimagnet. Following the same line by Daniel
and Beula!*?! we write the Heisenberg model of the Hamilto-
nian corresponding to the force for the twist, which is respon-
sible for HC in terms of spin vectors as follows:

HpNaz = —8(SySuth +SuSnin) (10)

where g represents the HC coefficient. Only the nucleotides
being on opposite helices at half-pitch distance are considered
since they are near enough in three-dimensional space due to
the double helical geometry of the DNA molecule. As the
pitch of the helix corresponds to 10 or 11 bases in the B-DNA
equilibrium configuration, we set h = 5.132:3341.421

The thermal phonons due to the biological temperature of
the system can affect the DNA dynamics. Thus, we generalize
the above model into a thermal DNA and add the following
Hamiltonian

P

2mH

HpNA—Phonon = Z + Ky (xn+1 _xn>2

+ ot (X1 —Xn—1) (Sn-Sp) |- (1D

The coordinate x, is the displacement of the hydrogen
atom attached to the base at the n-th site along the direction
of the hydrogen bond. Indeed, the DNA molecule works at the
biological temperature, and the hydrogen atoms attached to the
nucleotides are in a thermally excited state at this temperature.
The parameter my is the mass of the hydrogen atom attached
to the base, and Ky represents the elastic constant between the
hydrogen atom attached to the base at the n-th site and the one
attached at the (n+ 1)-th site. The quantity p, = myx, is the
corresponding momentum and the overdot represents the time
derivative. The parameter o is the coupling coefficient be-
tween the rotation of bases and the vibration of the hydrogen
atom attached to the base at the n-th site along the direction of
the hydrogen bond in the thermal fluctuation.

We adopt a situation where an RNAP is bound to DNA.
Due to the large size of this RNAP macromolecule, we con-
sider the active site region, i.e., a small portion of the RNAP
molecule which binds to the DNA molecule and initiates con-
formational change, as a linear chain.*3! To introduce the
RNAP-DNA interaction in the Hamiltonian, the DNA pro-
moter site is treated as a set of two coupled linear chains, in
interaction with the active site region of the RNAP molecule
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(see Fig. 1(d) in which the RNAP molecule is represented by
G). The RNAP molecule is a collection of mass points (each
mass point represents a peptide unit) and these mass points
are connected by linear springs exhibiting longitudinal stretch-
ing motion parallel to the helical axis of DNA (i.e. along z
direction). This longitudinal stretching motion of the RNAP
molecule and its interaction with the DNA chain are repre-
sented by the Hamiltonian HpNa—RNAP:

2
+Kp ()’n—H _yn)

2
q}l

HpNA-RNAP = ) >

n myp

+ 0 (Yps1 —Yn—1) (S5-87) | (12)

The corresponding momentum is g, = mpyy.

In the Hamiltonian (12), the coordinate y, represents dis-
placement of the n-th peptide in the RNAP chain from its equi-
librium position. The parameters n,, Kp, and o represent
the peptide’s mass, the elastic constant of the springs, and the
linear-coupling coefficient between peptides and nucleotides,
respectively. The RNAP molecule is assumed to slide on the
DNA chain and the interaction energy along z direction is ex-
pected to be dominant over the energy in the xy-plane normal
to it.

All these elucidations allow us to write the total Hamilto-
nian of our model as:

H = Hpna1 + Hpna2 +HpNa3 + HpNA—Phonon + HDNA—RNAP

= Z - Z -Qm,n (Sn “Sm +S:1 -5, ) (S/ Sn+h +Sn Sn+h)
n m>n
2 2
p q
_ S 'S/ n n
B (S, ")—‘_ZmH_FZmp
+Kq (xn+l —xn)2 +Kp (yn+] _Yn)z
+ a1 (Xpt1 —Xn—1) (Sn'Sr/z)

+ 0o (yn+1 _ynfl) (S,Z1 : S;LZ) . (13)

The numerical values of the model parameters are those
used in Refs. [38], [44]-[51]. We usually use a classical ap-
proach or semi-classical approximation to understand the spin
dynamics when the spin value is large in the case of Heisen-
berg spin systems.[?>32! To bosonize the Hamiltonian (13), we
first consider the following two operators:

St=85+is), (14)
S, =S, — 18y, (15)

and then introduce the Holstein—Primakoff representation pre-

viously transformed by Nguenang and Kofané[>3-33]
1/2
st=2)"e(1-&%la,) " an, (16)
_ 1/2
S, =(2)"eal (1-€2alay)"?, 17)
& =1-¢£%a ay. (18)

The quantities @) and a, are creation and annihilation op-

A

erators related to strand R, respectively. If we set @ and a,
the similar operators related to strand R’, similar expressions
of S/, 8=, and §’%, can be written in terms of @/ and a,. These

creation and annihilation operators satisfy the commutation re-

lations
[amya;rl] = [a;/n;ag] = Opn, (19)
[aﬂﬁan] = [az/nﬂa;z] = [a;rnﬂa;rz] [a/T alT] 0, (20

where 6,,, is the Dirac function.

It is necessary to expand the Holstein—Primakoff repre-
sentation in a power series in terms of the parameter € =
(S)_l/ 2 in the low-temperature limit, i.e., alan < 28,

1/2 82 . 84 6
Si=(2)"e [14a;,an 32anana i — 0(e )] an, 1)
1/2 . 4 g
S =(2)"ed! {1 — —ala,— > za fandlan — O (36)] L(22)

From all these considerations, the Hamiltonian (13) can
be rewritten up to O(£?) as:

H = Z{ i q"p + K (xns1 —%0) + Ky Ot —yn)?

