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Symmetrical adhesion of two cylindrical colloids to
a tubular membrane∗
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With the full treatment of the Helfrich model we theoretically study the symmetrical adhesion of two cylindrical
colloids to a tubular membrane. The adhesion of the rigid cylinders with different radius from the membrane tube surface
can produce both shallow wrapping with relatively small wrapping angle and deep wrapping with big wrapping angle.
These significant structural behaviors can be obtained by analyzing the system energy. A second order adhesion transition
from the desorbed to weakly adhered states is found, and a first order phase transition where the cylindrical colloids undergo
an abrupt transition from weakly adhered to strongly adhered states can be obtained as well.
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1. Introduction
Many biological processes are controlled by the interac-

tion of particles with cell membranes. One of the most impor-
tant properties of cell membranes is their ability to control the
intake of nutrients and the discharge of metabolic waste, which
can make sure that the cell stays in a relatively stable internal
environment.[1] The size of the particles being transported can
vary from angstroms for ions such as Na+, to micron-sized vi-
ral particles such as some animal viruses. For small particles
the transport through the cell membrane is mediated by mem-
brane proteins acting as transport channels. For micron-sized
particles, however, they enter the cell by endocytosis and exit
the cell by exocytosis.[2,3] During both processes the mem-
brane envelops the particles that deform the membrane on a
scale much larger than its thickness.

In order to simulate the wrapping and budding processes
in cells and interactions between particles mediated by a fluid
membrane, a number of models with related parameters for
the adhesion of particles to interfaces of membranes were de-
signed and theoretically studied.[4–12] By treating the nonlin-
earity in bending elasticity through the Bogomol’nyi decom-
position technique and elastic compatibility, Jérôme Benoit
and Avadh Saxena[13] solved the problem of the global shape
description of a spherical vesicle distorted by a grafted latex
bead. Deserno and coworkers[14–16] examined the elastic de-
formation of a fluid membrane induced by adhering spheri-
cal colloidal particles within the framework of the Helfrich
energy model;[4–8] structural and energetic aspects were dis-
cussed in detail. Both continuous binding and discontinuous
envelopment transitions were observed for spherical particles.

Recently Chen et al.[17–22] and other researchers[23–25] have
made theoretical efforts to examine the structure and transport
properties in systems involving tubular membranes or rigid
particles, such as a single or multiple spherical particles ad-
hered to the interior of a membrane tube, or the systems of
a confined polymer inside a soft tube and the adhesion of a
cylinder to a soft tube. Sergey et al.[21] also investigated one
and two cylinders adhered to a membrane surface in different
ways. The analysis of the free energy leads to the conclusion
that different phase transitions exist in these simple systems.

As an idealized model, the cylindrical particle-membrane
tube system has been widely used to provide fundamental un-
derstanding of the physical properties of biological systems.
For example, a cylindrical particle can represent MVL51 rod
phage.[26] On special occasions this model can also provide
profound structural properties for any baculovirus interacting
with a columnar cell.

The present work intends to examine the system of two
rigid cylindrical particles interacting with a soft tube symmet-
rically, where the radius of the tube wall is larger than that of
the rigid cylindrical particle. This elementary yet meaningful
model is applicable to soft matter research and other numerous
phenomena in natural and living systems related to rod phages
or baculovirus. The successful utilization of a similar model in
describing particle-membrane adhering systems can be exem-
plified by a cylindrical colloid adsorbed on tubular membranes
investigated by Chen et al.,[22] hereafter we shall refer to this
system as the one-cylinder system. In the next section we will
derive the expression of the free energy based on the Helfrich
model, and obtain the shape function of the membrane pro-
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file by solving the Hamilton canonical equations. From the
numerical search for the minimum of the total free energy we
can determine the stability structure of the system in Section
3. Also discussed in this section is the process of phase tran-
sition involving three phases consisting of desorption, shallow
wrapping adhesion, and deep wrapping adhesion. Finally in
Section 4, we summarize our main conclusions.

