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Effects of self-fields on dispersion relation and growth rate in
two-stream electromagnetically pumped free electron laser with

axial guide magnetic field
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A theory for a two-stream free-electron laser (FEL) with an electromagnetic wiggler (EMW) and axial guide magnetic
field is developed. In the analysis, the effects of self-fields are taken into account. The growth rate is derived. The char-
acteristics of the growth rate are studied numerically. The dependence of the normalized wave number, which corresponds
to the maximum growth rate, on the cyclotron frequency is presented. The comparisons between the normalized maximum
growth rate and its corresponding wave number normalized by employing the axial magnetic field, for the cases with and
without self-fields in the two-stream FEL are studied numerically.
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1. Introduction
The free electron laser (FEL) uses a beam of relativistic

electrons passing through a long transverse magnetic field to
amplify electromagnetic radiation. Technical restrictions on
conventional FELs have motivated researchers to study elec-
tromagnetically pumped FELs, which offer the possibility of
achieving much smaller values of frequency. One of the ma-
jor difficulties for an FEL operating with an electromagnetic
wiggler (EMW) of sub-millimeter wavelength is its require-
ment of extremely high pump strength. One of the ways to
overcome the difficulty with the pump strength is to use two
beams.[1–3]

The two-stream FEL amplifiers have been studied exten-
sively during the last few decades.[4–7] Botton and Ron[8] cal-
culated the gain of an electromagnetic wave in a two-stream
FEL. They demonstrated that the gain per pass is more than
two orders of magnitudes stronger than that of the conven-
tional FEL.

Although there is a considerable amount of literature on
the theory of two-stream FEL, most treatments heretofore ne-
glected the influence of the equilibrium self-fields of the elec-
tron beams. In the case of low energy beams, an axial mag-
netic field is usually used to guide the electron beam. In such
a configuration, the equilibrium self-electric and self-magnetic
fields generated by the charge and the current densities of the
beams respectively can have considerable effects on the equi-
librium orbits. The effects of self-fields on the electron trajec-
tory and the electron gain in a two-stream FEL with an elec-
tromagnetic wave wiggler and an axial guide field have been
investigated by Mehdian and Saviz.[9]

In this paper, a configuration of two-stream FEL in the

presence of the axial guiding magnetic field is proposed and
investigated. The rest of the paper is organized as follows. In
Section 2, the dispersion relation is obtained employing the
linear fluid theory. The numerical analysis of the dispersion
relation and discussion are given in Section 3, and finally the
conclusion is presented in Section 4.

2. Dispersion relation
An analysis of the wave propagation in the EMW with an

axial guiding field B0 and the self-electric and magnetic fields
is performed based on the electron momentum transfer and
energy equation,

d𝑝i

dt
=−e

(
𝐸+

𝜈i×𝐵

c

)
, i = 1,2, (1a)

dγi

dt
=− e

mc2

(
𝜈i ·𝐸

)
, i = 1,2, (1b)

along with the equation of continuity

∂

∂ t
ni +∇ · (ni𝜈i) = 0, i = 1,2 (2)

and the Poisson equation

∂ 2φ

∂ z2 =−4πe
2

∑
i=1

δni, (3)

where φ is the space-charge potential associated with the per-
turbed density δni, and the wave equation for the transverse
component of the vector potential,

∇
2𝐴R−
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c2
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∑
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𝐽⊥i. (4)

The wiggler-induced transverse driving current is given by

𝑗⊥i =−e(δni𝜈⊥0i +𝛿ν⊥in0i), i = 1,2, (5)
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where δni and n0i are the perturbed and unperturbed beam
densities respectively, 𝜈⊥0i is the transverse velocity induced
by the wiggler field and 𝛿ν⊥i is the transverse velocity induced
by the radiation field. The stimulated radiation can be given by

𝐴r = Ar(e i(kz−ωt)ê++ e−i(kz−ωt)ê−). (6a)

The EM wave as a pump wiggler field is described by

𝐴w = Aw(e i(kwz+ωt)ê−+ e−i(kwz+ωt)ê+), (6b)

where ê± = (ê+± iê−)/2.
The fields 𝐸 and 𝐵 are expressed as

𝐸(z, t) =−∂φ

∂ z
êz−

1
c

∂ (𝐴w +𝐴r)

∂ t
+𝐸s(x), (7a)

𝐵(z, t) = B0êz +
∂

∂ z

[
êz× (𝐴w +𝐴r)

]
+𝐵s(x), (7b)

where 𝐴r is the vector potential of the radiation field and 𝐴w

is the vector potential of the wiggler field.