- yn—l)]
Z Qp (anajn + a,tam - a,ian — ajnam
m>n

—[B— o (xnsr1 —x0-1) — 02 (Ynt1
+£2[—
Jra/a/++a/1/7/1‘/ ar+a/)

T
- g(anan+h + an Qpth+ anan+h +anay,

¥ T
Ay, Onth — :H»haiwrh
—ala,—did)—2g— ZZQ,M
m>n
— (B — a1 (xn+1 —xn,l))(a al, + ayd, 't fa}an fa"a’)
— 0 (ynr1 = ya-1)(ayan +a;ja;)} } (23)

In the next section, we will use the above Hamiltonian
to derive the equations of motion for a base, a peptide, and a
hydrogen atom.

3. Dynamical equations

The equations for the bosonic operators a},, a,, @, and @,
can be obtained in the Heisenberg picture by introducing the
Hamiltonian (23) in the equations

iha, = [a,,H]|, ihd, = [d,, H], (24)

where 7 is the reduced Planck constant, the dot denotes d/dt
and the i situated in front of operators is imaginary number,
ie., i =—1.

The equations of motion for hydrogen atom and peptide
can be obtained using Hamilton’s equations

dp,/dt = —0dH/dx,, Jx,/dt=0JH/dp,,
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dqn)dt = —dH [dyn, Iyn/dt = OH/dqy. (25

Thus, the whole system is described by the set of equa-
tions
iha, = 82{ - Z -Qm,n (am - an) - g(a;wrh +a1/17h - za")
m#n
—[B — ot (X1 —Xn—1)](ay, — an)

— 0 (yn+1 _Ynl)an}v (26)
lha;‘l = 82{ - Z -Qm,n (a;/n - a;‘l) - g(an+h +ap_p— 2“1/1)
m#n
—[B— a1 (xns1 —x01)](an —ay,)
_O‘Z(yrlJrl _ynl)al/1}7 (27)

myk, = 2Ky (X1 4+ X1 —2x,) — €20y (aZ_la,H +adtd,_,
7a2+1an+l *a:,lﬂim +al+la;+l
+apaat, —al a, —a, 4 ), (28)
Mpyn = 2Kp(yn+1 +Yn—1— 2))11) - 820‘2(aj;_1an71
+a,"d, —az+1an+1 —ayl ). 29)

By using Glauber’s coherent state representation>®! for
boson operators, al | £) = f | f). an| )= ful ). | £) =
Yol fa)sai | Y=L 1 a1 Y=l £) L fy =Ll fo)s
(f|fy=1,and (f'| /) =1, the above set of equations be-

comes:

ihfn = 82{ - ZQm,n(fm_fn) _g(fr/z+h +fr;—h _an)
m#n
- [ﬁ — o (xn—H _xn—l)](frlz _fn)
_a2(yn+1 _ynl)fn}a (30)
inf; = & = L Qnalfh = £2) = slhvss + o= 26)
m#n
=B — o (xp1 — X0 1)](fr — f)
— 2 (Yn+1 —ynl)fé}» (€29
muiy = 2K (X1 + X1 — 25,) — €201 (| fum1 >+ fp_1 2
P =1 P+ fri fo
+foerfoi = Faifuot = im0, (32)
Mp¥y = 2Kp()’n+l + Yn—1 _2}’11)

— &2 (|fu1 P+ 1P = st P = 1 ), (33)

where f, and f; are the coherent amplitudes of the operators
a, and a,,, respectively. We have also considered that the sys-
tem is in the states | f) and | f) for the operators a, and a),,
respectively.

During the opening of the DNA’s strands, the comple-

mentary bases to the same base pair move in the opposite di-

rections and then we can take f, = — f;. The set of Egs. (30)-
(33) leads to

infy

82{ ~ Y. Qun(fon— o)+ &+ Faon+2f)
m#n

—[200 (Xn41 —Xp-1)

+02(ynt1 —Yn-1) — Zﬁ]fn}
muX, = 2Ky (Xp1 +X0-1 —2Xp)

+4e2on (| fut1 P = [ fos1]?),
MY = 2Kp(Ynt1+Yn—1—2yn)

+ 2% (| fao1 [* = [ fas1 %)

(34)

(35)

(36)
We note A = m — n, and Eq. (34) becomes

N ) _l . 'Q(fn+l+fnfl_2fn)
lhfn = & { ngl |/'L‘1'

+g(fn+h +fn7h+2fn)

—[200 (X041 —Xp-1)

(st = Yot) — 2ﬁ]fn}.

(37

To obtain the analytic localized solutions of the similar
discrete NLS equation with LRI, Rasmussen et al."! used the
variational method. In this work, we used the Taylor series
expansion to reproduce the similar exponential localized so-
lutions. It is known that in the nonlinear problems, the com-
plexity of studies can depend on the mathematical order of the
derivative during Taylor series expansion. The precision of re-
sults increases with the orders of derivatives. For this reason,
we first consider the short order derivative to study the effects
of LRI and HC on the DNA dynamics, and afterwards increase
the order of expansion to know if the results are modified.

4. Results for the second-order terms in a Taylor
expansion

In this case, we go to the continuum limit by using the
following approximation: nd — z, f, — f(z,1), xn» — x(z,1),
yn — ¥(z,t), and then, expand the terms of f,4;, y,+1, and
Xp+1 in Taylor series as

> (dA) 9 f > d dly
Jota = Z TR Yntl = ZT‘TZW
1=0 =0
> d'9lx
Xntl = ) 3y 3
=1 0z

(3%)

where d is the distance between consecutive bases (or pep-
tides) in the same strand.