2. Free energy model
Consider a system that two cylindrical particles adhere

to a soft tube membrane symmetrically. When the tube is
much longer than the rigid cylindrical particle, the variation
of the membrane shape in the direction parallel to the tube it-
self can be completely ignored, and the much smaller radius
of the rigid cylindrical particle than the tube radius will en-
able us to describe the biology phenomena more accurately. If
the membrane shape is represented by a curve, which under-
goes a radial change in the process of membrane deforming,
the system can be reduced to a two-dimensional model. From
the cross section view (Fig. 1), we can see that this system is
further represented by two rigid circles interacting with a de-
formable closed curve. In this case, the membrane shape can
then be described by the tangent angle ψ(s) and the coordinate
circle radius r(s). Both of them are the functions of the con-
tour variable s, with ψ(s) being with respect to the coordinate
circle of r(s), γ being the wrapping angle and α , θ being also
defined in the cross section view. Every point in the membrane
is subject to such constraints as

dr
ds

= sinψ(s), (1)

r(s)
dθ

ds
= cosψ(s), (2)

and the bending curvature of the membrane at s can be written
as

d(θ −ψ)

ds
. (3)

R

O

s/

γ

α
θ(s)

ψ(s)

r(s)

Fig. 1. (color online) Cross section sketch of the adhesion of two rigid
cylindrical particles (red) with radius R to the exterior surface of a soft
membrane tube (blue) that is originally a circular cylinder with radius
r0, which is perpendicular to the cylinder axis.

In this paper, the energy of the two-dimensional elastic
tube is considered to follow the Helfrich model for a fluid
membrane, which contains two parameters, i.e., bending rigid-
ity κ and surface tension σ . We assume that a short-range at-
traction exists between the surfaces of the membrane tube and
the rigid cylindrical particles, which can be effectively rep-
resented by w, the adhesion energy of the unit area. So the
energy of the membrane tube adsorbed to the cylinders can
be described by three energy contributions: adhesion energy,
bending energy, and tension energy of the membrane, which
are represented by w, κ , and σ , respectively.

The total free energy of the system is composed from the
energy of the free part membrane and the one corresponding
to the membrane which is adhered on the cylinder. Relative
to finding the energy for the adhered part, giving the energy
for the free part of the membrane is an involved work because
this energy is the function of the membrane shape and needs
to be minimized with respect to it first. Suppose the length
of the deformed membrane tube is L, the free energy of the
non-adhering portion can then be written as

Efree = 4L
∫ S

0
ds

[
κ

2

(
d(θ −ψ)

ds

)2

+σ

]
, (4)

where the path variable s goes from s = 0 to s = S, and S is the
curve length up to the contact point. With the constrain (2) the
free energy can also be written as

Efree = 4L
∫ S

0
ds

[
κ

2

(
cosψ

r
− dψ

ds

)2

+σ

]
. (5)

Note that a prefactor of 4 has been included to account for four
quarters of the non-adhering parts of the membrane.

For a free membrane tube with no cylindrical colloid ad-
hesion, ψ(s) = 0, r0 = r(s) = 2S/π , and θ(s) = sπ/2S. From
the minimization of its free energy

Efree = 4LS
(

κ

2r2
0
+σ

)
, (6)

we obtain a uniform square radius

r2
0 =

κ

2σ
. (7)

Using r0 as the basic length scale, it is convenient to introduce
the following dimensionless quantities s̃ = s/r0, r̃ = r/r0, con-
sequently, the constraints of Eqs. (1) and (2) can be written as

dr̃
ds̃

= sinψ, (8)

dθ

ds̃
=

cosψ

r̃
, (9)

so the reduced energy have the following form

Ẽfree =
Efreer0

4κL
=

1
2

∫ S̃

0
ds̃

[(
cosψ

r̃
− dψ

ds̃

)2

+1

]
. (10)
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For the original circular tube of radius r0, the free energy
from the current model has the form

E0 = 4L
∫ S

0
ds

[
κ

2

(
dθ

ds

)2

+σ

]
, (11)

and the correspondent reduced energy is

Ẽ0 =
∫ S̃

0
ds̃

dθ

ds̃
=
∫ S̃

0
ds̃

cosψ

r̃
. (12)

With reference to the free energy of a freely standing, the re-
duced free energy difference for the non-adhering portion of
the membrane can be expressed as