The beam equilibrium self-electric and self-magnetic
fields are

𝐸s(x) =−2πe
2

∑
k=1

nk(xêx + yêy), (8a)

𝐵s(x) =−2πe
2

∑
k=1

nkβzk(−yêx + xêy). (8b)

For the stable motion of electron, we have

𝜈⊥0i = ν⊥0i
e𝐴w

mc
, i = 1,2, (9)

where
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(ωw + kwν‖i)

2
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Substituting Eqs. (6a), (7b), and (8b) into Eq. (1a), we obtain the transverse perturbed velocities of the two streams as follows:

𝛿ν⊥i = δν⊥i
e𝐴R

mc
, i = 1,2, (11)

where
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Taking the axial component of Eq. (1a) and using the energy
equation (Eq. (1b)), we find that
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Linearizing Eq. (2) and using Eq. (13a), we obtain
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where
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is the ponderomotive potential,
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Substituting Eq. (13b) into the Poisson equation, Eq. (3), gives
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Inserting Eq. (14) into Eq. (13b) leads to the following form:
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Substituting Eqs. (5), (9), (11), and (15) into Eq. (4) yields the
following dispersion relation:[
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where ω̂= ω/ckw , k̂= k/kw, and T 2
i = [(k̂+1)β‖i− (ω̂−βp)]

2
.

Using the FEL resonance condition, ω = ωw +(k+ kw)vz, the
axial phase velocity becomes vph = (ω−ωw)/(k+ kw).

Under the condition of resonance for backward wave
pumping,

k =
(1+βzi)

2

(1−β 2
zi)

kw, i = 1,2,

we can obtain

ωw + kwvzi = ω− kvzi, i = 1,2.

Under these assumptions, equation (16) can be simplified as
follows:[
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where, λi = γ0iν0⊥i.
This dispersion relation for a single beam can be obtained

by setting ω̂b2 = 0 in the above equation. In this procedure,
first we divide Eq. (17) by T 2

1 T 2
2 , then setting ω̂b2 = 0 and

performing some straightforward algebra, we obtain
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This is the dispersion relation for a single beam. In the special
case used in Eq. (1), k̂� 1(k� kw) and βz1≈ 1, equation (18)
becomes

[
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3. Numerical results and discussion
The steady-state relativistic two-stream electron trajecto-

ries and the stabilities of groups in the cases with and with-
out self-fields in EMW and axial guide field have been in-
vestigated numerically by Saviz et al.,[10] and Mehdian and
Saviz.[11] The normalized axial velocities of two beams, βz1

and βz2, in the cases with self-fields and without self-fields

are shown in Figs. 1(a) and 1(b) and Figs. 2(a) and 2(b), re-
spectively. As seen in these figures, the adding of self-fields
can increase the group trajectories, from seven groups to nine
groups.
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Fig. 1. (color online) Graphs of the normalized axial velocities (a)
βz1 and (b) βz2 of steady-state orbits versus normalized cyclotron
frequency (Ω̂0) in the case of two-streams and self-fields effect.
The chosen parameters are Ω̂w = 0.2 and ω̂b1=ω̂b2= 0.212.
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Fig. 2. (color online) Graphs of the normalized axial velocities (a)
βz1 and (b) βz2 of steady-state orbits versus normalized cyclotron
frequency (Ω̂0) in the case of two-streams and without self-fields
effect. The chosen parameters are Ω̂w = 0.2 and ω̂b1=ω̂b2= 0.212.
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Fig. 3. (color online) Plots of the normalized maximum growth rate
Im(ω) versus normalized cyclotron frequency (Ω̂0) for (a) groups
(G1–G3 and G8–G9) and (b) groups (G4–G7). The chosen parame-
ters are Ω̂w = 0.2 and ω̂b1=ω̂b2= 0.212.

The numerical solution of the dispersion relation is ob-
tained by employing Eq. (16). The energy factors of elec-
tron beams are taken to be γ01 = 4 and γ02 = 4.1, the nor-
malized magnetic wiggler and the plasma frequencies of the
two beams are chosen to be Ω̂w= 0.2, ω̂b1 = ω̂b2= 0, re-
spectively. The plots of normalized maximum growth rate,
Im(ω) = (Imω/ckw)max, versus normalized cyclotron fre-
quency (Ω̂0) for groups (G1–G3 and G8–G9) and (G4–G7) are
shown in Figs. 3(a) and 3(b), respectively. Figure 3(a) shows
that the maximum growth rates of groups (G1–G3 and G8–G9)
are similar and decrease with the cyclotron frequency increas-
ing. The behaviors for the maximum growth rate of groups
(G1–G2 and G8–G9) are that Gws1 < Gws2 < Gws8 < Gws9

(Gwsi denotes the normalized maximum growth rate for group
i with self-fields).