Introducing these expansions in set of Egs. (34)—(36), we
easily obtain the following equations after rescaling z — z/d
and considering space up to O(dz)

ify = _['Q C(T‘—Z) _ghz]fzz
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—[Roux;+ o y. — 2B —4glf, 39
muxy = Kux — 40 (|f)-, (40)
mpye = Kpyz; _2a2(|f|2)z- 41)

While writing the above equations of motion Egs. (39)—
(41), parameters o, 0, 3, 2, Ky, g, and K, are dimension-
less.

To simplify our equations, we first derive Egs. (40) and
(41) with respect to z once and define a new variable s =
Z—vgt, where v is the group velocity of the wave in the sys-

tem. These equations give

Xsss = [4(11 /mH(V% - vé)}(|f|2)ssv (42)
Ysss = [200/mp(v3 — Vé)mf‘z)m (43)

The quantities v = Ky/my and v} = K,/mj, are the
square of the sound’s velocities in the phonon network and in
the RNAP molecule, respectively. Note that as DNA is a dis-
persive system, the group velocity v, can be obtained from the
dispersion relation.[#14>-38] By integrating two times Eqgs. (42)
and (43) with respect to s and annulling the integration con-
stants, we get the following set of equations after reconsider-
ing z

if = —[Q§(r—2) - gh’f

—[Boumi +4oaml|fIPf + (2B +4g)f,  (44)
x. = 2ml|fP, 45)
y: = 2mlfP, (46)

where 11 = 20y /mp (v} fvé) and 1, = 0 /mp (V3 — vé).

Since our purpose is to study the behavior of a DNA
molecule when an RNAP molecule binds to it, we focus our
attention on Eq. (44). In this equation, the nonlinearity is
brought by the RNAP binding, and the coupling of the ther-
mal phonons in the DNA strand, respectively, while the disper-
sion is brought by the intra-strand coupling and HC, respec-
tively. It can be moderated by using a gauge transformation

F(z,1) = f(z,1)e'?P+48) Then, Eq. (44) is rewritten as

iF, + PF,.+Q|F|*’F =0 47

with
0 =4Q2an + ), (48)
P = Q{(r—2)—gh* (49)

Equation (47) is the well-known completely integrable
NLS equation, which describes a DNA strand’s dynamics
during the process of transcription, induced by an RNAP

molecule at the physiological temperature. It can be checked

that when r — oo (nearest-neighbor interaction) and ignoring
the helicoidal structure of the DNA molecule, this equation
is reduced to the NLS equation obtained by Vasumathi and

1.1] In spite of us considering the second-order terms

Danie
in the Taylor expansion, the coefficients of the obtained NLS
equation depend on the LRI parameter. One can consider that

this is the case of quasi LRI between nucleotides.

4.1. Dispersion relation for DNA linear dynamics

We first note that ignoring the effect of the thermal fluc-
tuation and considering a situation in which the RNAP has
not interacted with the DNA, the nonlinear term disappears in
Eq. (47). In this situation, the DNA dynamics is governed by

the plane transverse wave of the form
F = Bpexp[i(qz — ot)], (50)
which yields the dispersion relation
0 =q*(Q¢(r—2)—gh*). &)

The quantities By, g, and @ are the constant amplitude,
the wave vector, and the frequency, respectively. We deduce

the group velocity
ve =2(Q¢(r—2) —gh’)q, (52)

and note that both the group velocity and the dispersion rela-
tion are influenced by the HC constant g and by the LRI pa-
rameter 7. The condition { (r —2)/g > h?/Q is required for a
positive group velocity. We should note that v, increases with
the decreasing of the long range parameter r, and becomes in-
finite at r = 3. A similar expression of group velocity was
obtained by Mingaleev er al.*®! when studying the effects of
the power-law LRI on the properties of soliton excitations in
anharmonic chains. They showed the suitability to take r > 3
for the existence of solitonic waves in the system. They also
suggested that their study could be applied to the DNA dy-
namics. For this reason, we restrict ourselves to the case r > 3
for what follows in this paper. LRI and HC are responsible for
quite relevant changes in the free DNA dynamics as plotted in
Fig. 2, which presents different features of the dispersion re-
lation for various values of LRI parameter and HC constant.
In this figure, we note from the behavior of the frequency that
the wave’s dispersion decreases with the increasing of each of
these two parameters. From Fig. 2(a), the frequency of the
DNA linear dynamics becomes negative for Q¢ (r—2) < gh?.
Then, this unphysical behavior of the linear dispersion arises
when the HC force is more important than the intra-strand cou-

pling force.
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Fig. 2. (color online) Dispersion relation curves: @ as a function of ¢
for different values of r (a) with g =0.015, ry =33, n =4, r;3 =35,
rq4 = 10, and (b) with r =4, go = 0.0, g; = 0.02, g» = 0.04, g3 = 0.05.
One can note that @ is a decreasing function of r and g.