Ẽfree− Ẽ0 = ∆Ẽfree

=
∫ S̃

0
ds̃

[
1
2

(
cosψ

r̃
− dψ

ds̃

)2

+
1
2
− cosψ

r̃

]
. (13)

At the given wrapping angle γ , the shape function of the
tube, ψ(s), is determined by minimizing the above integral
term together with the additional term that includes the con-
straints (8) and (9). To do so, we introduce the Hamilton
canonical equation and write the effective Lagrangian function
as

L =
1
2

(
cosψ

r̃
− ψ̇

)2

+
1
2
− cosψ

r̃
+λ (s̃)[ ˙̃r− sinψ(s̃)], (14)

where λ (s̃) is a Lagrangian multiplier function. Then the
canonical momenta Pψ and Pr have the forms

Pψ(s̃) =
∂L
∂ψ̇

= ψ̇− cosψ

r̃
, (15)

Pr(s̃) =
∂L
∂ ˙̃r

= λ (s̃), (16)

respectively, and the total Hamiltonian function H assumes the
form

H = Pψ ψ̇ +Pr ṙ−L =
P2

ψ

2
+

Pψ cosψ

r̃

+
cosψ

r̃
− 1

2
+Pr sinψ, (17)

where the dot indicates a derivative with respect to the arc
length s̃.

Using the treatment of the canonical equations of mo-
tion in Hamiltonian dynamics, the minimization of the free
energy difference comes down to solving four coupled differ-
ential equations for four functions ψ(s̃), Pψ(s̃), Pr(s̃), and r̃(s̃)

dψ

ds̃
= Pψ +

cosψ

r̃
, (18)

dPψ

ds̃
= (Pψ +1)

sinψ

r̃
−Pr cosψ, (19)

dPr

ds̃
=

(Pψ +1)cosψ

r̃2 , (20)

dr̃
ds̃

= sinψ, (21)

with the boundary conditions

ψ(0) = 0, Pψ(0) = ξ , Pr(0) = ζ , r̃(0) = 1, (22)

at the start point s̃ = 0. Here ξ and ζ are two unknown free
parameters to be determined below. At the endpoint s̃ = S̃,
the membrane curve tangentially adheres to the surface of the
rigid cylinders, which further produces two connection con-
ditions involving the reduced cylinder radius R̃ and wrapping
angle γ at s̃ = S̃

γ = θ(S̃)−ψ(S̃)− π

2
, (23)

R̃ =
r̃(S̃)cosθ(S̃)

sinγ
, (24)

where θ(s) is the angle between r(0) and r(s), and can be ob-
tained from Eq. (9).

To solve the first-order differential Eqs. (18)–(21) numer-
ically, as usual, we use the shooting method to integrate these
equations from s̃ = 0 to s̃ = S̃ with conditions (22) and the
pre-set ξ and ζ until the targeted boundary conditions (23)
and (24) are numerically satisfied. The numerical procedure
yields the shape function ψ(s) and the corresponding free en-
ergy for the given γ . Obviously the free energy is the function
of wrapping angle γ .

Assuming that the adhering membrane remains in the
fluid state, for the adhered part of the membrane, the shape is
that of the cylinder it adheres to. Once the degree of wrapping
angle γ is known, the corresponding reduced energy difference
can be easily calculated as

∆Ẽcontact = w̃γR̃+
γ

2R̃
+

γR̃
2
−α, (25)

where w̃ = wr2
0/κ denotes the reduced adhesion energy. To-

gether with Eq. (13), we obtain the total reduced free energy
difference of the system

∆Ẽ = ∆Ẽfree +∆Ẽcontact, (26)

where ∆Ẽfree describes the free energy difference of the free
part of the membrane. For the entire system the task then be-
comes to minimize the total energy for determination of the
stable structure.