Contrary to Fig. 3(a), the normalized maximum growth
rates of groups (G4–G7) presented in Fig. 3(b) follow an in-
creasing trend with Ω̂0 increasing. The order of these normal-
ized maximum growth rates is Gws4 > Gws5 > Gws6 > Gws7.

The plots of the normalized wave number k̂ = (k/kw) cor-
responding to the maximum growth rate versus Ω̂0 are shown
in Fig. 4. As shown in Fig. 4, the order of normalized fre-
quencies for groups (G1–G2 and G8–G9) are k̂ws2 > k̂ws8 >

k̂ws9 > k̂ws1 (k̂wsi refers to the normalized wave number for
groups i with self-fields). The normalized wave numbers for
groups (G4–G7) are in reverse order to the normalized maxi-
mum growth rates, i.e., k̂ws7 > k̂ws6 > k̂ws5 > k̂ws4.
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Fig. 4. (color online) Plots of the normalized maximum wave num-
ber k̂ versus normalized cyclotron frequency (Ω̂0) for groups G1–
G9. The chosen parameters are Ω̂w = 0.2 and ω̂b1=ω̂b2= 0.212.

The comparisons of normalized maximum growth rate
for the two-streams with and without self-fields are given in
Figs. 5(a) and 5(b). In these figures, the solid lines belong
to the self-field, Gws, and the dashed lines refer to the case
without self-fields, Gwos. As seen in Fig. 5(a), the normalized
maximum growth rates in the presence of self-fields for groups
8 and 9 (Gws8 and Gws9) are greater than those for without
self-fields (Gwos1 and Gwos2). Figure 5(b) shows that Gws4 >

Gwos4, Gws5 > Gwos5, Gws6 > Gwos6, and Gws7 < Gwos7.
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Fig. 5. (color online) (a) Graphs of the normalized maximum
growth rate versus normalized cyclotron frequency (Ω̂0) for two
streams with self-fields effect, groups G1–G3 and G8 and G9 (solid
line), and two streams without self-fields effect for groups G1 and
G2 (dashed line); (b) maximum growth rate versus normalized cy-
clotron frequency Ω̂0 for two streams with self-fields effect for
groups G4–G7 (solid line) and two streams without self-fields ef-
fect for groups G4–G7 (dashed line). The chosen parameters are
Ω̂w = 0.2 and ω̂b1=ω̂b2= 0.212.
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The normalized wave numbers for the two cases are
shown in Figs. 6(a) and 6(b). As seen in Fig. 6(a), the nor-
malized wave number in the presence of self-fields for group
2 (k̂ws2) is greater than those for without self-fields (k̂wos1 and
k̂wos2). Figure 6(b) shows that k̂wos4 > k̂ws4, k̂wos5 > k̂ws5,
k̂wos6 > k̂ws6, and k̂wos7 > k̂ws7.
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Fig. 6. (color online) (a) Graphs of the normalized wave number
versus normalized cyclotron frequency (Ω̂0) for two streams with
self-fields effect, groups G1–G3 and G8 and G9 (solid line), and
two streams without self-fields effect for groups G1 and G2 (dashed
line); (b) maximum growth rate versus normalized cyclotron fre-
quency (Ω̂0) for two streams with self-fields effect for groups G4–
G7 (solid line) and two streams without self-fields effect for groups
G4–G7 (dashed line). The chosen parameters are Ω̂w = 0.2 and
ω̂b1=ω̂b2 = 0.212.

4. Conclusions
We summarize the specific results of this project as fol-

lows.

(i) The maximum growth rates of groups (G1–G3 and
G8–G9) are similar and decrease with cyclotron frequency de-
creasing. The maximum growth rate of group 9 is greater than
that of the other groups. The behavior of normalized wave
number (corresponding to maximum growth rate) as a func-
tion of cyclotron frequency is reverse to maximum growth rate
and group 2 has the greatest wave number.

(ii) The normalized maximum growth rates of groups
(G4–G7) follow an increasing trend with the increase of cy-
clotron frequency and group 4 has the greatest maximum
growth rate. The behavior of normalized wave number (corre-
sponding to maximum growth rate) as a function of cyclotron
frequency is reverse to maximum growth rate and group 7 has
a greatest value.

(iii) The comparison of maximum growth rate of a two-
stream FEL with and without self-fields shows that the nor-
malized maximum growth rate for two-stream with self-field
have an enhancement with respect to without self-fields except
for group 7.

(iv) The comparison of normalized wave number of a
two-stream FEL with and without self-fields shows that the
normalized wave number for two-stream without self-field is
enhanced with respect to with self-fields except for group 2.
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