4.2. Solitonic-like wave solution analysis

Now, let us turn our attention to the full nonlinear equa-
tion (see Eq. (47)), i.e., the case where RNAP binds to the
promoter site of the DNA molecule at the biological temper-
ature. As is well known, the solutions of the NLS equation
depend on the signs of the dispersive and nonlinear coeffi-
cients. The coefficient Q > 0 since v; > vy and v, > v, (see
Ref. [25]). The dispersive coefficient P < 0 for g/{(r—2) >
Q/ h%. In this case, the product PQ < 0, the solutions of the
NLS equation are envelope hole waves where the depression
of an envelope propagates as a soliton with a finite amplitude
at |z| — oo. These waves are also called dark-solitons. For
0<g<Q{(r—2)/h?, P> 0 and then PQ > 0. In this case,
the solutions of the NLS equation are localized envelope soli-
tons (or breather-like solutions), which have a vanishing am-
plitude at |z| — oo. It has been proved by the studies, sup-
ported by the numerical simulations that such a localized en-
velope soliton has the appropriate shape to represent RNAP-
DNA dynamics.[”s] Then, in the real DNA helicoidal struc-
ture,

Qf(r—2)
o

This means that the HC is weak compared to intra-strand cou-

0<g<gmax With gmax = (53)

pling in the real DNA molecule.

The area in which one could expect a localized envelope
solution of Eq. (47), according to r and g, is represented in
Fig. 3, as given by Eq. (53). This area depends strongly on
LRI and HC parameters. Let us now give an explicit expres-
sion of this solitonic wave under the above conditions. For

PQ > 0 the localized envelope soliton solution of Eq. (47) is
given by 59,601

F(z,t) = Fysech[(1/Le)(z— vet) +Ao]

X exp [1;; (z—vet) + 90] , (54)
where Fy is given by
Fy=[(v2 —2veve) /2PQ)' 2, (55)
and
L= 2 (56)

.= )
V/VE—2veve

The parameters Ag and 6 are initial position and initial
phase, respectively. The quantity vg — 2v.ve > 0 for DNA
dynamics,>°! where v, and v, are positive velocities of the en-
velope and the carrier waves, respectively. For simplification,
it is convenient to introduce as in Ref. [61] a new parameter p
defined through

Ve =pve with g € [0;0.5]. (57)

Since the wave is modulated if g is close to its limit 0.5,
the parameter p represents a measure for modulation. The pa-
rameter L. is the width of the breather.

—0.08
- 0.06
dark-soliton area F0.04 o
-0.02
breather-soliton area B
r 0

10 8 6 4

Fig. 3. (color online) Breather-like solitonic wave area.

Introducing Eqgs. (48), (49), and (57) in Egs. (54), (55),
and (56), we can write

(e s
F(Z,f) = (2 \/z(gg(r_z)_gh2)(2(x1111+062772)>

ver/1 =21
(Q&(r—2)—gh?)

x sech [2 (z—vet) +A0}

Ve

X expl [2(9@@—2) )

(z— pvet) + 90} .(58)

and
_2QL(r—2)—gh?)
ve/T—2p

Using Eq. (58), we obtain the expression of f(z,t)

(v e
f&) = (z \/z(szc<r2> — o) 2o +a2'72>)

ver/1—2p
©Lr—2)—g)

Le

(59)

x sech {2 (z—vet) —|—Ao}
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Ve

X expi [2(94@-2) PRI

2
it 2 +4g>t+ 90] , (60)

~(merar=

and deduce the expression of the wave in the complementary
strand R', f'(z,1) = —f(z,1)

/ (v 1-2p
fl(z,t) = (2 \/Z(QC(V_Z)_th)(zalnl +062772)>

vev/1=2p
x sech [2(9C(r—2) — o) (z—vet) —|—A0}
<o g g )
—(2B +4g)t+90]. 61)

0.004

Lf1?

—0.004

—0.008

; 100

200 3—r ; — 40
z

bubble localization area

Fig. 4. (color online) (a) Three-dimensional (3D) representation of the
DNA strands during the transcription process, (b) representation of the
DNA promoter site when RNAP is bound on it at biological tempera-
ture. The strands have been plotted numerically and the RNAP molecule
has been added schematically. The arrows illustrate the hydrogen bonds
between complementary bases.

These envelope solitons as plotted in Fig. 4(a), repre-
sent the opening of base pairs in both strands. We note that
the breather-like soliton moves along these strands with time
evolving. Indeed, when an RNAP molecule nears the promoter
site of the DNA molecule at the biological temperature, it ex-
cites the bases lying on this site. The energy of these bases
increases and the nonlinearity localizes it. Then, the interplay
between nonlinear and dispersive effects, resulting from these
excitations, generates localized mode in each strand. The for-
mation of these breather-like solitons in both strands is done in

the opposite transverse directions and thus, collectively forms
a bubble. When the RNAP molecule moves along the DNA
chain, it carries away the bubble with it. Then, as a zip runner,
the RNAP is the instigator of the bubble in the promoter site
of the DNA. That bubble moves along the DNA molecule (see
Fig. 4(a)), causing the opening of the complementary strands
by separating the adjacent bases. This phenomenon is the de-
naturation of the DNA macromolecule. We have numerically
plotted the two DNA strands in Fig. 4(b), and have schemati-
cally added the RNAP molecule and the arrows which repre-
sent the hydrogen bonds between complementary bases.

4.3. Impact of LRI and HC on bubble sizes

From the expression for the bubble (see Egs. (59)-(61)),
for the solution of the NLS equation (see Eq. (47)), it is under-
stood that all its characteristics (phase, amplitude, and width)
depend on the LRI parameter r through Riemann zeta func-
tion and on the HC parameter g. Thus, it is clear that the power

Lf1?

(c)

0 L
0 0.02 0.04
g
Fig. 5. (color online) (a) The 3D schematic feature of the square of the
envelope soliton according to LRI and HC parameters, (b) evolution of
the square of the bubble height as a function of LRI parameter. We note
that the height of the bubble increases with the increasing of r. (c) The
bearing of the HC on the square of the bubble height. One can note that
the bubble exists even if the HC is disregarded (i.e., g = 0).