3. Results and discussion
3.1. Equilibrium profile

Now we first discuss the process of two rigid cylinders
adhering to a membrane tube symmetrically. At a smaller ad-
hesion energy |w̃|, the rigid cylinders and the membrane keep
a free or desorption state, and the membrane shape remains
almost a perfect circle and the area inside is not changed with-
out the contact area (the black solid curves in Fig. 2 (labeled as
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a). With increasing of the adhesion energy |w̃|, the desorption
state translates to the shallow wrapping, where the membrane
shape presents a slight distortion (the red short dotted curves
in Fig. 2 (labeled as b). As |w̃| increases further, the equilib-
rium profile is of the deep wrapping state or the full envel-
opment wrapping, where the membrane wraps two cylinders
completely (the blue dashed curve in Fig. 2 (labeled as c).

a

b

c

c

b

a

Fig. 2. (color online) The process of the second order phase transition
from desorption (a) (the black solid curve) to shallow wrapping (b) (the
red short dotted curve), and the process of the first order phase transi-
tion from shallow wrapping (b) to deep wrapping (c) (the blue dashed
curve) for two cylinders adhering to the membrane tube.

The transition from free to shallow wrapping can be seen
from the changing of Fig. 2 (a) to Fig. 2 (b), where the mem-

brane cross section produces a little deformation but the en-
tire conformation remains approximately circular. However,
in the transition from shallow wrapping to full envelopment
wrapping as given by the changing of Fig. 2 (b) to Fig. 2 (c),
the wrapping angle γ and the distance between rigid cylinders
make a jump, and the major portion of the cylinder is in con-
tact with the membrane. In this case because of the full wrap-
ping of the two cylinders, the equilibrium shape profiles of the
membrane are different from the previous results. In the fol-
lowing sections these different transitions will be called the
second and first order phase transitions, respectively.

The variation of wrapping angle γ as a function of |w̃|
around the transition points is illustrated in Fig. 3. It is clear
that at around |w̃|= 589.3, 220.5, 60.5, and 18.5 for R̃ = 0.03,
0.05, 0.10, and 0.20, respectively, the change of γ is contin-
uous. Since we know that for the membrane system without
adhesion, the membrane will keep its original shape, we can
easily deduce that for the system of given R̃, when |w̃| is rela-
tively smaller, the membrane free energy without the contribu-
tion of adhesion energy dominates the total system, and hence
the shallow wrapping shapes are more stable. Comparing with
the one-cylinder system, the wrapping angle transition point
is similar and γ is approximately equal to 0.2. At around
|w̃| = 606.3, 230.7, 65.8, and 23.5 for R̃ = 0.03, 0.05, 0.10,
and 0.20, respectively, however, the change of γ is discontin-
uous (Fig. 3). For a given R̃, when |w̃| is relatively larger, the
adhesion energy prefers a more complete wrapping of mem-
brane on the two cylinders.
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Fig. 3. Wrapping angle γ as functions of unit area adhesion energy |w̃| corresponding to the free energy minimum for selected values
of reduced radius R̃.
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As discussed above, the membrane shape is the function
of total reduced free energy. With the extension of the wrap-
ping part, the increased adhesion energy will change the to-
tal reduced free energy, and the minimization of the free en-
ergy gives rise to the stable membrane shape. In our calcula-
tion, one of the considered states is the deep wrapping state
before the membrane just contacts itself, the limit of which
can be represented by the abscissa value of the free point on
the membrane being zero, i.e., the point contact of the mem-
brane itself, and the surface contact of the membrane is beyond
our discussion. Certainly the two contact points are symmet-
rical with reference to the horizontal (see Fig. 2 (c)). From
the comparison between our calculation and the work for the
one-cylinder system, we can find that when R̃≤ 0.1 the wrap-

ping angle transition point is similar, but when R̃ > 0.1, it
has a larger value in our work. The conformation of system
changing with radius R̃ at shallow wrapping and deep wrap-
ping states can be also depicted vividly in Fig. 4(a) and 4(b),
respectively. At the deep wrapping states shown in Fig. 4(b),
the distance between the cylinders increases gradually in the
region of R̃≤ 0.1, while in the region of R̃ > 0.1, it has a con-
trary tendency. The minimum distance of the membrane on
both sides of the cylinder has somewhat different characteris-
tics with the one-cylinder system. In the region of R̃ < 0.05,
the membrane touches itself on the top of the cylinder, and
when R̃= 0.05 the two wings of membrane separate from each
other. With increasing of R̃, this distance decreases further,
and the membrane touches itself again.

b(2) b(4)b(3)

a(3) a(4)a(2)a(1)

b(1)

~R/. ~R/.
~R/.

~R/.