0.06
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law LRI and HC affect deeply the unzipping process of the
DNA molecule at the physiological temperature. As shown
in Fig. 5(a), the amplitude of the bubble is a function of both
parameters.

These influences are clearly illustrated in Figs. 5(b) and
5(c). Figure 5(b) shows that the square of the amplitude of the
bubble increases rapidly with the increasing of r (when r nears
3), but becomes insensitive when r is large. This means that
the height of the breather in the nearest neighbor interaction
is less sensitive than the one in the infinite neighbor interac-
tion. In other words, the breather’s height is constant if a base
interacts only with its close neighbors, but if a base pair inter-
acts with many other pairs, the height of the breather decreases
with the number of pairs which influence its dynamics. One
can see from Fig. 5(c) that when g increases, the energy of the
bubble increases and after reaches its peak for a critical value
ger of g, this square of the amplitude of the bubble decreases
very rapidly and is reduced to zero for g = gmax. Analytical
calculus have shown that the critical value g, of g verifies the
relation

(z—vet) +A0]

-1
(z—vet) +A0} . (62)

We also note from this figure that the bubble exists even if
the HC is disregarded.
value of the bubble is not null for g = 0. This result is in

Indeed, the square of the absolute

agreement with earlier studies which have been done without
taking into account the HC and interesting results have been
obtained.?>%?! To give more elucidations of the effect of LRI
and HC on bubble sizes during the transcription phenomenon,
we have plotted the feature of our solution for different val-
ues of the LRI parameter and HC constant in Figs. 6(a) and
6(b), respectively. For four values of LRI parameter r; = 3.3,
rn =4, r; =5, and r4 = 10, and four values of HC constant
80 =0, g1 = (1/4)gmax, 82 = (1/2)gmax, and g3 = (3/4)gmax.
these figures reveal not only that the bubble’s height increases
with the increasing of the LRI’s parameter and with the in-
creasing of the HC constant, but show also that the number of
base pairs that are disrupted and participate in the unzipping
process depends on r and g. Indeed, we note that the num-
ber of base pairs which form the bubble decreases with the
increasing of both r and g. This means that the width of the
bubble (or the number of base pairs which form the bubble)
increases if a base pair interacts with many other pairs, on
the one hand, and that a strong HC reduces the number of
base pairs which form the bubble, on the other hand. In other
words, strong HC coupling or weak LRI between nucleotides
leads to a highly localized longitudinal wave with high am-
plitude which can be used to better describe the unzipping
of DNA, while weak HC or strong LRI between nucleotides

leads to a small amplitude localized longitudinal wave with
large spatial expansion which can be used to explain data
transfer in the DNA. For more precision, when the HC is
ignored, about 16 base pairs which form the bubble are re-
duced to approximately 8 base pairs for g = g3 (see Fig. 6(b)),
and about 17 base pairs which form that bubble when r = r;
are reduced to approximately 7 base pairs for r = r4 (see
Fig. 6(a)). This result does not disagree with experimental
ones. Indeed, at the physiological temperature, Wang et al.[%]
studied through gel electrophoresis the unwinding of the DNA
helix when an RNAP binds to it in a medium having the char-
acteristics of the environment in which DNA works. They
found by measuring that the unwinding angle of the DNA
per bound enzyme is 140 °C, and that the total unwinding
angle for a fixed number of bound polymerase molecules per
DNA decreases with decreasing temperature. Using UV ab-

4] studied the interaction

sorption spectroscopy, Hsieht ef al.!
between an RNAP and a fragment of DNA containing four
promoter sites. The temperature in this study was in the range
4 °C-140 °C. They found that the binding of an RNAP to
a promoter site in the low ionic strength medium causes the
disruption of a short segment of the DNA helix, of the order
of ten pairs. Melnikova er al.!%! using the dimethylsulphate
method found that enzymes can break until 15 Watson—Crick
base-pairings in a DNA molecule. Siebenlist!®®! used radio-
gram measurements at the physiological temperature to iden-
tify the exact region that RNAP opens in the A3 promoter of

(]_8: "‘4 _________ T4
= T3 o— . [ \l
0.6} y o
[ / ' — Ty
i} i T\
= 0.4: - l {
r \ ’ \\
0.2 \
i : \ (a)
/ N
0 - T | L L — T —— —
0.804
- 1
93 —.—._. _ﬂ._’ZO:1 o
0.601 '
fo': !
" 0.5 N Y
= 0404 AT
90 ] d

0.30

. 1 o 2o e — - — g1
\ = \
‘\' / 1 \
- 0710 - ' (b)
— . . — A \

s S e I B L s pe S S B |

4 =2 0 2 4 6 8 10

N

Fig. 6. (color online) Breather-like soliton profiles for various values of
(a) LRI parameter r for g =0.01, r; =3.3,» =4, r3 =5, and r4 = 10;
(b) HC constant g for r =35, go = 0.0, g1 = (1/4)gmax> &2 = (1/2)gmax-
83 = (3/4)gmax. We note that the width of the bubble decreases with
the increasing of both r and g.
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phage T7, and its results agree with those of the above three
experimental works, that the bubble is formed by around 7 to
15 base pairs. The results obtained in the present study are
within that range. This coincidence proves the truth of our
model to describe the base pairs opening.

5. Results for the fourth-order terms in a Taylor
expansion

In the present case, we reconsider Eq. (37) and go to

the continuum limit by adding the following approximation

in those of Eq. (38), f,1 = e*%f(z,1).1°7) Afterwards, we

define operator3”!

w1 —cosh(Ad;)
W(rd;) = i;#

With this procedure, the equivalence of Eq. (44) is given by

ift =Q W(raaz)f""'ghzf%z
—42an; + ]| fIPf + (2B +4g)f.  (63)

Operator W (r,d;) is usually expressed in the long wave limit

as follows: [39-081]

W(r,ib) =~ C(r—Z)bz—I—IZC(r—4)b4 forr>5, (64)

1
W(5,ib) ~ §(3)b2+§b4ln\b|7 (65)
D)~ C(r— b v b T
W(r,ib) ~ {(r—2)b" —v,|b| +24(5—r)b
for 5>r >3, (66)
2
i)~ Fop? g L
W(4,ib) ~ 5 b 6|b\ +24b , (67)
3 1
. 2 2 4
~ —b1 = —
W (3,ib) b n\b|+2b + 144b , (68)
where
ol-rp3/2

T T (s/2)T((r +1)/2)cos(nr/2)’
I is the gamma function. Using the transformation F(z,¢) =

f(z,1)e!(?B+48) the form of the equation describing the DNA
dynamics then depends on the long-range parameter as fol-

lows:
iF, + B\ F,, + By|F|*F = B3F,, forr>5; (69)
iF, +B4Fy; +Bo|F|’F = B5[0;: In(| — i Ey|)]
forr=25; (70)
iF, +B1Fe: + Bao|FIPF = BoFezz: + By[| — iF[ ']
for5>r>3; (71)
iF; + BsFy; + Bo|F|’F = BoFyee + Bio(| — iF[*)
forr=4; (72)
iF, + B11F.: + Bo|F|’F = B13Fozz + B30z In(| — iF )]
for r = 3. (73)

.....

By =4Qaun; + opna), Bs = QE(r—4)/12, B, = QE(3) —
gh’,Bs=—Q/12,Bs = Q(r—3)/24(r—5), B; = QV,, By =
Qﬂfz/G—ghz,Bg =—-Q/24,B)g=7Q/6,B; = 3.Q/2—gh2,
B]z = —9/144, and B]3 =-Q.

Due to the complexity of these equations, each of them
can be solved differently, depending of its form. We first con-
sider Eq. (69), rescale the variable ¢ as t — #/Bj, and define a
new other function F such as F — (B1/B5) 1/2F . Then Eq. (69)
is reduced to

iF; JFFzzJF2|F‘2F+£szzzz:0a (74)

where €y = B3/B;, with € being a small parameter. Then,
we can treat the term proportional to y as a weak perturba-
tion. When £ = 0, Eq. (74) reduces to a completely integrable
NLS equation, as found in Eq. (47), for which the one-soliton
solution can be written as

F = AsechA(6 — 6y)e!M0~%)+(o—00)] (75)
where
PLe) 00 doe , ., 06
ot vy T G Ev AL =0

The parameters A and v are related to the scattering parameter
of the inverse scattering transform (IST). We now carry out a
multiple scale perturbation analysis on Eq. (74) following the
perturbation method of Kodama and Ablowitz!®°! as done in
Refs. [36] and [70]. For this, first, we introduce a slow time
variable T = et and write the quantities 6y, A, v, and oy as
functions of this timescale so that the envelope soliton solu-
tion of Eq. (74) is written as F = F(0,T; &) e!l"(6—6)+(0—00)],
Under the quasi-stationary assumption, Eq. (74) takes the form

—A%F 4+ Fyo +2|FPF = eR(F), (76)
where
R(F) = [vr(8 — 80) —vBor — or — Xv*|F — xFoose
+ 6V2XF99 — i(ﬁ'r +4VXF999 — 4VSXF9). (77)
Assuming Poincaré-type asymptotic expansion for £
F(6,T;:e)=Y €'F;(6,T)
j=0
and making the first order perturbation, F (6,T;¢) = Fo +
e(¢1 +iy;) where Fo = AsechA(6 — 6y), ¢ and y; are real,
we get
Ligy = —A%9; + @199 + 6F2 91 =ReK(Fy),  (78)
Loy = A%y + Wige + 2E3 w1 =ImK(Fy),  (79)
where L; and L, are self-adjoint operators and Re K (Fo) and

ImK (Fy) represent the real and imaginary parts of K(£),
given by

ReK(ﬁo) = [vr(6 — 6y) —vBor — Cor — xv4]F0
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— xFose09 + 6V xFoog, (80)
ImK(Fy) = —For — 4vxFoeee +4v> xFoe). (81)

As Fyg and Fj are solutions of the homogeneous part of
Egs. (78) and (79), respectively, we have the secularity condi-

tions
[ FogReK(Fp)dO =0, (82)
[ FyImK(Fy)d6 =0. (83)

By substituting the values of £y, Fyg, ReK (13"0), and
ImK (ﬁo) into Egs. (82) and (83), and after evaluating the inte-
grals, we obtain A7 = vy = 0, which imply that developing the
Taylor series expansion to the fourth order (this means giving
more precision to our results) has no effect on the velocity and
amplitude of the soliton in our system during propagation.