Fig. 4. (color online) Cross section profiles of the tubular membrane (blue) at the shallow wrapping states (a(1)–a(4)), and the deep
wrapping states (b(1)–b(4)), for R̃ = 0.03, 0.05, 0.10, and 0.20, respectively.

3.2. Phase transition

Both Fig. 3 and Fig. 4 have already shown us obviously
that the relative position of the cylinder and membrane (or ad-
hesion property) has to do with reduced radius R̃ and adhesion
energy |w̃|. In fact this changing characteristic can also be pre-
sented by the so-called phase diagram drawn in a parameter
space spanned by the reduced adhesion energy |w̃| and radius
ratio R̃. When the wrapping angle γ varies continuously with
the increase of |w̃|, this phase transition is referred to the sec-
ond order phase transition. On the contrary, when the wrap-
ping angle γ has a jump with the increase of |w̃|, this transition
is referred to the first order phase transition.[27,28]

3.2.1. The second order phase transition

For the fixed reduced radius R̃, the characteristic of this
phase transition is the wrapping angle γ , which can be deter-
mined by a numerical analysis. Looping through the table of
the free energy difference coming from the numerical proce-
dure, we can find the free energy minimum as a function of
γ at the given |w̃|. When |w̃| is smaller, the free energy dif-

ference minimum only has a zero value with the wrapping an-
gle γ0 = 0, and the system is in a desorption state. With the
increase of adhesion energy |w̃|, the system reaches the tran-
sition point where |w̃| = |w̃0|, and the free energy difference
minimum becomes weakly negative with the small wrapping
angle γ . Both the |w̃0| and the corresponding R̃ represent a
critical point at the second order transition boundary.

Take R̃ = 0.10 as an example, where a second order tran-
sition takes place at |w̃| = 60.5. We have plotted in Fig. 5 the
free energy difference as a function of the wrapping angle γ

to demonstrate the second order transition. Obviously there
is a free energy difference minimum at the wrapping angle
γ ≈ 0.17. Both R̃ = 0.10 and |w̃0| = 60.5 represent a crit-
ical point at the second order transition boundary as shown
in Fig. 6 (red circles). In this figure, the whole region is di-
vided into three regions, i.e., desorption state (region I), shal-
low wrapping state (region II), and deep wrapping state (region
III). At given |w̃0|= 60.5, when R̃ < 0.10, the points are in re-
gion I, and when 0.10 < R̃ < 0.11, the points are in region II.
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Fig. 5. The reduced free energy difference ∆Ẽ depending on the wrap-
ping angle γ for reduced radius R̃=0.10 at the second order transition
when the adhesion energy |w̃| reaches 60.5.
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Fig. 6. (color online) Phase diagram for the adhesion of two rigid cylin-
ders of radius R to an originally cylindrical membrane tube of radius r0,
in a parameter space spanned by the reduced adhesion energy |w̃| and
radius ratio R̃. The curve associated with red circles symbols is a sec-
ond order phase boundary between the desorption (region I) and shallow
wrapping states (region II). Black squares represent our numerical re-
sults for the first order phase boundary between the shallow wrapping
(region II) and deep wrapping state (region III). Blue triangles represent
the analytic results for the second order phase boundary.

The second order phase transition can also be indepen-
dently determined on the basis of small angle expansion. Cor-
responding to a weakly deformed membrane shape ψ ≈ 0 and
r̃0 ≈ 1, keeping the term of linear order in ψ and dropping all
higher order terms from Eq. (13), we have

∆Ẽfree =
∫ S̃

0
ds̃

[
1
2

(
dψ

ds̃

)2

− cosψ

r̃
dψ

ds̃
+

1
2

(cosψ

r̃
−1
)2
]

=
∫ S̃

0
ds̃
(
−dψ

ds̃

)
=−ψ(S̃). (27)

Combining with the geometrical relationship α =−γ−ψ(S̃),
with the reduced adhesion energy w̃ = wr2

0/κ the total reduced
free energy difference of the system can be written as

∆Ẽ =

[(
1

2R̃2 +
1
2
+ w̃
)

R̃+1
]

γ. (28)

Then the critical point is determined by the requirement that
the coefficient of the γ term vanishes, which yields

w̃ =−
(

1
2
+

1
R̃
+

1
2R̃2

)
. (29)

According to Eq. (29), we can obtain the relationship of |w̃|
and R̃ drawn in Fig. 6 as the solid curve by blue triangles.
Obviously the changing tendency obtained from the analytic
result agrees with the numerical result excellently.