The perturbed soliton solution can now be constructed by
solving Egs. (78) and (79). The homogeneous part of Eq. (78)
admits the following two particular solutions

@11 = sechA(6 — 6y)tanhA(6 — 6p), (84)
12 = (—1/A)[sechA(6 — 6)
—(3A4/2)(6 — 6y) sechA(6 — 6y) tanh A(6 — 6y)
—(1/2)sinhA(6 — 6p) tanh A(6 — 6))]. (85)

Using the above two particular solutions, the general so-
lution of Eq. (78) can be found using the formula

0
o = k1¢11+k2¢12—¢11/_ d12Re K (Fy)do
9 A
+¢12/_ ¢11RCI<(F())(3197 (86)

where k| and k; are arbitrary constants. By substituting the
values of @1, ¢12, and ReK into Eq. (86) and by evaluating
the integrals, we obtain ¢; as

01 = (1/16A)sech® A(6 — 6){11A*y —3(v6or + Gor + xv*)
+4(A*y —v6or — Gor — xv*) cosh2A(6 — 6y)
+A(AYy — 642V x +v6or + Gor + xv*) (6 — 6))
x [2sinh2A(6 — 6y) + sinh4A (6 — 6p)]
+ 16k1Acosh® A(6 — 65) sinh A (6 — 6p)
+2ky[12A(6 — 6p) sinhA(6 — 6y) —9coshA(6 — 6)
— (xv* +7A%x +v6or + oor) cosh4A(6 — 6y)
+ cosh3A(6 — 6)]cosh>A(6 — 6))}. (87)

The term proportional to k, in that solution is a secular
term that makes the solution unbounded and, hence, it is re-
moved by choosing the arbitrary constant k; =0. Using the
boundary conditions

d1 |o=6y—0= P16 l6—6,—0=0,

we obtain k; = 0 and (vBor + cor) = x(A* —v*). Taking into
account these analyses, the real part of the perturbed soliton is
found to be
01 = xA?[(A%2—3V*)(6 — 6p)coshA(6 — 6y)
—4AsinhA(0 — 6p))

x sech? A(6 — 6) tanh A(6 — 6p). (88)

In a similar way, the homogeneous part of Eq. (79) admits
the following two particular solutions
Y = sechA(G — 90), (89)
V12 (1/214)[811’11’114(6 — 6())
+A(6 —6p)sechA(6 — 6p)].

(90)

Equation (79) can then be solved by constructing the general
solution in the form

2]
Yy = K31I/11+K41I/12*1I/11/ vi2ImK (Fp)de

6
v / w1 ImK (Fy)d6, o1)

where k3 and k4 are arbitrary constants. Following the same
procedure, we integrate the integrals and remove the secular
term by choosing the arbitrary constant k4 = 0 and apply the
following boundary conditions

V1 lo=6,=0= W16 lo=6,=0= 0.

We obtain k3 = 0 and 6yr = —4vy(24% +v?). Using these
results, the final form of the general solution y is obtained as
Y1 = 6xA%v[sinhA(6 —6y) —A(6 — 6)

x coshA (6 — 6p)]sech’> A(8 — 6p). (92)
From Eqgs. (88) and (92), the first-order perturbed part of
the soliton £ = ¢; + iy is obtained as
£ = xA*{[(A*> —3v*)(6 — 6p) coshA (6 — 6p)
—4AsinhA(O — 6p)|tanh A(6 — 6y)
+i6v[sinhA(6 — 6y) —A(6 — 6p)
x coshA (6 — 69)]} sech® A(6 — 6p). (93)

Knowing Fj, we can write the general first-order per-
turbed soliton solution

F = (Fy+eFy)e!l0-t)+(o-0)]

of Eq. (74), and deduce for € =1 and r > 5 the general ex-
pression of a wave in our system

f(z,t) = (B1/B2)"/*F (z,1)e 2P Hae), (94)

In Fig. 7(a), we have plotted the square of the absolute
value of f and we find that the nature of the soliton is not very
perturbed by the increasing of the order of Taylor expansion,
even if its expression shows that its amplitude has changed
(see Eq. (94). As we can note in Fig. 7(b), the behavior of |f\2
as a function of LRI’s parameter remains unchanged.
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Fig. 7. (color online) (a) Breather-like solitonic wave for the fourth
order Taylor expansion. (b) Evolution of the bubble amplitude as a
function of LRI’s parameter for the fourth order Taylor expansion.

Due to the complexity of Egs. (70)—(73), the appropriate
resolution methods are not yet found. We are still trying to
solve them. But in the meantime, to satisfy these conditions,
we solve the set of discrete Eqs. (34)—(36) using the numerical
simulations, which take into account all the ranges of interac-
tion between bases.

6. Numerical results

Numerical simulations allow getting round the problem
of the order of derivative by solving directly the set of discrete
equations

ihfn = - Z QM,n(fm — fu) + &(furn+ fan+21n)

m#n

— 201 (Xp41 —xn—1)

+00 (Ynr1 —Yn-1) — 2B fa, (95)
muin = 2Ky (X1 +x0—1 — 2x,)

+4a1 (| fa1 > = | fus1 ), (96)
My = 2Kp(Ynt+1+Yn—1—2yn)

20 (| a1 |* = | fus1 [*)- ©7)

Before comparing numerical and theoretical results, we
The idea of
this section is based on the fact that many works and expe-

first discuss briefly the numerical technique.

riences have already shown that breather-like solitons govern
the DNA’s transcription process, as we have obtained in the
previous sections of this work. Then, we basically perform
the simulation by using a continuum breather as an initial con-
dition in the discrete DNA lattice with HC and LRI. It can
be seen as the simulation of the ensuing propagation of the
pulse, solving the perturbed NLS equation with a fourth-order

Runge—Kutta method, where

£,(0) = { OF? sech[(1/Le¢)n+Ag)expify, i(ilrlgrlwi(: < m,98)
%(0) = £,(0),  foralln, (99)
a(0) = £,(0),  foralln, (100)
%n(0) =y,(0) =0, forall n. (101)

The parameters Fy, L, 6y, and Ay remain the same as in
Section 3, and as mentioned in Section 2, the numerical values
of the model parameters are those used in Refs. [38], [44]{51].
The numerical values of n| and n, are inspired from the results
of Section 3 and are considered to be n; = 20 and np = 31; this
means that the initial breather is formed by 12 base pairs. The
periodic boundary conditions are used by considering a sys-
tem involving fifty base pairs. The time step has been chosen
as At = 1075, which implies that the total accumulated error is
approximately 1072 in our results.