3.2.2. The first order phase transition

Relative to the second order phase transition, which corre-
sponds to the continuous change of wrapping angle γ with in-
creasing of |w̃|, the first order phase transition is characterized
by the discontinuity of wrapping angle γ by varying |w̃| across
the phase boundary (Fig. 3). The existence of shallow and
deep adhesions was also observed in related membrane sys-
tems described by the same energy model.[19,20] For the given
value of R̃ by gradually increasing the adhesion energy |w̃|, we
can find two almost equal minimum energy differences as |w̃|
approaches to the second transition point |w̃1|. Both |w̃1| and
the corresponding R̃ represent a critical point at the first order
transition boundary. For different reduced radius R̃, the sim-
ilar manner as above can give a series of |w̃1|, by which one
can draw a phase boundary curve as shown in Fig. 6 by black
squares. Obviously, at given |w̃0| = 60.5, when R̃ > 0.11, the
points are in region III.

A typical wrapping angle and energy relation curve for
R̃ = 0.10 at the wrapping transition point |w̃1| is shown in
Fig. 7. At this point, there exist two approximately equal en-
ergy minima which correspond to γ = 0.37 and γ = 2.09, re-
spectively. At the small wrapping angle γ = 0.37, the stable
state is of shallow wrapping. As the wrapping angle increases,
the energy ascends to reach an energy maximum and then de-
scends to a second energy minimum with the wrapping an-
gle γ = 2.09. At this large wrapping angle, the stable state is
of deep wrapping. The energy barrier separates the wrapping
state into the fully and partially wrapped states as shown in
Fig. 7, which renders the transition discontinuous.

0 0.5 1.0 1.5 2.0

0

0.2

0.4

γ

D
Ε~

Fig. 7. The reduced free energy difference ∆Ẽ depending on the wrap-
ping angle γ for the reduced radius R̃ = 0.10 at the first order transition
when the adhesion energy |w̃| reach to 65.8.

As we know, many phase boundaries are heavily influ-
enced by the presence of the excluded volume conditions be-
tween the cylinder particles and membrane tube, as well as
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between two separate portions of membrane tube. This is the
reason why when the wrapping angle γ is larger than 2.09, the
obtained ∆Ẽ − γ curve is not reasonably continuous, which
implies, in particular, that the membrane tube curve cannot in-
tersect the cylinder particles at the adhering portion. Just for
this reason, in our calculation the numerical solutions which
violate these conditions have been ruled out.

In addition, we notice that for the one-cylinder system,[22]

a similar phase diagram to us (Fig. 6) was given, in which
the transition from desorption to partial wrapping phases was
shown to be a second order transition, and the transition from
the partial wrapping to enveloped states was shown to be the
first order one. However in our calculation, because of the lim-
itation of the shooting method used, the target is too sensitive
to the initial selection of ξ and ζ , it is difficult for us to find
the first order phase transition for the R̃ larger than 0.25.

4. Summary
Within the framework of the Helfrich energy model,

we have systematically investigated the shapes of a mem-
brane tube symmetrically adhering to two cylindrical colloids.
Based on a full optimization of the membrane shape, the free
energy difference of the system is given, and the total free en-
ergy difference of the system is then analyzed for the phase
behavior. Starting from the simple energy model, it is demon-
strated that there exists a phase diagram as two rigid cylin-
der particles adhere to a membrane tube. Continuous and
discontinuous envelopment transitions represent, respectively,
the desorbed to weakly adhered state and the weakly adhered
to deeply adhered state, and the latter displays a potentially
substantial energy barrier. The calculated phase diagram pro-
vides a basis for understanding the structural transformations
in practical systems, such as virus-vesicle endocytosis and
nanoparticle vesicle complexes. We also find the interaction
of the rigid cylinder with different radius from the deformed
surface of the membrane tube can produce two main states:

weakly adhered and strongly adhered states. It remains theo-
retically and numerically challenging to treat asymmetric con-
formations, which may include more plentiful possible results.
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