0.8
(b) =T
T2
0.6 —_3
Ty
; 0.4Ff
0.2
0 . N et
0 10 40 50
Fig. 8. (color online) Results for numerical simulations: (a) 3D-

evolution of the square of the amplitude in the space and in the time.
(b) Evolution of the bubble feature as a function of LRI’s parameter.
rn = 2.01, r = 37, r3 = 5, and rq = 17.

We have plotted the 3D evolution of our specimen in
Fig. 8(a). The figure shows that numerical simulations con-
firm the presence of breather-like solitons during the transcrip-
tion process. The results obtained in the previous sections can
also be confirmed by observing Fig. 8(b), which represents the
evolution of the square of the amplitude of the bubble-soliton
in our specimen during the increasing of LRI’s parameter r.
Indeed, the width of the bubble decreases while its height in-
creases when the LRI’s parameter increases. We have also
noted, as obtained previously, that strong HC coupling leads
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to a highly localized longitudinal wave with high amplitude
while weak HC leads to a small amplitude localized longitudi-
nal wave with large spatial expansion.

7. Conclusion

In summary, we have investigated in this paper the effects
of HC and power-law LRI between intra-strand nucleotides in
the nonlinear dynamics of the DNA double helix. We have
considered a situation in which RNAP approaches the DNA
molecule at physiological temperature and creates the bub-
ble. The B-form of the DNA molecule is assimilated to the
Heisenberg model for a coupled anisotropic site-dependent
spin system and an RNAP is treated as a single linear molec-
ular chain interacting with DNA through linear coupling. A
single molecule of RNAP is then allowed to move linearly
along the DNA molecule. The dynamics is then derived in the
form of coupled nonlinear evolution equations after bosoniz-
ing the Hamiltonian using Holstein—Primakoff representation
of spin operators, which finally reduces to the completely in-
tegrable NLS equation that admits soliton solutions. We have
concluded from the condition for obtaining breather-like solu-
tion that the HC is weak compared to intra-strand coupling in
the real DNA molecule. The importance of the helical struc-
ture and LRI are brought out by analyzing realistic effects of
both couplings on that breather-like solution, and results show
that they lead to a drastic change of the soliton properties. The
key finding in this analysis is that by increasing the HC force or
the LRI parameter, the bubble height will be enhanced while
its width is reduced. These results are confirmed by numer-
ical simulations and are in agreement with the experimental
data obtained in Refs. [63]-{66]. We have also found that the
number of base pairs which participate in the opening of the
DNA’s strands has a strong overlap with experimental studies.
The localized solitons we have studied in the present work are
usually used to explain the open-states in DNA molecule when
an RNAP acts with it at the biological temperature, within the
process of transcription. Several authors suggested that the
breathers modes have a realistic meaning in DNA nonlinear
modes.[”"7?] In our opinion, taking into account HC and LRI
in the DNA molecule as in the present work, can be considered
as a much better representation of RNAP-DNA dynamics than
those which do not consider these interactions.

Fluctuating thermal openings of the double helix of DNA
(bubbles) are known to exist in a regime extending well below
the denaturation, which includes physiological temperatures.
These openings could be exploited by regulatory proteins or
functional enzymes to perform their work.![”3] However, re-
cently it was argued that thermodynamic characterization of
the thermal fluctuations may differ from a dynamical char-
acterization, which points to the need for a thorough under-
standing of the dynamical effects in this highly nonlinear and

cooperative material. It has been suggested that there is an in-
creased probability for large bubbles to appear at functionally
relevant sites of gene promoter DNA segments.!”*! The distri-
bution of bubble lengths ranging from 0.34 nm (single base-
pair openings) up to a few tens of nanometers (correspond-
ing to openings of size of several tens of base pairs) has been
presented.!”>! The bubble length distributions have been ob-
tained with Monte Carlo simulations and with the Langevin
dynamics, using the Peyrard—Bishop—Dauxois model for de-
scribing the energy of base-pair openings.!”>! The bubble
length distribution depends on the Guanine—Cytosine content.
It is the fraction of GC base pairs in the sequence. The varia-
tion of the distribution as a function of the GC content will be
investigated in a two-coupled spin chain model or spin ladder
system for DNA. In that work, we will study how the exponent
which characterizes the bubble sizes is influenced by the LRI
and the HC. The results will be discussed in the framework of
the Poland—Scheraga and the Peyrard—Bishop—Dauxois mod-
els. In addition, the two different base pairs of the real DNA,
A-T, and G-C, combine in different ways constituting the ge-
netic code. In nature, the presence of different sites along the
strands (such as coding, promoter and terminator sites which
have the very specific sequences of bases and particular func-
tions) makes the strands site-dependent or inhomogeneous. It
is also necessary to study the modulational instability from a
statistical point of view.[’®) Then, in the more realistic study,
it is important to include these influences in the RNAP-DNA
dynamics. In these fields, studies are under progress.
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